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Line and Surface Integrals

4.1 Line Integrals

In single-variable calculus you learned how to integrate a real-valued function f(z) over an interval [a, b]
in R!. This integral (usually called a Riemann integral) can be thought of as an integral over a path in
R!, since an interval (or collection of intervals) is really the only kind of “path” in R!. You may also recall
that if f(z) represented the force applied along the z-axis to an object at position z in [a, b], then the work
W done in moving that object from position z = a to z = b was defined as the integral:

W = /abf(a;)dx

In this section, we will see how to define the integral of a function (either real-valued or vector-valued)
of two variables over a general path (i.e. a curve) in R2. This definition will be motivated by the physical
notion of work. We will begin with real-valued functions of two variables.

In physics, the intuitive idea of work is that
Work = Force x Distance .

Suppose that we want to find the total amount W of work done in moving an object along a curve C in
R? with a smooth parametrization = = z(t), y = y(t), a < t < b, with a force f(z,y) which varies with the
position (z,y) of the object and is applied in the direction of motion along C (see Figure 4.1.1 below).

Figure 4.1.1Curve C : z = z(t),y = y(t) for t in [a, b]

We will assume for now that the function f(x,y) is continuous and real-valued, so we only consider the
magnitude of the force. Partition the interval [q, ] as follows:
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4. Line and Surface Integrals

a=t, <t <t,<--<t,, <t,=b, forsome integer n > 2

As we can see from Figure 4.1.1, over a typical subinterval [¢,,¢.,,] the distance As, traveled along the

curve is approximately \/Az,2 + Ay,2, by the Pythagorean Theorem. Thus, if the subinterval is small
enough then the work done in moving the object along that piece of the curve is approximately

Force x Distance ~ f(z.,y.)\/ Az + Ay?, (4.1)

where (z..,v.) = (z(t.*),y(t.*)) for some ¢« in [t t.,], and SO

n—1
W =~ Z f(l'”, Z/i*) V AwiQ + AyiQ (42)

1=0

is approximately the total amount of work done over the entire curve. But since

Az \2 Ay, \ 2
Vaz+ Ay’ = \/(ﬁ) +( ) At

where At, =t.,, —t,, then

W ~ Sf(zl*,yi*)¢(%)2+ (i—f) At . (4.3)

Taking the limit of that sum as the length of the largest subinterval goes to 0, the sum over all
subintervals becomes the integral from ¢t =ato t = b, i—fg‘ and i—fj become z’(t) and y’(t), respectively,
and f(z.,y.) becomes f(z(t),y(t)), So that

b
W= [ fa.p) o 02y 0 e (4.4)

The integral on the right side of the above equation gives us our idea of how to define, for any real-
valued function f(z,y), the integral of f(x,y) along the curve C, called a line integral:

Definition 4.1

For a real-valued function f(z,y) and a curve C in R2, parametrized by = = z(t), y = y(t), a <t < b,
the line integral of f(z,y) along C with respect to arc length s is
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b
/C fla)ds = [ falo). ) Vo 02 +y/ 02 dt (4.5)

The symbol ds is the differential of the arc length function

s = s(t) = /at\/x’(u)2+y’(u)2 du , (4.6)

which you may recognize from Section 1.9 as the length of the curve C over the interval [a, ], for all ¢ in
[a,b]. That is,

ds = s'(t)dt = \Jz'()2+y’(t)2 dt, (4.7)

by the Fundamental Theorem of Calculus.

For a general real-valued function f(z,y), what does the line integral [ f(z,y)ds represent? The
preceding discussion of ds gives us a clue. You can think of differentials as infinitesimal lengths. So if
you think of f(z,y) as the height of a picket fence along C, then f(z,y) ds can be thought of as
approximately the area of a section of that fence over some infinitesimally small section of the curve,
and thus the line integral [, f(z,y) ds is the total area of that picket fence (see Figure 4.1.2).

7l

C ds

Figure 4.1.2Area of shaded rectangle = height x width ~ f(z,y) ds

width height 0.5pt
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4. Line and Surface Integrals

Example 4.1

Use a line integral to show that the lateral surface area A of a right circular cylinder of radius r and
height & is 27rh.

z C:x2y2r2

Solution: We will use the right circular cylinder with base circle C given by z2 + 42 = r2 and with
height A in the positive z direction (see Figure 4.1.3). Parametrize C as follows:

x = z(t) = rcost, y = y(t) = rsint, 0<¢t<27

Let f(z,y) = h for all (z,y). Then

b
A= /Cf@c,y)ds - / Fe(t),y®) o (02 +37(0)? dt

2
/ h\/(—rsint)2 + (rcost)? dt
0
2
h/ rv/sin?t + cos?t dt
0

2
= rh/ 1dt = 2nrh
0

width height 0.5pt Note in Example 4.1 that if we had traversed the circle C twice, i.e. let ¢ vary from 0 to
47, then we would have gotten an area of 4xrh, i.e. twice the desired area, even though the curve itself
is still the same (namely, a circle of radius r). Also, notice that we traversed the circle in the counter-
clockwise direction. If we had gone in the clockwise direction, using the parametrization

z = z(t) = rcos(2mr—t), y = y(t) = rsin(2r—1t), 0<t< 27w, (4.8)

then it is easy to verify (see Exercise 12) that the value of the line integral is unchanged.
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In general, it can be shown (see Exercise 15) that reversing the direction in which a curve C'is
traversed leaves [, f(z,y) ds unchanged, for any f(z,y). If a curve C has a parametrization = = x(t), y
=y(t), a <t < b, then denote by —C the same curve as C but traversed in the opposite direction. Then
—C'is parametrized by

z = z(a+b—t), y=yla+b—t), a<t<b, (4.9)

and we have

/C flz,y)ds = /—C flz,y)ds . (4.10)

Notice that our definition of the line integral was with respect to the arc length parameter s. We can also
define

b
/ fz,y) de = / Fe(t), u(t) ' (t) dt (4.11)
C a

as the line integral of f(x,y) along C with respect to z, and
b
[ tewmay = [ sty @ a (412)

as the line integral of f(z,y) along C with respect to y.

In the derivation of the formula for a line integral, we used the idea of work as force multiplied by
distance. However, we know that force is actually a vector. So it would be helpful to develop a vector
form for a line integral. For this, suppose that we have a function f(z,y) defined on R? by

f(z,y) = P(z,y)i + Qz,9)]

for some continuous real-valued functions P(z,y) and Q(z,y) on R2. Such a function f is called a vector
field on R2. It is defined at points in R?, and its values are vectors in R2. For a curve C with a smooth
parametrization r = z(t), y = y(t), a <t < b, let

r(t) = z(t)i + y(t)]

be the position vector for a point (z(t),y(t)) on C. Thenr’(t) =z’ (t)i+y’(¢t)j and so
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b b
/CP<a:,y>dz + /CQcc,y)dy - / P(a(t),y(t) = (t)dt + / Q(a(t), (1)) ' (t) dt

b
/ (P(x(t),y(t) &' (t) + Q(z(t), y(t)) y ' (t)) dt
b

/ B(x(t), y(t)) v (¢) dt

by definition of f(z,y). Notice that the function f(z(¢),y(t)) - r’(t) is a real-valued function on [a, b], SO the
last integral on the right looks somewhat similar to our earlier definition of a line integral. This leads us
to the following definition:

Definition 4.2

For a vector field f(z,y) = P(z,y)i+ Q(z,y)j and a curve C with a smooth parametrization = = z(t), y
=y(t), a <t <, the line integral of f along C is

/Cf~dr = /CP(a:,y)d;r + /CQ(a:,y)dy (4.13)
b
[ tet.u0) o, (114)

where r(t) = z(t) i+ y(t) j is the position vector for points on C.

We use the notation dr = r’(t) dt = dz i + dyj to denote the differential of the vector-valued function r.
The line integral in Definition 4.2 is often called a line integral of a vector field to distinguish it from the
line integral in Definition 4.1 which is called a line integral of a scalar field. For convenience we will
often write

/CP(%y)dfr + /CQ(:v,y)dy = /CP(w,y)d:erQ(w,y)dy,

where it is understood that the line integral along C is being applied to both P and Q. The quantity
P(z,y)dz + Q(z,y) dy is known as a differential form. For a real-valued function F(z,y), the differential
of FisdF = % dz + %5 dy. A differential form P(z,y) dz + Q(z,y) dy is called exact if it equals dF for some
function F(z,y).

Recall that if the points on a curve C have position vector r(¢t) = z(t) i+ y(t) j, then r’(¢) is a tangent
vector to C at the point (z(t), y(t)) in the direction of increasing ¢ (which we call the direction of C). Since
C is a smooth curve, then r’(¢) # 0 on [a,b] and hence
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R0
O = 1o0]

is the unit tangent vector to C at (x(¢), y(t)). Putting Definitions 4.1 and 4.2 together we get the following
theorem:

Theorem 4.1

For a vector field f(z,y) = P(z,y)i+ Q(z,y) j and a curve C with a smooth parametrization z = z(t), y
=y(t), a <t < b and position vector r(t) = z(¢)i+ y(t) j,

/f~dr = /f~Tds, (4.15)
c c

where T(t) = ﬁ?ﬂr is the unit tangent vector to C at (z(t), y(t)).

If the vector field f(z, y) represents the force moving an object along a curve C, then the work W done
by this force is

W = /f~Tds = /f-dr. (4.16)
c c

width height 0.5pt
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Example 4.2

Evaluate [ (2% + y?) dz 4 2zy dy, where:

1.C:z=t, y=2t, 0<t<1

2.C:zx=t, y=2t>, 0<t<1

Y o2

Solution: Figure 4.1.4 shows both curves.

(a) Since z’(t) =1 and y’(t) = 2, then

1
/ (22 +y?) dz + 2xydy = / ((m(t)2 +y()?)z’(t) + 2z (t)y(t) y ’(t)) dt
c 0

= /1 (82 + 4t%)(1) + 2t(2¢)(2)) dt
0

(b) Since z’(t) =1 and y’(t) = 4t, then

1

/C(x2 t ) de+2oydy = | (@) +y(®)Da’ () + 20y v’ (1) dt

1 (82 + 4t*)(1) + 2t(2t2)(4t)) dt

Il
—

1
(t* + 20t*) dt
0

oo 13

4| = =44 = —
+ R

I

0

So in both cases, if the vector field f(z,y) = (z* + y?) i+ 2zyj represents the force moving an object
from (0,0) to (1,2) along the given curve C, then the work done is 2. This may lead you to think
that work (and more generally, the line integral of a vector field) is independent of the path taken.
However, as we will see in the next section, this is not always the case.
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width height 0.5pt

Although we defined line integrals over a single smooth curve, if C is a piecewise smooth curve, that is
C=C,uC,u..UcC,

is the union of smooth curves C,, ..., C,, then we can define

/f~dr: / f-dr, + / f-dr, +...+ / f-dr,
C C Co Cn

where each r, is the position vector of the curve C..

width height 0.5pt

Example 4.3

Evaluate [.(z%+ y?) dz + 2zydy, Where C is the polygonal path from (0,0) to (0,2) to (1,2).

Solution: Write C = C, U C,, where C, is the curve given by z =0, y=t, 0 <t < 2 and C, is the curve
givenby z =t y=2,0<t <1 (see Figure 4.1.5). Then

/(w2+y2)da:+2xydy = /(x2+y2)d:c+2xydy
C C

+ / (22 4 y?) dz + 2xy dy
Cy

1

/2((02+t2)(0)+2(0)t(1)) dt + / (% +4)(1) +2¢(2)(0)) dt
0

0
2 1
/ 0dt+/ (t2 +4)dt
0 0

1

t3
— +4t
3

width height 0.5pt

Line integral notation varies quite a bit. For example, in physics it is common to see the notation fff -dl,
where it is understood that the limits of integration a and b are for the underlying parameter ¢ of the
curve, and the letter | signifies length. Also, the formulation [ f- T ds from Theorem 4.1 is often
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preferred in physics since it emphasizes the idea of integrating the tangential component f - T of f in the
direction of T (i.e. in the direction of C), which is a useful physical interpretation of line integrals.

Exercises
A

For Exercises 1-4, calculate [, f(x,y) ds for the given function f(z,y) and curve C.

1. f(z,y) =zy; C:z=cost, y=sint, 0 <t < 7/2

x

2. f(z,y) =
3. f(z,y) =2z +y; C:polygonal path from (0,0) to (3,0) to (3,2)

4. f(z,y) =z +y* C:path from (2,0) counterclockwise along the circle 2% + * = 4 to the point
(—2,0) and then back to (2,0) along the z-axis

5. Use a line integral to find the lateral surface area of the part of the cylinder
z? 4+ 9 = 4 below the plane z + 2y + z = 6 and above the zy-plane.

For Exercises 6-11, calculate [ f - dr for the given vector field f(z,y) and curve C.

6.f(z,y)=i—j;, C:z2=3t,y=2t,0<t<1

7. f(z,y) =yi—=zj; C:x=cost, y=sint, 0<t< 2w

8. f(z,y) =zi+yj; C:zx=cost, y=sint, 0<t< 2w

9.f(z,y) = (2 —y)i+ (z—y?»j; C:x=cost,y=sint,0<t<2m

10. f(z,y) = zy*i+zy*j; C:the polygonal path from (0,0) to (1,0) to (0,1) to (0,0)

11. f(z,y) = (z* +y*)i;, C:x=2+cost, y=sint, 0<t < 2x

12. Verify that the value of the line integral in Example 4.1 is unchanged when using the
parametrization of the circle C given in formulas (4.8).

13. Show that if f L r’(¢) at each point r(¢) along a smooth curve C, then [ f-dr =0.

14. Show that if f points in the same direction as r’(¢) at each point r(¢) along a smooth curve C, then
Jofde= [olf]ds.
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4. Line and Surface Integrals

15. Prove that [, f(z,y)ds = [  f(z,y) ds. (Hint: Use formulas (4.9).)

16. Let C be a smooth curve with arc length L, and suppose that f(z,y) = P(z,y)i+ Q(z,y) j iS a vector
field such that ||f(z,y)| < M for all (z,y) on C. Show that
| [of-dr| < ML. (Hint: Recall that | fa” g(z)dz| < [ f |g(x)| dz for Riemann integrals.)

17. Prove that the Riemann integral f: f(z) dz is a special case of a line integral.

4.2 Properties of Line Integrals

We know from the previous section that for line integrals of real-valued functions (scalar fields),
reversing the direction in which the integral is taken along a curve does not change the value of the line
integral:

| sewmas= [ fawas (4.17)

For line integrals of vector fields, however, the value does change. To see this, let f(z,y) = P(z,y) i

+ Q(z,y) j be a vector field, with P and Q continuously differentiable functions. Let C be a smooth curve
parametrized by = = z(t), vy = y(t), a < t < b, with position vector r(t) = z(t)i + y(¢) j (we will usually
abbreviate this by saying that C : r(t) = z(¢) i+ y(¢) j is @ smooth curve). We know that the curve —C
traversed in the opposite direction is parametrized by z = z(a +b—1t), y=y(a+b—t), a <t <b. Then

b d
/7CP(x,y)dx = /aP(x(a+b—t),y(a+b—t))E(w(a—kb—t))dt

b
/ P(z(a+b—t),y(a+b—1t))(—z'(a+b—1t))dt (by the Chain Rule)

/ba P(z(u),y(u)) (—z ' (u)) (—du) (by letting u = a + b —t)
[ Pt yw) e ) du

b a b
/ P(z(u),y(u))x ' (u)du , since / = —/ , SO

/70 P(z,y)dz = /C P(z,y)dx b

since we are just using a different letter (u) for the line integral along C. A similar argument shows that
/ Qz,y)dy = —/ Qz,y)dy ,
—C C

and hence
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/7Cf.dr:/ P(w,y>dw+/ Q(z,y) dy
/ P(z,y)dx + — /Q z,y)d
(/Pl‘ydﬂﬂ-/Qazydy)

— /Cf-dr . (4.18)

/ f-dr
—C

The above formula can be interpreted in terms of the work done by a force f(z,y) (treated as a vector)
moving an object along a curve C: the total work performed moving the object along C from its initial
point to its terminal point, and then back to the initial point moving backwards along the same path, is
zero. This is because when force is considered as a vector, direction is accounted for.

The preceding discussion shows the importance of always taking the direction of the curve into account
when using line integrals of vector fields. For this reason, the curves in line integrals are sometimes
referred to as directed curves or oriented curves.

Recall that our definition of a line integral required that we have a parametrization z = z(t), y = y(t), a < t
< b for the curve C. But as we know, any curve has infinitely many parametrizations. So could we get a
different value for a line integral using some other parametrization of C, say, z = #(u), y=g§(u), c<u < d
? If so, this would mean that our definition is not well-defined. Luckily, it turns out that the value of a line
integral of a vector field is unchanged as long as the direction of the curve C is preserved by whatever
parametrization is chosen:

Theorem 4.2

Let f(z,y) = P(z,y)i+ Q(z,y)j be a vector field, and let C be a smooth curve parametrized by =
=z(t), y = y(t), a <t < b. Suppose that ¢t = a(u) for ¢ < u < d, such that a = a(c), b = a(d), and o’ (u)
> 0 on the open interval (c,d) (i.e. a(u) is strictly increasing on [c,d]). Then [ f - dr has the same
value for the parametrizations = = z(t), y = y(t), e <t < b and z = F(u) = z(a(u)), y = §(u) = y(a(u)), c
<u<d.

proof[Proof:] Since a(u) is strictly increasing and maps |[c, d] onto [a, b], then we know that ¢ = a(u)
has an inverse function u = o '(t) defined on [a,b] such that c = a~'(a), d = o' (b), and 4 = Q}M :
Also, dt = a’(u) du, and by the Chain Rule

so making the susbstitution ¢t = a(u) gives
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b , a1(b) i'(u) ,
/ Pa(t), y(t) (1) dt = / P(a(a(w)), y(@@w)) 2 (o (u) du)
d
/ P(#(u), §(w)) &' (u) du

which shows that [, P(z,y) dz has the same value for both parametrizations. A similar argument
shows that [, Q(z,y) dy has the same value for both parametrizations, and hence [, f - dr has the

same value.

Notice that the condition o’ (u) > 0 in Theorem 4.2 means that the two parametrizations move along C in
the same direction. That was not the case with the “reverse” parametrization for —C: for u = a + b —t we

havet=a(u)=a+b—u=a’(u) =—-1<0.

Example 4.4

Evaluate the line integral [ (z? + y?) dz + 2zy dy from Example 4.2, Section 4.1, along the curve C
cx=t,y=2t,0<t<1,wheret=sinufor0<u<mr/2.

Solution: First, we notice that 0 = sin 0, 1 = sin(r/2), and 4 = cosu > 0 on (0,7/2). So by Theorem
4.2 we know that if C is parametrized by

z=sinu, y=2sin’u, 0<u<n/2

then [, (2 + ?) dz + 2xy dy should have the same value as we found in Example 4.2, namely £.

And we can indeed verify this:

/(a:2—|—y2)dm+2xydy = / (sin® u + (2sin® u)?) cos u + 2(sinw) (2 sin® u)4 sinu cosu) du
@

/ sm u + 20 sin u) cos u du

/2
sin® u
= —|—4sm u
3 0
1 13
= 244 ==
3 + 3

In other words, the line integral is unchanged whether ¢ or « is the parameter for C.

width height 0.5pt

Vector Calculus (Michael Corral) — GFDL-1.2 — Page 13 of 64


http://localhost:4000/mecmath-vector-calculus/4-1-line-integrals/#exmp:lineintexmp
http://localhost:4000/mecmath-vector-calculus/4-1-line-integrals/#exmp:lineintexmp

4. Line and Surface Integrals

By a closed curve, we mean a curve C whose initial point and terminal point are the same, i.e. for C:
= .’IZ(t), Yy= y(t)v a<t<b we have (x(a),y(a)) = (.’E(b),y(b))

(a) Closed (b) Not closed
Figure 4.2.1Closed vs nonclosed curves

A simple closed curve is a closed curve which does not intersect itself. Note that any closed curve can
be regarded as a union of simple closed curves (think of the loops in a figure eight). We use the special
notation

7{0 f(z,y)ds and 7{0 f-dr

to denote line integrals of scalar and vector fields, respectively, along closed curves. In some older texts
you may see the notation ¢ or ¢ to indicate a line integral traversing a closed curve in a
counterclockwise or clockwise direction, respectively.

So far, the examples we have seen of line integrals (e.g. Example 4.2) have had the same value for
different curves joining the initial point to the terminal point. That is, the line integral has been
independent of the path joining the two points. As we mentioned before, this is not always the case. The
following theorem gives a necessary and sufficient condition for this path independence:

Theorem 4.3

In a region R, the line integral [ f - dr is independent of the path between any two points in R if
and only if §,f - dr = 0 for every closed curve C which is contained in R.

proof[Proof:] Suppose that § - dr = 0 for every closed curve C which is contained in R. Let P, and
P, be two distinct points in R. Let C, be a curve in R going from P, to P,, and let C, be another curve
in R going from P, to P,, as in Figure 4.2.2.

Then C = C,uU—C, is a closed curve in R (from P, to P,), and so fcf -dr = 0. Thus,

?{f~dr

C

/ f-dr + / f-dr

Ch —Cs

/ f-dr — / f-dr, and so
Cl 02

o
I
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Jo, £-dr= [ f-dr. This proves path independence.

Conversely, suppose that the line integral [, f - dr is independent of the path between any two
points in R. Let C be a closed curve contained in R. Let P, and P, be two distinct points on C. Let C,
be a part of the curve C that goes from P, to P,, and let C, be the remaining part of C that goes
from P, to P,, again as in Figure 4.2.2. Then by path independence we have

/f~dr: / f -dr
C1 C2

since C=C,U—C, .

Clearly, the above theorem does not give a practical way to determine path independence, since it is
impossible to check the line integrals around all possible closed curves in a region. What it mostly does
is give an idea of the way in which line integrals behave, and how seemingly unrelated line integrals
can be related (in this case, a specific line integral between two points and all line integrals around
closed curves).

For a more practical method for determining path independence, we first need a version of the Chain
Rule for multivariable functions:

Theorem 4.4

(Chain Rule) If z = f(z,y) is a continuously differentiable function of z and y, and both = = z(¢) and
y = y(t) are differentiable functions of ¢, then z is a differentiable function of ¢, and

dz 0z dx 0z dy

dt Oz dt Oy dt (4.19)

at all points where the derivatives on the right are defined.

The proof is virtually identical to the proof of Theorem 2.2 from Section 2.4 (which uses the Mean Value
Theorem), so we omit it..2] We will now use this Chain Rule to prove the following sufficient condition for
path independence of line integrals:
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4. Line and Surface Integrals

Theorem 4.5

Let f(z,y) = P(z,y)i+ Q(z,y) j be a vector field in some region R, with P and @ continuously
differentiable functions on R. Let C be a smooth curve in R parametrized by z = z(t), y = y(t), a < t
< b. Suppose that there is a real-valued function F(z,y) such that VF = f on R. Then

/ f-dr = F(B) — F(A), (4.20)
C

where A = (z(a),y(a)) and B = (z(b), y(b)) are the endpoints of C. Thus, the line integral is
independent of the path between its endpoints, since it depends only on the values of F at those
endpoints.

proof[Proof:] By definition of [ f-dr, we have

b
ﬁ;«hz A(Hﬂ&ﬂﬂﬂ%ﬁ+@ﬂmMMyﬁ»ﬁ

brOF dx  OF dy ) oF oF
_/a<8_xE+6_yE>dt (s1nceVF—f=>%—Pand6—y—Q)

b
= / F'(z(t),y(t))dt (by the Chain Rule in Theorem 4.4)
b

= Fla(t),y®)| = F(B) - F(4)

by the Fundamental Theorem of Calculus.

Theorem 4.5 can be thought of as the line integral version of the Fundamental Theorem of Calculus. A
real-valued function F(z,y) such that VF(z,y) = f(z,y) is called a potential for f. A conservative vector
field is one which has a potential.

width height 0.5pt
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Example 4.5

Recall from Examples 4.2 and 4.3 in Section 4.1 that the line integral [ (z* + y?) dz + 2zy dy was
found to have the value 42 for three different curves C going from the point (0,0) to the point (1,2).
Use Theorem 4.5 to show that this line integral is indeed path independent.

Solution: We need to find a real-valued function F(z,y) such that

I U
g—x:x2+y2 and %—y=2wy~

Suppose that £ = 22 4 42, Then we must have F(z,y) = +2° + zy® + g(y) for some function g(y). So
& =2xy+ g’ (y) satisfies the condition 5 = 2zy if g’ (y) = 0, i.e. g(y) = K, where K is a constant.
Since any choice for K will do (why?), we pick K = 0. Thus, a potential F(z,y) for f(z,y) = (22 + y?) i
+ 22y j exists, namely

Hence the line integral [(z* + ¢*) dz + 2zy dy is path independent.

Note that we can also verify that the value of the line integral of f along any curve C going from
(0,0) to (1,2) will always be <, since by Theorem 4.5

/f-dr = F(1,2) — F(0,0) = %(1)3+(1)(2)2—(0+0) = %+4 = =
C

width height 0.5pt

A consequence of Theorem 4.5 in the special case where C is a closed curve, so that the endpoints 4
and B are the same point, is the following important corollary:

Corollary 4.6

If a vector field f has a potential in a region R, then ?{ f - dr = 0 for any closed curve C'in R (i.e.
C

7{ VF -dr = 0 for any real-valued function F(z,y)).
C

width height 0.5pt
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4. Line and Surface Integrals

Example 4.6

Evaluate 7{ zdx +ydyfor C: z =2cost, y=3sint, 0 < t < 27.
@

Solution: The vector field f(z,y) = zi+ yj has a potential F(z,y):

OF 1

— =z = F = —z?

o " (z,y) 57 +9(y) ,s0

OF , 1,5
—_— = = - K
iy y=>9W=y=> 90 5y +

for any constant K, so F(z,y) = %xQ + %yz is a potential for f(z,y). Thus,

fmda:—}—ydy = ?{f~dr =0
c C

by Corollary 4.6, since the curve C is closed (it is the ellipse - + 4 = 1).

EXERCISES

1. Evaluate % (2% 4+ y*) dz + 2zydy for C : & = cost, y =sint, 0 < t < 2.
c

2. Evaluate / (2% + y*) dz + 2zydy for C : z = cost, y =sint, 0 < t < 7.
c

3. Is there a potential F(z,y) for f(z,y) = yi— 2 j? If S0, find one.
4. |Is there a potential F(z,y) for f(z,y) = zi—yj? If so, find one.

5. Is there a potential F(z,y) for f(z,y) = zy?i + 2%y j? If so, find one.
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6. Let f(z,y) and g(z,y) be vector fields, let a and b be constants, and let C be a curve in R?. Show
that

/(af:l:bg)~dr = a/f-dr + b/g-dr.
C C c

7. Let C be a curve whose arc length is L. Show that [, 1ds = L.

8. Let f(x,y) and g(z,y) be continuously differentiable real-valued functions in a region R. Show that

?{Cngwlr = —?gCgi-dr

for any closed curve C in R. (Hint: Use Exercise 21 in Section 2.4.)
9. Letf(z,y) = 7z i+ =z d for all (z,y) # (0,0), and C': z = cost, y =sint, 0 <t < 2.
1. Show that f = VF, for F(z,y) = tan~!(y/x).

2. Show that 7{ f - dr = 27. Does this contradict Corollary 4.6? Explain.
C

10. Let g(x) and h(y) be differentiable functions, and let f(z,y) = h(y)i+ g(x)j. Can f have a potential
F(z,y)? If so, find it. You may assume that F would be smooth. (Hint: Consider the mixed partial
derivatives of F.)

1. See [§ 6.5]tm. «

4.3 Green’s Theorem

We will now see a way of evaluating the line integral of a smooth vector field around a simple closed

curve. A vector field f(z,y) = P(z,y) i+ Q(z,y) j is smooth if its component functions P(z,y) and Q(z, y)
are smooth. We will use Green’s Theorem (sometimes called Green’s Theorem in the plane) to relate
the line integral around a closed curve with a double integral over the region inside the curve:

Theorem 4.7

(Green’s Theorem) Let R be a region in R? whose boundary is a simple closed curve C which is
piecewise smooth. Let f(z,y) = P(z,y)i+ Q(z, y) j be a smooth vector field defined on both R and C.
Then
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?{Cf-dr _ //(g—f—‘z—z) dA (4.21)
R

where C is traversed so that R is always on the left side of C.

proof[Proof:] We will prove the theorem in the case for a simple region R, that is, where the
boundary curve C can be written as C = C, U C, in two distinct ways:

C, = the curve y = y,(x) from the point X, to the point X, (4.22)
C, = the curve y = y,(x) from the point X, to the point X, (4.23)

where X, and X, are the points on C farthest to the left and right, respectively; and

C, = the curve z = z,(y) from the point Y, to the point Y; (4.24)
C, = the curve x = x,(y) from the point Y] to the point Y,, (4.25)

where Y; and Y, are the lowest and highest points, respectively, on C. See Figure 4.3.1.

inside

Integrate P(z,y) around C using the representation C = C, U C, given by (4.22) and (4.23). Since y
= y,(z) along C. (as = goes from a to b) and y = y.(z) along C. (as = goes from b to a), as we see
from Figure 4.3.1, then we have
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¢ raas = [ Peyar+ [ Paya
C Ch Co

/ab P, y(2))do + /b(LP(a:,yz(:c))dx

/abP(:U,yl(x)) dr — /bP(m,y2(a:))dm

a

- _/ab (P(z,y,(x)) — P(z,y,(z))) dx

A \Tiﬁ?i) o
SN
//—dA

Likewise, integrate Q(z,y) around C using the representation C = C, U C, given by (4.24) and
(4.25). Since = = z,(y) along C, (as y goes from d to ¢) and z = z,(y) along C, (as y goes from c to d),
as we see from Figure 4.3.1, then we have

dy dz (by the Fundamental Theorem of Calculus)

f@(x,wdy = [ Quudy + / Q) dy
C C1 Cy

c d
/Q(:rl(y),y>dy+ / Q(z,(y),y) dy
d c
d d
S / Qe (), ) dy + / Qz.(y), ) dy

d
- / (Qz2(y),y) — Q(z:(y), ) dy

- / ' (@ | ") ay

w=11(y)
d r=y) g
= / / z.y) dz dy (by the Fundamental Theorem of Calculus)

oz

= / —dA and so

jlgcfdr:% (,ydm—}—?{Qxy
- // dA—I—/—dA

B //(—*—y)‘“-
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Though we proved Green’s Theorem only for a simple region R, the theorem can also be proved for
more general regions (say, a union of simple regions).!

width height 0.5pt

Example 4.7

Evaluate §(z? + ?) dz + 2xy dy, where C is the boundary (traversed counterclockwise) of the
region R={(z,y):0<x <1, 222 <y<2z}.

Solution: R is the shaded region in Figure 4.3.2. By Green’s Theorem, for P(z,y) = 22 + y? and
Q(z,y) = 2zy, we have

0Q 0P
% 2, .2 _ [ _ 2
C(as +y°)dx + 2zydy = //(&U 3y> dA
R

_ //(2y—2y)dA - //OdA — 0.

R R

We actually already knew that the answer was zero. Recall from Example 4.5 in Section 4.2 that
the vector field f(z,y) = (22 + y?) i+ 2zyj has a potential function F(z,y) = +2° + z3?, and so §f - dr
=0 by Corollary 4.6.

width height 0.5pt
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4. Line and Surface Integrals

Example 4.8

Let f(z,y) = P(z,y)i+ Q(z,y) j, where

X
x2+y2 ?

P(z,y) = and Q(z,y) =

x? + 92

and let R = { (z,y) : 0 < 2> +4? < 1}. For the boundary curve C : 2> + 4? = 1, traversed
counterclockwise, it was shown in Exercise 9(b) in Section 4.2 that ¢ f - dr = 27. But

==yt % o J[(@-F) s founo

This would seem to contradict Green’s Theorem. However, note that R is not the entire region enclosed
by C, since the point (0,0) is not contained in R. That is, R has a “hole” at the origin, so Green’s
Theorem does not apply.

If we modify the region R to be the annulus R = { (z,y) : 1/4 < 22 + y> < 1} (see Figure 4.3.3), and take
the “boundary” C of R to be C = C, U C,, where C, is the unit circle z2 + y? = 1 traversed counterclockwise
and C, is the circle x2 + y2 = 1/4 traversed clockwise, then it can be shown (see Exercise 8) that

ff~dr=0
c

We would still have ff (52 —9%) dA =0, so for this R we would have

ffdr://——— dA,

which shows that Green’s Theorem holds for the annular region R.

width height 0.5pt

It turns out that Green’s Theorem can be extended to multiply connected regions, that is, regions like
the annulus in Example 4.8, which have one or more regions cut out from the interior, as opposed to
discrete points being cut out. For such regions, the “outer” boundary and the “inner” boundaries are
traversed so that R is always on the left side.
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(a) Region R with one hole (b) Region R with two holes
Figure 4.3.1Multiply connected regions

The intuitive idea for why Green’s Theorem holds for multiply connected regions is shown in Figure
4.3.1 above. The idea is to cut “slits” between the boundaries of a multiply connected region R so that R
is divided into subregions which do not have any “holes”. For example, in Figure 4.3.1(a) the region R is
the union of the regions R, and R,, which are divided by the slits indicated by the dashed lines. Those
slits are part of the boundary of both R, and R,, and we traverse then in the manner indicated by the
arrows. Notice that along each slit the boundary of R, is traversed in the opposite direction as that of R,,
which means that the line integrals of f along those slits cancel each other out. Since R, and R, do not
have holes in them, then Green’s Theorem holds in each subregion, so that

f fodr — //(@—8_]3)6114 and f fodr — //(@—3_]3)0114.
bdy Ox Oy bdy Oz Oy
R1 0fR2 R2

of Ry

But since the line integrals along the slits cancel out, we have

f f-dr:f f~dr+?{ f-dr,
C1UCs bdy bdy

of Ry of Ry

and so

foroe (32T (22 (22

Ry

which shows that Green’s Theorem holds in the region R. A similar argument shows that the theorem
holds in the region with two holes shown in Figure 4.3.1(b).

We know from Corollary 4.6 that when a smooth vector field f(z,y) = P(z,y)i+ Q(z,y)j On a region R
(whose boundary is a piecewise smooth, simple closed curve C) has a potential in R, then ¢, f - dr = 0.
And if the potential F(z,y) is smooth in R, then 2—5 =Pand %—5 = @, and so we know that

0%F _ 0*F orP  0Q
Oydx Oz dy = oy Oz

Conversely, if 2 = 22 in R then
y 2
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?fcf-dr - !/(g—f—g—g) A = g/oCzA ~ 0.

For a simply connected region R (i.e. a region with no holes), the following can be shown:

The following statements are equivalent for a simply connected region R in R2:

1. f(z,y) = P(x,y)i+ Q(z,y)jhas a smooth potential F(z,y) in R

2. / f - dr is independent of the path for any curve C in R
C

3. jé f-dr = 0 for every simple closed curve C'in R
C

P . S . . .
4. 65;_ = Z—Q in R (in this case, the differential form P dz + Q dy is exact)
Y €T

Exercises

A

For Exercises 1-4, use Green’s Theorem to evaluate the given line integral around the curve C,

traversed counterclockwise.

[EEN

.jé(xZ—yZ)da:JFZa:ydy; Cis the boundary of R={(z,y): 0<z <1, 222 <y<2z}
C

N

j{ z?ydz + 2zydy; C isthe boundary of R={(z,9): 0<2 <1, 22 <y<z}
C

w

. jé 2ydx — 3z dy; Cis the circle 22+ ¢y2 =1
C

4. jé (e” +y?) dz + (e¥ + z?) dy; C is the boundary of the triangle with vertices (0,0), (4,0) and (0,4)
C

5. Is there a potential F(z,y) for f(z,y) = (y> + 322) i+ 2zyj? If so, find one.
6. Is there a potential F(z,y) for f(z,y) = (23 cos(zy) + 2z sin(zy)) i + x>y cos(xy) j? If SO, find one.
7. Is there a potential F(xz,y) for f(z,y) = (8zy+ 3) i+ 4(x* + y) j? If so, find one.

8. Show that for any constants a, b and any closed simple curve C, jé adz + bdy = 0.
C
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9. For the vector field f as in Example 4.8, show directly that 550 f.dr = 0, where C is the boundary of
the annulus R = { (z,y) : 1/4 < z? + y* < 1} traversed so that R is always on the left.

10. Evaluate f e” sinydx + (y* + e cosy) dy, where C is the boundary of the rectangle with vertices
C

(1,-1), (1,1), (—1,1) and (—1,-1), traversed counterclockwise.

11. For a region R bounded by a simple closed curve C, show that the area A of R is

1
Az—?{ydmz?{wdyz—%xdy—ydw,
c c 2 Je

where C is traversed so that R is always on the left. (Hint: Use Green’s Theorem and the fact that
A= [[1dA)
R

1. See [§ 15.31]tm for a discussion of some of the difficulties involved when the boundary curve is “complicated”.
«

4.4 Surface Integrals and the Divergence Theorem

In Section 4.1 we learned how to integrate along a curve. We will now learn how to perform integration
over a surface in R?, such as a sphere or a paraboloid. Recall from Section 1.8 how we identified points
(z,y,2) on a curve C in R3, parametrized by z = z(¢), y = y(t), z = 2(t), a < t < b, with the terminal points of
the position vector

r(t) = z(t)i+y(t)j + z(t)k for t in [a,b].

The idea behind a parametrization of a curve is that it “transforms” a subset of R! (normally an interval
[a,]) into @ curve in R? or R? (see Figure 4.4.1).

Figure 4.4.1Parametrization of a curve C in R?

Similar to how we used a parametrization of a curve to define the line integral along the curve, we will
use a parametrization of a surface to define a surface integral. We will use two variables, v and v, to
parametrize a surface ¥ in R®: z = z(u,v), y = y(u,v), 2 = 2(u,v), for (u,v) in some region R in R? (see
Figure 4.4.2).

Figure 4.4.2Parametrization of a surface ¥ in R®
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In this case, the position vector of a point on the surface X is given by the vector-valued function
r(u,v) = z(u,v)i + y(u,v)j + z(u,v)k for (u,v) in R.

Since r(u,v) is a function of two variables, define the partial derivatives 2 and 2 for (u,v) in R by

Or Oz ) Jy . 0z

%(Uﬂ)) = %(U,U)l + %(U,U)J + %(Uav)k, and
or ox . Oy . 0z

%(Uﬂ)) = %(U,U)l + %(U,U)J + %(U,U)k-

The parametrization of ¥ can be thought of as “transforming” a region in R? (in the uv-plane) into a 2-
dimensional surface in R3. This parametrization of the surface is sometimes called a patch, based on
the idea of “patching” the region R onto ¥ in the grid-like manner shown in Figure 4.4.2.

In fact, those gridlines in R lead us to how we will define a surface integral over . Along the vertical
gridlines in R, the variable u is constant. So those lines get mapped to curves on ¥, and the variable v is
constant along the position vector r(u,v). Thus, the tangent vector to those curves at a point (u,v) is 2.
Similarly, the horizontal gridlines in R get mapped to curves on © whose tangent vectors are 2=

Now take a point (u,v) in R as, say, the lower left corner of one of the rectangular grid sections in R, as
shown in Figure 4.4.2. Suppose that this rectangle has a small width and height of Av and Auw,
respectively. The corner points of that rectangle are (u,v), (u+ Au,v), (u+ Au,v+ Av) and (u, v + Av). SO
the area of that rectangle is A = Au Av. Then that rectangle gets mapped by the parametrization onto
some section of the surface ¥ which, for Az and Av small enough, will have a surface area (call it do)
that is very close to the area of the parallelogram which has adjacent sides r(u + Au,v) — r(u, v)
(corresponding to the line segment from (u,v) t0 (v + Aw,v) in R) and r(u, v + Av) — r(u,v) (corresponding
to the line segment from (u,v) to (u,v+ Awv) in R). But by combining our usual notion of a partial
derivative (see Definition 2.3 in Section 2.2) with that of the derivative of a vector-valued function (see
Definition 1.12 in Section 1.8) applied to a function of two variables, we have

Or r(u+ Au,v) — r(u,v)

0~ A , and
o r(u,v+ Av) —r(u,v)
ov Av ’
and so the surface area element do is approximately
Or or or Or
| (r(u+ Au,v) —r(u,v)) X (r(u,v+ Av) —r(u,v))| ~ H(Au%) X (Av%) ‘ = H% X 5 Au Av
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4. Line and Surface Integrals

by Theorem 1.13 in Section 1.4. Thus, the total surface area S of ¥ is approximately the sum of all the
quantities ||-&& x 2= || AuAv, summed over the rectangles in R. Taking the limit of that sum as the
diagonal of the largest rectangle goes to 0 gives

dudv . (4.26)

We will write the double integral on the right using the special notation

- [l

This is a special case of a surface integral over the surface ¥, where the surface area element do can
be thought of as 1do. Replacing 1 by a general real-valued function f(z,y, 2) defined in R?, we have the
following:

dudv . (4.27)

Definition 4.3

Let ¥ be a surface in R3 parametrized by z = z(u,v), y = y(u,v),

z = z(u,v), for (u,v) in some region R in R2. Let r(u,v) = z(u,v)i+ y(u,v)j + z(u, v)k be the position
vector for any point on ¥, and let f(x,y, z) be a real-valued function defined on some subset of R3
that contains . The surface integral of f(x,vy,2) over X is

/fxy, //f u, v) uv)z(uv))Har gz

In particular, the surface area S of ¥ is

dudv . (4.28)

S = //1da. (4.29)

b))

width height 0.5pt
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Example 4.9

Atorus T is a surface obtained by revolving a circle of radius « in the yz-plane around the z-axis,
where the circle’s center is at a distance b from the z-axis (0 < a < b), as in Figure 4.4.3. Find the
surface area of T.

(a) Circle in the yz-plane

(b) Torus T
Figure 4.4.3

Solution: For any point on the circle, the line segment from the center of the circle to that point
makes an angle u with the y-axis in the positive y direction (see Figure 4.4.3(a)). And as the circle
revolves around the z-axis, the line segment from the origin to the center of that circle sweeps out
an angle v with the positive z-axis (see Figure 4.4.3(b)). Thus, the torus can be parametrized as:

x=(b+acosu)cosv, y=(b+acosu)sinv, z=asinu, 0<u<2r, 0<v<2rm

So for the position vector

I‘(u,v) = x(u,v)i + y(u,v)j + Z(’LL,’U)k
= (b+acosu)cosvi + (b+acosu)sinvj + asinuk

we see that
Or . . . e
5, = —osinucosvi — asinusinv] + acosuk
or G g :
B = — (b+acosu)sinvi + (b+acosu)cosvj + 0k,
v

and so computing the cross product gives

0 0
a_r X 8_1' = —a(b+acosu)cosv cosui — a(b+acosu)sinv cosuj — a(b+ acosu)sinuk ,
u v

which has magnitude
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= a(b+ acosu) .

or
ou

Thus, the surface area of T is

S = //lda
/27r/271'
2 2
/ / a(b+ acosu) dudv
u=2m
/ (abu—i—a sin u ) dv
0

u=0
2
/ 2mab dv
0

= 4r2ab

8
ul du dv

width height 0.5pt

Since & and 2 are tangent to the surface X (i.e. lie in the tangent plane to ¥ at each point on ), then
their cross product & x 2t is perpendicular to the tangent plane to the surface at each point of =. Thus,

[ tezdo = [ fatu,0). v, 20 0) Il do
2 R

where n = 4t x 4. We say that n is a normal vector to ¥.

Recall that normal vectors to a plane can point in two opposite directions. By an outward unit normal
vector to a surface %, we will mean the unit vector that is normal to £ and points away from the “top”
(or “outer” part) of the surface. This is a hazy definition, but the picture in Figure 4.4.4 gives a better
idea of what outward normal vectors look like, in the case of a sphere. With this idea in mind, we make
the following definition of a surface integral of a 3-dimensional vector field over a surface:

Definition 4.4

Let ¥ be a surface in R? and let f(z,y, 2) = f.(z,v, 2)i + f.(x, 9, 2)j + fi(x,y, 2)k be a vector field
defined on some subset of R? that contains £. The surface integral of f over ¥ is
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//f-da = //f-nda, (4.30)

2 2

where, at any point on ¥, n is the outward unit normal vector to .

Note in the above definition that the dot product inside the integral on the right is a real-valued function,
and hence we can use Definition 4.3 to evaluate the integral.

width height 0.5pt
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4. Line and Surface Integrals

Example 4.10
Evaluate the surface integral [[ f-do, where f(z,y, z) = yzi + zzj + zyk and ¥ is the part of the plane
z

r+y+2z=1withz >0, y> 0, and z > 0, with the outward unit normal n pointing in the positive z
direction (see Figure 4.4.5).

Solution: Since the vector v = (1,1, 1) is normal to the plane z + y + z = 1 (why?), then dividing v by

its length yields the outward unit normal vector n = ( L L) We now need to parametrize .

1L

V3’ V3’ V3
As we can see from Figure 4.4.5, projecting ¥ onto the zy-plane yields a triangular region R = {
(z,9):0<x <1, 0<y<1-—=x}. Thus, using (u,v) instead of (z,y), we see that

x=u, y=v, z=1—(u+v), for0<u<1,0<v<1—u

is a parametrization of ¥ over R (since z=1— (z+y) on ). So on X%,

1 1
= %(($+y)z+wy) = ﬁ((u+v)(1—(u+v))+uv)
= L((u—i-v)—(u—l—v)2—i-uv)

3

for (u,v) in R, and for r(u,v) = x(u,v)i + y(u,v)j + 2(v, v)k = ui + vj + (1 — (u + v))k we have

o o
ou ov

or or

%X% :\/g.

= (1,0,—1) x (0,1,—1) = (1,1,1) = ‘

Thus, integrating over R using vertical slices (e.g. as indicated by the dashed line in Figure 4.4.5)
gives
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//f-da //f-ndo

)M P

- // T ) ) S
R

_X_

™ E® dvdu

1 1-u 1 9
= /0/0 %((u—kv)f(u—}—v) + uv) V3 dv du

L (w+v)?  (u+v)®  w? |7
—/0( 2 3 T, )™

width height 0.5pt

Computing surface integrals can often be tedious, especially when the formula for the outward unit
normal vector at each point of £ changes. The following theorem provides an easier way in the case
when X is a closed surface, that is, when ¥ encloses a bounded solid in R3. For example, spheres,
cubes, and ellipsoids are closed surfaces, but planes and paraboloids are not.

Theorem 4.8

(Divergence Theorem) Let ¥ be a closed surface in R3 which bounds a solid S, and let f(z,y, 2)
= fi(z,y,2)i + fo(z,y,2)j + f:(x,y, 2)k be a vector field defined on some subset of R? that contains X.
Then

//f-da = ///div A (4.31)

b S
where

. of . of . of
divf = 6m+ 5‘y+ 0z

(4.32)

is called the divergence of f.
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The proof of the Divergence Theorem is very similar to the proof of Green’s Theorem, i.e. it is first
proved for the simple case when the solid S is bounded above by one surface, bounded below by
another surface, and bounded laterally by one or more surfaces. The proof can then be extended to
more general solids.l4

width height 0.5pt

Example 4.11

Evaluate [[ f-do, where f(z,y, z) = zi + yj + 2k and X is the unit sphere 22 + y2 + 22 = 1.
3

Solution: We see thatdivf=1+1+1=3, so

// f-do /// div f dV = /// 3dV
///1 dV = 3vol(S) = 3- 4”;1)3 = 4r .

width height 0.5pt

In physical applications, the surface integral [[ f-do is often referred to as the flux of f through the
b

surface . For example, if f represents the velocity field of a fluid, then the flux is the net quantity of fluid
to flow through the surface © per unit time. A positive flux means there is a net flow out of the surface
(i.e. in the direction of the outward unit normal vector n), while a negative flux indicates a net flow
inward (in the direction of —n).

The term divergence comes from interpreting div f as a measure of how much a vector field “diverges”
from a point. This is best seen by using another definition of div f which is equivalent(? to the definition
given by formula (4.32). Namely, for a point (z, v, z) in R?,

div f(z,y,2) = hm = //f do , (4.33)

where V is the volume enclosed by a closed surface ¥ around the point (z,y, 2). In the limit, V — 0
means that we take smaller and smaller closed surfaces around (z, y, z), which means that the volumes
they enclose are going to zero. It can be shown that this limit is independent of the shapes of those
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surfaces. Notice that the limit being taken is of the ratio of the flux through a surface to the volume
enclosed by that surface, which gives a rough measure of the flow “leaving” a point, as we mentioned.
Vector fields which have zero divergence are often called solenoidal fields.

The following theorem is a simple consequence of formula (4.33).

Theorem 4.9

If the flux of a vector field f is zero through every closed surface containing a given point, then
div f = 0 at that point.

proof[Proof:] By formula (4.33), at the given point (z,y, z) we have

1
div f(z,y,2) = ‘1/1% 7 //f-da' for closed surfaces ¥ containing (z,y, z), so
p

1
= ‘1/11110 v (0) by our assumption that the flux through each ¥ is zero, so
"

= lim 0
V=0

= 0 .qed

Lastly, we note that sometimes the notation

#f(x,y,z)do and #fda’

b))

is used to denote surface integrals of scalar and vector fields, respectively, over closed surfaces.

Especially in physics texts, it is common to see simply ¢ instead of £f.
N P

EXERCISES

A
For Exercises 1-4, use the Divergence Theorem to evaluate the surface integral [ f-do of the given
D)

vector field f(z,y, z) over the surface ¥.
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Az, y,2) =2i+2yj +32k, T2l P+ 22 =9
. f(z,y,2) = zi + yj + 2k, ¥ : boundary of the solid cube S = {(z,9,2) : 0< z,9,2< 1}
Az, y,2) =24+ + 2k, Nl P2 =1

Az, y,2) =20+ 3]+ 5k, Xl P+ 22 =1

. Show that the flux of any constant vector field through any closed surface is zero.

. Evaluate the surface integral from Exercise 2 without using the Divergence Theorem, i.e. using

only Definition 4.3, as in Example 4.10. Note that there will be a different outward unit normal
vector to each of the six faces of the cube.

. Evaluate the surface integral [ f-do, where f(z,y,z) = z%i + zyj + 2k and X is the part of the plane
P

6z + 3y + 2z = 6 with z > 0, y > 0, and = > 0, with the outward unit normal n pointing in the positive z
direction.

. Use a surface integral to show that the surface area of a sphere of radius r is 47r2. (Hint: Use

spherical coordinates to parametrize the sphere.)

. Use a surface integral to show that the surface area of a right circular cone of radius R and height

his mRv/h? + R2. (Hint: Use the parametrization x = rcosf, y=rsinf, z = %r, foro<r<Rand0o<é
<2m)

The ellipsoid g—j + ig; + j—j = 1 can be parametrized using ellipsoidal coordinates
T =asing cosf , y=bsing sinf , z=ccos¢, for0<H<2rand 0 < ¢ < 7.

Show that the surface area S of the ellipsoid is

71' 2T
S = / / sin ¢>\/a2b2 cos? ¢ + c2(a?sin? @ + b2 cos? ) sin? ¢ df d¢ .
0o Jo

(Note: The above double integral can not be evaluated by elementary means. For specific values
of a, b and ¢ it can be evaluated using numerical methods. An alternative is to express the surface
area in terms of elliptic integrals.[8 111.7]bow)
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11. Use Definition 4.3 to prove that the surface area S over a region R in R? of a surface z = f(z,y) is
given by the formula

o

(%) aa

- @
R
(Hint: Think of the parametrization of the surface.)

1. See [§ 15.6]tm for the details. «
2. See sch, p. 36-39, for an intuitive discussion of this. €

4.5 Stokes’ Theorem

So far the only types of line integrals which we have discussed are those along curves in R2. But the
definitions and properties which were covered in Sections 4.1 and 4.2 can easily be extended to include
functions of three variables, so that we can now discuss line integrals along curves in R3.

Definition 4.5

For a real-valued function f(z,y, 2) and a curve C in R?, parametrized by z = z(¢), y = y(t), 2 = 2(t), a
<t <, the line integral of f(z,y,2) along C with respect to arc length s is

/ fo,y,2 / f 2A) o (07 +y (02 + 2/ () dt . (4.34)

The line integral of f(z,y,2) along C with respect to z is
/ F@, w2 / f 2 (t) dt (4.35)

The line integral of f(z,y,2) along C with respect to y is
|RCYE / F(a(t),y(t), 2(0)) ' (¢) dt (4:36)

The line integral of f(z,y,z) along C with respect to z is
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b
/C f(@ 52 dz = / Fe(t), u(t), 2(8)) 2’ (&) dt . (4.37)

Similar to the two-variable case, if f(z,y,z) > 0 then the line integral [, f(z,y, z) ds can be thought of as
the total area of the “picket fence” of height f(z,y, 2) at each point along the curve C in R3.

Vector fields in R? are defined in a similar fashion to those in R?, which allows us to define the line
integral of a vector field along a curve in R?.

Definition 4.6

For a vector field f(z,y, 2) = P(z,y,2)i+ Q(z,y,2)j + R(z,y,2) k and a curve C in R? with a smooth
parametrization = = z(t), y = y(t), 2 = 2(t), a < t < b, the line integral of f along C is

/Cf~dr = /C P(x,y,2)dz + /CQ(x,y, z)dy + /C R(x,y, 2) dz (4.38)
b
/ £(z(t),y(t),2(t) -r'(¢)dt , (4.39)

where r(t) = z(t) i+ y(t) j + 2(t) k is the position vector for points on C.

Similar to the two-variable case, if f(z,y, z) represents the force applied to an object at a point (z, y, 2)
then the line integral [, f - dr represents the work done by that force in moving the object along the
curve C in R3.

Some of the most important results we will need for line integrals in R3 are stated below without proof
(the proofs are similar to their two-variable equivalents).

Theorem 4.10

For a vector field f(z,y, 2) = P(z,y,2)i+ Q(z,y,2)j + R(x,y,2) k and a curve C with a smooth
parametrization = = z(t), y = y(t), z = 2(t), a < t < b and position vector r(t) = z(¢)i + y(t) j + 2(t) k,

/f-dr = /f-Tds, (4.40)
C C

where T(t) = - i the unit tangent vector to C at (x(t), y(t), #(t))-
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Theorem 4.11

(Chain Rule) If w = f(x, v, 2) is a continuously differentiable function of z, y, and z, and = = z(¢), y
= y(t) and z = z(t) are differentiable functions of ¢, then w is a differentiable function of ¢, and

dw Ow dx Ow dy + Ow dz (4.41)

At Oz dt dy dt 0z dt -’

Also, if z = z(¢,,t,), vy = y(t,, t,) and z = z(t,,t,) are continuously differentiable function of (¢,,¢,),
then(l!

Ow _ Owds  Owoy , Owo: (4.42)
ot, oxr Ot Oy Ot, 0z Ot

and

ow ow O ow Oy 8_w 0z

t, or o, dy ot, oz ot, (4.43)

Theorem 4.12

Let f(z,y, 2) = P(z,y,2)i+ Q(z,y, 2) j + R(x,y, z) k be a vector field in some solid S, with P, Q and R
continuously differentiable functions on S. Let C be a smooth curve in S parametrized by z = z(¢), y
=y(t), z = 2(t), a < t < b. Suppose that there is a real-valued function F(z,y, z) such that VF = f on

S. Then
/ f-dr = F(B) — F(A), (4.44)
C
where A = (z(a),y(a),2(a)) and B = (z(b), y(b), 2(b)) are the endpoints of C.

Corollary 4.13

If a vector field f has a potential in a solid S, then % f - dr = 0 for any closed curve C'in S (i.e.
C

7{ VF -dr = 0 for any real-valued function F(z, y, 2)).
C
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Example 4.12

Let f(z,y,2) = z and let C be the curve in R? parametrized by

z=tsint, y=tcost, z=t, 0<t<8m.

Evaluate [, f(z,y, 2) ds. (Note: C is called a conical helix. See Figure 4.5.1).
Solution: Since =’ (t) = sint + tcost, y’(t) = cost — tsint, and z’(t) = 1, we have
/()2 +y (t)>+ 2/ (t)? = (sin’t+ 2tsintcost +tcos’t) + (cos®t — 2tsintcost + t2sint) + 1

t?(sin®t + cos®t) + sin®t + cos®t + 1
= t?+2,

So since f(z(t),y(t), 2(t)) = 2(t) = t along the curve C, then

8
/Cf<x,y,z>ds = | 0.0, 20) Y2 02 + v 07 + 2 (0
= /Swt\/t2+2dt
0
_ (l(t2+2)3/2) T 2 ((64n® +2)%2 — 213)
- 3 , 3\ '

Figure 4.5.1Conical helix C

width height 0.5pt
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Example 4.13

Let f(z,y,2) = i+ yj+ 22k be a vector field in R3. Using the same curve C from Example 4.12,
evaluate [ f-dr.

o

Solution: It is easy to see that F(z,y, z) = & + ﬂ; + 22 is a potential for f(z,y, 2) (i.e. VF = f). So by
Theorem 4.12 we know that

/Cf -dr = F(B) — F(A) , where A = (2(0),y(0),2(0)) and B = (z(8), y(8x), 2(8)), so

= F(8nmsin8n,8mcos8m,8m) — F(0sin0,0cos0,0)

F(0,8m,87) — F(0,0,0)

(8m)°
2

= 0+ +(8m)2—(0+0+0) = 9672 .

width height 0.5pt

We will now discuss a generalization of Green’s Theorem in R? to orientable surfaces in R3, called
Stokes’ Theorem. A surface ¥ in R3 is orientable if there is a continuous vector field N in R3 such that N
is nonzero and normal to X (i.e. perpendicular to the tangent plane) at each point of . We say that
such an N is a normal vector field.

For example, the unit sphere z2 + y2 + 22 = 1 is orientable, since the continuous vector field N(z,y,2) =z
i+yj+ 2k is nonzero and normal to the sphere at each point. In fact, —N(z, v, z) is another normal
vector field (see Figure 4.5.2). We see in this case that N(z, y, 2) is what we have called an outward
normal vector, and —N(z, y, 2) iS an inward normal vector. These “outward” and “inward” normal vector
fields on the sphere correspond to an “outer” and “inner” side, respectively, of the sphere. That is, we
say that the sphere is a two-sided surface. Roughly, “two-sided” means “orientable”. Other examples of
two-sided, and hence orientable, surfaces are cylinders, paraboloids, ellipsoids, and planes.

You may be wondering what kind of surface would not have two sides. An example is the Mdbius strip,
which is constructed by taking a thin rectangle and connecting its ends at the opposite corners,
resulting in a “twisted” strip (see Figure 4.5.2).
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(a) Connect Ato A and Bto B (b) Not orientable
along the ends

Figure 4.5.2M0bius strip

If you imagine walking along a line down the center of the Mdbius strip, as in Figure 4.5.2(b), then you
arrive back at the same place from which you started but upside down! That is, your orientation
changed even though your motion was continuous along that center line. Informally, thinking of your
vertical direction as a normal vector field along the strip, there is a discontinuity at your starting point
(and, in fact, at every point) since your vertical direction takes two different values there. The Mdbius
strip has only one side, and hence is nonorientable.[2!

For an orientable surface ¥ which has a boundary curve C, pick a unit normal vector n such that if you
walked along C with your head pointing in the direction of n, then the surface would be on your left. We
say in this situation that n is a positive unit normal vector and that C is traversed n-positively. We can
now state Stokes’ Theorem:

Theorem 4.14

(Stokes’ Theorem) Let ¥ be an orientable surface in R?* whose boundary is a simple closed curve
C, and let f(z,y, z) = P(z,y, 2)i + Q(z,y, 2)j + R(z, y, z)k be a smooth vector field defined on some
subset of R? that contains . Then

fcfdr = //(curl f) -ndo, (4.45)
3

where

_ (9B _9Q)\, oP  OR\. 99 _oP
curl f = <8y 8z)1+ (8z 8$)J+ (830 8y)k’ (4.46)

n is a positive unit normal vector over ¥, and C is traversed n-positively.
proof[Proof:] As the general case is beyond the scope of this text, we will prove the theorem only

for the special case where ¥ is the graph of z = z(z, y) for some smooth real-valued function z(z, y),
with (z,y) varying over a region D in R2.
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Projecting ¥ onto the zy-plane, we see that the closed curve C (the boundary curve of X) projects
onto a closed curve Cp which is the boundary curve of D (see Figure 4.5.4). Assuming that C has
a smooth parametrization, its projection Cp in the zy-plane also has a smooth parametrization, say

Cp:z=z(t), y=yt), a<t<b,

and so C can be parametrized (in R?) as

since the curve C is part of the surface z = z(x,y). Now, by the Chain Rule (Theorem 4.4 in Section
4.2), for z = z(z(t), y(t)) as a function of ¢, we know that

20 = G20 + G0,

and so
?{Cf-dr = /CbP(x Y, 2)dr + Q(z,y,2) dy + R(z,y, 2) dz
= [(Pew+ever(ge 045 0)) a
- /b(P+R—> ()+(Q+Rg—y>y’(t))dt
_ /CD Plz,y)dz + O(z,y) dy ,
where

Ple,y,2(2,9)) + R(z,(e,9)) L (z,y) ,and

ox
Q(z,y) = Q(z,y,2(x,y) + R(w,y,Z(x,y))g—;(I,y)

jas]
&
<
~—

I

for (z,y) in D. Thus, by Green’s Theorem applied to the region D, we have

fo // (_ - _) an. (.47)

Thus,
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oQ 0 0z

5 = 7 (Q(sc,y, 2(x,y)) + R(z,y, 2(z,y)) B_y(x’y)
0

= 5%3 (Q(z,y, 2(x,y))) + (%R(z,% z(:c,y))> 6_(x’y) + B(@,y, 2(z,y)) 88 (gﬁj( )> .

, so by the Product Rule we get

N———

|

Now, by formula (4.42) in Theorem 4.11, we have

9 _0Q 0 9Q oy | 9Q 02
L0, 0., o
- Oz L Oy 0+ 0z Oz
. @ + aQ 0z
Oz 0z ox

. 0 OR OR 0z
Slmllarly,g (R(z,y, 2(z,y))) = o + = 5

Thus,
2 _ 09 000: (R OR D 0 o
oxr Oz + 9z Or + Or + 0z Oz ) Oy + R(@.y 2(z,9)) Oz
oQ 0Q 0z OR 0z OR 0z 0z 0%z
= —— 4+ =4+ ——=— 4+ —=— = + R—F.
Ox 0z Ox or Oy 0z Or Oy Oz Oy
In a similar fashion, we can calculate oP = op + op 9z + OR 02 + OR 0z 0z + R—azz
’ dy 8y 9z 9y Oy Oz = 0z Oy Oz dyox

So subtracting gives

Q 9P _ ((’(3923 g§> oz (8R 8P) oz <aQ 8P> (4.48)

or oy 01 oz 5‘_y

since % = 8y8z by the smoothness of = = z(z,y). Hence, by equation (4.47),
B aR 9z (0P OR 8Q oP
?{f ar = // Oy )396_(3z 8:r>3y+(6:6 3y>) a4 (4.49)

after factoring out a —1 from the terms in the first two products in equation (4.48).
Now, recall from Section 2.3 (see p.76) that the vector N = —£= i — g—;j + k is normal to the tangent

plane to the surface z = z(x,y) at each point of . Thus,

N —%i—g—;j—kk

INT A ()

Vector Calculus (Michael Corral) — GFDL-1.2 — Page 44 of 64



4. Line and Surface Integrals

is in fact a positive unit normal vector to X (see Figure 4.5.4). Hence, using the parametrization
r(z,y) = zi+yj+ 2(x,y)k, for (w y) in D, of the surface ¥, we have &£ =i+ &£ kand & =j+ £k,
and so || &£ x & = \/1 + (&) )2. So we see that using formula (4.46) for curl f, we have

//(curlf)~nd0 = //(curlf)~n
b
- // )it (5w )it

//( G-Fa - G-aat(5-5) e

or or

oz X By dA

(20 0PY,) (0 2
ox y Y

which, upon comparing to equation (4.49), proves the Theorem.

Note: The condition in Stokes’ Theorem that the surface X~ have a (continuously varying) positive unit
normal vector n and a boundary curve C traversed n-positively can be expressed more precisely as
follows: if r(¢) is the position vector for C and T(¢t) =r’(¢)/|r’(t)| is the unit tangent vector to C, then the
vectors T, n, T x n form a right-handed system.

Also, it should be noted that Stokes’ Theorem holds even when the boundary curve C is piecewise

smooth.

width height 0.5pt
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Example 4.14

Verify Stokes’ Theorem for f(z,y, z) = zi+ zj + yk when X is the paraboloid » = z2? + y? such that
<1 (see Figure 4.5.5).

Solution: The positive unit normal vector to the surface
z2=2(z,y) =x2+ 92 IS

Ti*T.H'k —2zi—2yj+k
n = )
Bz 14 4x2 + 4y2

andcurl f=(1-0)i+ (1-0)j+(1—-0k=i+j+k, SO
(curl f) - n = (—2z—2y+1)/v/1+ 42?2 +4y% .

Since ¥ can be parametrized as r(z,y) = zi+yj+ (z* + y*) k for (z,y) in the region D = { (z,y) : *
+4? <1}, then

//(C‘lrlf)'nda = //(curlf) n
D

%
=g — 2 1
= // Tyt V14422 + 42 dA
o 1+ 4z2 + 492

// (—2x —2y+ 1) dA , so switching to polar coordinates gives

or et or
oz oy

dA

2m 1
/ (—2rcosf — 2rsin @ + 1)rdrdf
0

2m 1
/ (—2r%cos @ — 2r?sin@ + r) dr df

0
r=1
) de
7=0

2
( 22 osh — 2 —s1 9+
2w

os@— —s1n9+ ) do

S—~S—S——7°

D ¢ 2 i 5|2
— =sinf + =cosf + =0 = 7.
3 3 2%,

The boundary curve C is the unit circle z% + y? = 1 laying in the plane z = 1 (see Figure 4.5.5),
which can be parametrized as = = cost, y =sint, z =1 for 0 <t < 27. So
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2m
/0 ((1)(—sint) + (cost)(cost) + (sint)(0)) d¢

m 1 2t 1 2t
/ (— sint 4 i) dt (here we used cos?t = i)
0

jgfdr
@

2 2
2m

£ t n sin 2t
= cos —
2 4

0

So we see that §,f-dr = [[(curl f) - ndo, as predicted by Stokes’ Theorem.
Py

width height 0.5pt

The line integral in the preceding example was far simpler to calculate than the surface integral, but this
will not always be the case.

width height 0.5pt
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Example 4.15

Let = be the elliptic paraboloid z = ””Tz + %2 for 2 < 1, and let C be its boundary curve. Calculate §, f
-dr for f(z,y, 2) = (9zz + 2y)i + (2z + 32)j + (—2y% + 22)k, where C is traversed counterclockwise.

Solution: The surface is similar to the one in Example 4.14, except how the boundary curve C is
the ellipse 3—2 + }gﬁ =1 laying in the plane z = 1. In this case, using Stokes’ Theorem is easier than
computing the line integral directly. As in Example 4.14, at each point (z,y, 2(x,y)) on the surface =
= 2(z,y) = £~ + L the vector

o —Ei-gj+k . itk
9z \2 09z )2 : 4
Vi+ (&) +(&) s

is a positive unit normal vector to . And calculating the curl of f gives
curl f = (—4y—0)i + 92 —0)j + (2—2)k = —4yi + 92j + 0k,
SO

(curl f) - n = (—4y)(—%)+(9x)(_%>+(0)(1) _ 2zy — 2xy + 0 _ 0

2 4qy? 2 492
14+ 5 + 3 Vi+ &+

and so by Stokes’ Theorem

fcf-dr = //(curlf)-ndo = //Odo =0.

2 2

width height 0.5pt In physical applications, for a simple closed curve C the line integral § ,f - dr is often
called the circulation of f around C. For example, if E represents the electrostatic field due to a point
charge, then it turns out®! that curl E = 0, which means that the circulation $,E-dr =0 by Stokes’
Theorem. Vector fields which have zero curl are often called irrotational fields.

In fact, the term curl was created by the 19t century Scottish physicist James Clerk Maxwell in his
study of electromagnetism, where it is used extensively. In physics, the curl is interpreted as a measure
of circulation density. This is best seen by using another definition of curl f which is equivalent! to the
definition given by formula (4.46). Namely, for a point (z,y, 2) in R3,
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1
n-(curl f)(z,y,2) = lim— 7{ f-dr, (4.50)
S C

where S is the surface area of a surface X containing the point (z,y, ) and with a simple closed
boundary curve C and positive unit normal vector n at (z,y, z). In the limit, think of the curve C shrinking
to the point (z,y, z), which causes ¥, the surface it bounds, to have smaller and smaller surface area.
That ratio of circulation to surface area in the limit is what makes the curl a rough measure of circulation
density (i.e. circulation per unit area).

An idea of how the curl of a vector field is related to rotation is shown in Figure 4.5.6. Suppose we have
a vector field f(z,y, ) which is always parallel to the zy-plane at each point (z, v, z) and that the vectors
grow larger the further the point (z,y, 2) is from the y-axis. For example, f(z,y, 2) = (1 + z?)j. Think of the
vector field as representing the flow of water, and imagine dropping two wheels with paddles into that
water flow, as in Figure 4.5.6. Since the flow is stronger (i.e. the magnitude of f is larger) as you move
away from the y-axis, then such a wheel would rotate counterclockwise if it were dropped to the right of
the y-axis, and it would rotate clockwise if it were dropped to the left of the y-axis. In both cases the curl
would be nonzero (curl f(x,y, z) = 2z k in our example) and would obey the right-hand rule, that is,

curl f(z,y, z) points in the direction of your thumb as you cup your right hand in the direction of the
rotation of the wheel. So the curl points outward (in the positive z-direction) if z > 0 and points inward (in
the negative z-direction) if z < 0. Notice that if all the vectors had the same direction and the same
magnitude, then the wheels would not rotate and hence there would be no curl (which is why such
fields are called irrotational, meaning no rotation). Finally, by Stokes’ Theorem, we know that if C is a
simple closed curve in some solid region S in R3 and if f(z, y, z) is a smooth vector field such that curl f
=01in S, then

%Cfdr: /(curlf)-ndaz //O-ndaz //OdJ:O,

P P P

where ¥ is any orientable surface inside S whose boundary is C (such a surface is sometimes called a
capping surface for C). So similar to the two-variable case, we have a three-dimensional version of a
result from Section 4.3, for solid regions in R* which are simply connected (i.e. regions having no
holes):

The following statements are equivalent for a simply connected solid region S in R3:
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1. f(z,y,2) = P(z,y,2)i+ Q(z,y, 2) j + R(z,y, z) k has a smooth potential F(z,y,2) in S

2. / f - dr is independent of the path for any curve Cin S
C

3. 7{ f - dr = 0 for every simple closed curve Cin S
C

OR 0Q OP OR 0Q OP . . .
—=—,— =—,and —= = —in S (i.e. =0in
Jy 0z 0z ox ox oy 102 el 5=01l 5

Part (d) is also a way of saying that the differential form Pdz + Q dy + R dz is exact.

width height 0.5pt

Example 4.16

Determine if the vector field f(z,y, z) = zyzi + z2j + zyk has a potential in R3.

Solution: Since R? is simply connected, we just need to check whether curl f = 0 throughout R?,
that is,

R 8Q 9P R

OrR _0Q oP _OR 9Q _ 9P
oy 0z’ 9, oz’ " or Oy

throughout R?, where P(z,y, 2) = 2yz, Q(z,v,z) = vz, and R(z,y, z) = zy. But we see that

orP OR 0 OR ¢ M
% - 5 Y T S, =k 5, [of some (z,y, 2) in R”.

Thus, f(z,y, z) does not have a potential in R3.

EXERCISES

A

For Exercises 1-3, calculate [, f(x,y, z) ds for the given function f(z,y,z) and curve C.

1. f(z,y,2) =2, C:x=cost,y=sint, 2=t 0<t<2x
2. f(a:,y,z):£+y+2yz; C:ix=t,y=t,2z=1,1<t<2
Yy

3. flz,y,2) = 22; C:x=tsint, y=tcost, z= Ag@tz;/z, 0<t<1
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For Exercises 4-9, calculate [, f - dr for the given vector field f(z,y,z) and curve C.

4. f(z,y,2)=i—j+k, C:z=3t,y=2t2=10<t<1

5 f(z,y,2) =yi—zj+2k; C:z=cost,y=sint,z2=1¢0<t< 2w

6. f(z,y,2) =xzi+yj+zk; C:z=cost,y=sint,2=2,0<¢<2r

7. f(x,y,2) = (y—22)i+azyj+ rz+y)k;, C:zx=t,y=2t,2=t>—1,0<t<1

8. f(z,y,2) =yzi+zzj+ayk; C:the polygonal path from (0,0,0) to (1,0,0) to (1,2,0)

9.f(z,y,2) =zyi+ (z—z)j+2yzk; C:the polygonal path from (0,0,0) to (1,0,0) to (1,2,0) to (1,2,—2)

For Exercises 10-13, state whether or not the vector field f(x,y, z) has a potential in R? (you do not need
to find the potential itself).

2
10. f(z,y,2) =yi—=zj+ 2k
11. f(z,y,2) = ai+ bj+ ck (a, b, c cOnstant)
2
12. f(z,y,2) = (z+y)i+zj+ 2’k
13. f(z,y,2) = zyi— (z —y2?)j +y’2zk
B
For Exercises 14-15, verify Stokes’ Theorem for the given vector field f(z,y, z) and surface X.
14 f(z,y,2) =2yi—zj+2zk; Z:22+92+22=1,2>0
15. f(z,y,2) = zyi+ z2zj+yzk;, XT:z=22+94%2<1

16. Construct a Mdbius strip from a piece of paper, then draw a line down its center (like the dotted
line in Figure 4.5.2(b)). Cut the Mdbius strip along that center line completely around the strip.
How many surfaces does this result in? How would you describe them? Are they orientable?

17. Use Gnuplot (see Appendix C) to plot the Mobius strip parametrized as:

r(u,v) = cosu(l+wvcos¥)i+sinu(l+wvcosd)j+vsingk, 0<u<2r, —

o=
IA
<
IA

o=
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18. Let ¥ be a closed surface and f(z,y, z) @ smooth vector field. Show that
[[(curl £)-ndo = 0. (Hint: Split ¥ in half.)
by

19. Show that Green’s Theorem is a special case of Stokes’ Theorem.

1. See [§ 6.5]tm for a proof. «

2. For further discussion of orientability, see [§ IV.7]one. ¢
3.See Ch. 2inrmc. €

4. See sch, p. 78-81, for the derivation. «

4.6 Gradient, Divergence, Curl and Laplacian

In this final section we will establish some relationships between the gradient, divergence and curl, and
we will also introduce a new quantity called the Laplacian. We will then show how to write these
guantities in cylindrical and spherical coordinates.

For a real-valued function f(z,y,z) on R?, the gradient V f(z, y, 2) is a vector-valued function on R?, that
is, its value at a point (z,y, z) is the vector

21 21 2 af 5

in R3, where each of the partial derivatives is evaluated at the point (z,y, z). So in this way, you can think
of the symbol v as being “applied” to a real-valued function f to produce a vector V.

It turns out that the divergence and curl can also be expressed in terms of the symbol V. This is done
by thinking of V as a vector in R?, namely

0 0 0
V=—i+—j+ =—k. (4.51)
T y 0z

Here, the symbols £, 2 and = are to be thought of as “partial derivative operators” that will get
“applied” to a real-valued functlon, say f(z,v, 2), to produce the partial derivatives 8;; , 35 and %. For
instance, -Z “applied” to f(z,y,z) produces %.

Is V really a vector? Strictly speaking, no, since %, 2

think of V as a vector, especially with the divergence and curl, as we will soon see. The process of
“applying” £, ay 2 to a real-valued function f(z,y, z) is normally thought of as multiplying the

7 and -Z are not actual numbers. But it helps to
quantities:

(=% (5)0=-2. (5)0-2=
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For this reason, V is often referred to as the “del operator”, since it “operates” on functions.

For example, it is often convenient to write the divergence div f as V - f, since for a vector field f(z,y, 2)
= fi(z,y,2)i + fo(z,y,2)j + f:(x, 9, 2)k, the dot product of f with V (thought of as a vector) makes sense:

0 g . 0 . .
Vet = (goi+ o0+ 5ok) - (heai + Llamal + L2k

- ()W + (5) @+ ()@

_of. . of. . of,
ox + Oy + 0z
= div f

We can also write curl f in terms of V, namely as V x f, since for a vector field f(z,y, z) = P(z,y, 2)i
+ Q(z,y,2)j + R(z, y, )k, we have:

i j k
0 0 0
Vxf = s Ty 5

P(z,y,2) Q(z,y,2) R(z,y,2)

_ (33 5Q) _ (‘9_R_5‘_P)-+ (@_3_13)1{
- \oy o or 9z )? dr oy
OR 0Q\ . OP OR\ . 0Q OP
<8y732)1+ (aziax)']_k (&Uiay)k
= curl f

For a real-valued function f(z,y, z), the gradient V f(z,y,2) = 5L i+ 4L j+ 4L K is a vector field, so we can
take its divergence:

divVf = V-Vf
e @
o (0 8 (0
AR RS
0%f o%f 0% f
= 537+ 53 57

Note that this is a real-valued function, to which we will give a special name:

Definition 4.7
For a real-valued function f(z,v, 2), the Laplacian of f, denoted by Af, is given by

o%f o%f 0%f

Af(iE,y,Z) = va = o1 ayz + 922

(4.52)
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Often the notation V?2f is used for the Laplacian instead of A f, using the convention V2 =V - V.

width height 0.5pt

Example 4.17

Let r(z,y,2) = zi+yj+ zk be the position vector field on R3. Then |r(z,y,2)|2 =1 -r =22 +y2 + 22 iS
a real-valued function. Find

1. the gradient of |r|?
2. the divergence of r
3. the curl of r

4. the Laplacian of |r|?

Solution: (a) V|r|? = 2zi+2yj+ 22k = 2r

BV r=F@)+50)+HEH=1+1+1=3

()
i j Kk
0 o0 0 . . _
x Yy 4

(d) Arf2 = & (22 + 92 +22) + Lo (@2 + 92+ 22) + (a2 + 92+ 22) =2+2+2=6
Note that we could have calculated A |r|? another way, using the V notation along with parts (a)

and (b):

Alr|?> = V-V|r|? = V-2r = 2V-.r = 2(3) = 6

width height 0.5pt

Notice that in Example 4.17 if we take the curl of the gradient of |r|? we get

VX (V[e|]?) = Vx2r = 2V Xxr = 20 = 0.
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The following theorem shows that this will be the case in general:

Theorem 4.15

For any smooth real-valued function f(z,y,2), V x (Vf) = 0.

proof[Proof:] We see by the smoothness of f that

i j k
0 0 0
Vx(Vf) = |9z 0y 0z
of of of
dr Oy 0z
of o%f \ . o f o%f \ . o f of
- (m‘az—aﬂ“ (M‘%)” (aTafaW)“:“’

since the mixed partial derivatives in each component are equal.

Corollary 4.16

If a vector field f(z,y, z) has a potential, then curl f = 0.

Another way of stating Theorem 4.15 is that gradients are irrotational. Also, notice that in Example 4.17
if we take the divergence of the curl of r we trivially get

V- (VXxr) =V-0=0.
The following theorem shows that this will be the case in general:

Theorem 4.17

For any smooth vector field f(z,y,z), V- (V x ) = 0.

The proof is straightforward and left as an exercise for the reader.

Corollary 4.18
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The flux of the curl of a smooth vector field f(z,y, z) through any closed surface is zero.

proof[Proof:] Let  be a closed surface which bounds a solid S. The flux of V x f through X is

//(V X f)do = // V- (Vxf)dV (by the Divergence Theorem)
s

b
///O dV  (by Theorem 4.17)
s

0 .qed

There is another method for proving Theorem 4.15 which can be useful, and is often used in physics.
Namely, if the surface integral [[ f(z,v, 2) do = 0 for all surfaces ¥ in some solid region (usually all of R?),
P

then we must have f(z,y, z) = 0 throughout that region. The proof is not trivial, and physicists do not
usually bother to prove it. But the result is true, and can also be applied to double and triple integrals.

For instance, to prove Theorem 4.15, assume that f(z,y, z) is @ smooth real-valued function on R3. Let C
be a simple closed curve in R3 and let  be any capping surface for C (i.e. ¥ is orientable and its
boundary is C). Since Vf is a vector field, then

// (VX (Vf)) ndo = 7{ Vf-dr by Stokes’ Theorem, so
c
b

= 0 Dby Corollary 4.13.

Since the choice of ¥ was arbitrary, then we must have (V x (Vf)) - n = 0 throughout R?, where n is any
unit vector. Using i, j and k in place of n, we see that we must have V x (Vf) = 0 in R?, which
completes the proof.

width height 0.5pt
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Example 4.18

A system of electric charges has a charge density p(z,y, z) and produces an electrostatic field
E(z,y,2) at points (z,y, z) in space. Gauss’ Law states that

//Eda- = 47T/S//pdv

b

for any closed surface ¥ which encloses the charges, with S being the solid region enclosed by X.
Show that V - E = 4rp. This is one of Maxwell’s Equations.!]

Solution: By the Divergence Theorem, we have

/S/V~EdV //E'dcr

D)

47 /[/ p dV by Gauss’ Law, so combining the integrals gives
S

/S//(V-E—47rp) dV =0 ,so

V-E—4mp = 0 since X and hence S was arbitrary, so
V-E = 4np .

width height 0.5pt

Often (especially in physics) it is convenient to use other coordinate systems when dealing with
guantities such as the gradient, divergence, curl and Laplacian. We will present the formulas for these
in cylindrical and spherical coordinates.

Recall from Section 1.7 that a point (z,y, ) can be represented in cylindrical coordinates (r, 9, z), where
x =rcosf, y=rsinf, z = 2. At each point (r, 6, z), let e,, eq, e, be unit vectors in the direction of increasing
r, 0, z, respectively (see Figure 4.6.1). Then e,, ey, e, form an orthonormal set of vectors. Note, by the
right-hand rule, that e, x e, = eq.
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Figure 4.6.1 Figure 4.6.2
Orthonormal vectors e,, ey, e, Orthonormal vectors e, e, e,
in cylindrical coordinates in spherical coordinates

Similarly, a point (z,y, 2) can be represented in spherical coordinates (p, 0, ¢), where x = psin ¢cos 8, y

= psin¢sinf, z = pcos ¢. At each point (p, 6, ¢), let e,, ey, e, be unit vectors in the direction of increasing p,
9, ¢, respectively (see Figure 4.6.2). Then the vectors e,, ey, e, are orthonormal. By the right-hand rule,
we see that eg x e, = ey.

We can now summarize the expressions for the gradient, divergence, curl and Laplacian in Cartesian,
cylindrical and spherical coordinates in the following tables:

Cartesian (z,y, z): Scalar function F; Vector field f = f,i+ f,j+ f, k

OF . OF OF .

Oox t oy It

of of, ofs

ox + oy + 0z
, C(0f ORN\. . (Of Of\.

curl.VXf-(ay—az)l (82'_333) +

0’F N 0’F N 0’F

Ox? oy? 022

gradient : VF

divergence: V.-f =

(G-

Laplacian: AF =

Cylindrical (r, 9, z): Scalar function F; Vector field f = f.e, + foes + f. €.

gradient :  VF = g_fer + %Z_Zeg n g—fez
divergence: V£ = =2 (rfy) + + 900y OF:
ot (B (2 2 )
Laplacian: AF = %%(%%) 712%21; N g"zlj

Spherical (p, 9, ¢): Scalar function F; Vector field f = f,e, + foes + fs ey
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ew. gp  OF. 1 9P 10F

gradient : = e, sing o8 ep > 99 ey

. ) 1 0, , 1 dfy 1 0
divergence: V-f = 7 9 (p°fo) + osng 00 + e g 09 —(sin @ fy)

0 0
curl: Vxf = L ( 0 (sin¢ fg) — %) e, + %( (pfs) — fp)ee
L %, 1 i(pm) e

1 8 (,0F 1 9*F 1 0
Laplacian: AF = — — (" =
aplacian (p ) " p2sin®¢ 00 " Psing 9 (lw ¢)

The derivation of the above formulas for cylindrical and spherical coordinates is straightforward but
extremely tedious. The basic idea is to take the Cartesian equivalent of the quantity in question and to
substitute into that formula using the appropriate coordinate transformation. As an example, we will
derive the formula for the gradient in spherical coordinates.

Goal: Show that the gradient of a real-valued function F(p, 6, ¢) in spherical coordinates is:

oF 1 oF . 10F
psing 00 o p 0¢ ¢

Idea: In the Cartesian gradient formula VF(z,y, 2) = g—i i+ %—Zj + %—f k, put the Cartesian basis vectors i,
J, k in terms of the spherical coordinate basis vectors e,, ey, s and functions of p, § and ¢. Then put the

; i ; OF OF OF OF OF
partial derivatives =, &, 5L in terms of 5, 57, 9% and functions of p, 6 and ¢.

Step 1: Get formulas for e, ey, e, in terms of i, j, k.

We can see from Figure 4.6.2 that the unit vector e, in the p direction at a general point (p, 6, ¢) is e,
= o7 where r = zi+ yj + zk is the position vector of the point in Cartesian coordinates. Thus,

r ri+yj+zk
ep = e—

(i V2 +y? + 22 ’

SO using z = psin¢cosf, y = psingsind, z = pcos ¢, and p = \/z2 + y2 + 22, we get:

|ep = sin¢ cosfi + sin¢g sinfj + c0s¢k|

Now, since the angle 6 is measured in the zy-plane, then the unit vector e, in the 6 direction must be
parallel to the zy-plane. That is, ey is of the form ai+ bj + 0k. To figure out what « and b are, note that
since ey L e,, then in particular e, L e, when e, is in the zy-plane. That occurs when the angle ¢ is /2.
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Putting ¢ = =/2 into the formula for e, gives e, = cos#i +sin6j + 0k, and we see that a vector
perpendicular to that is —sinfi + cos@j + 0k. Since this vector is also a unit vector and points in the
(positive) 0 direction, it must be ey:

|e9 = —sinfi + cosfj + 0k

Lastly, since e, = e x e,, We get:

|e¢ = cos¢ cosfi + cos¢psinfj — sin¢k|

Step 2: Use the three formulas from Step 1 to solve for i, j, k in terms of e, ey, e,.

This comes down to solving a system of three equations in three unknowns. There are many ways of
doing this, but we will do it by combining the formulas for e, and e, to eliminate k, which will give us an
equation involving just i and j. This, with the formula for ey, will then leave us with a system of two
equations in two unknowns (i and j), which we will use to solve first for j then for i. Lastly, we will solve
for k.

First, note that
singpe, + cospey, = cosfi + sinfj
so that

sinf (singe, + cosgpey) + cosfes = (sin20+cos20)j =13,

and so:

|j = sin¢ sinfe, + cosfeg + cos¢ sin9e¢|
Likewise, we see that
cosf(singe, + cosges) — sinfeg = (cos”f+sin’0)i = i,
and so:
|i = sin¢g cosfe, — sinfey + cos¢ cos@e¢|
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Lastly, we see that:

k = cosge, — sin¢e¢|
OF OF OF OF OF OF
Step 3: Get formulas for 5, %7, 55 interms of &, &, -

By the Chain Rule, we have

oF OF Ox OF 0Oy OF 0z
B Gwop By op 0z 0p
OF _ 0P pr  OF by  OF 0:
00 oz 00 Oy 00 0z 00
OF OF Oz OF 0y OF 0z
% ~ 9z 0 | oy 96 | 0z 95

which yields: empheq[box=]align* F &= Fx+Fy+F z
F&=-Fx+Fy
F&Fx+Fy-Fz

Step 4: Use the three formulas from Step 3 to solve for 5=, 5=, 5L in terms of &, 57, 95

Again, this involves solving a system of three equations in three unknowns. Using a similar process of
elimination as in Step 2, we get: empheqg[box=]align* Fx &= 1("2F-F +F)

Fy&=1("2F+F+F)

Fz&1(F-F)

Step 5: Substitute the formulas for i, j, k from Step 2 and the formulas for 4, 5’8—5, 9L from Step 4 into
the Cartesian gradient formula VF(z,y,z) = £ i+ %—5j + L k.

Doing this last step is perhaps the most tedious, since it involves simplifying 3 x 3+ 3 x3+2x 2 =22
terms! Namely,

VF = 1 (psm qbcos@a—F—smGa—F—i-smqb cos ¢ cosﬁa—F> (sing cosfe, —sinfey
psin ¢ Op 00 0p

+ cos ¢ cosfey)

1
+ psin ¢
+ cos¢ sinfey)

% (pcosqS 66F sin ¢ —¢> (cospe, —singey) ,

OF OF
(psm ¢ sinf — + cos@ — + sin ¢ cos ¢ sinf

9 50 )(smqﬁsm@ep—l—cosﬁeg

9

+

which we see has 8 terms involving e,, 6 terms involving ey, and 8 terms involving e,. But the algebra is
straightforward and yields the desired result:
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oF 1 OF 1 OF
—e

psin ¢ Wee + ;8_¢e¢ Y

width height 0.5pt

Example 4.19

In Example 4.17 we showed that V|r|?> = 2r and A|r|*> = 6, where r(z,y,2) = zi+yj+ zk in
Cartesian coordinates. Verify that we get the same answers if we switch to spherical coordinates.

Solution: Since |r||* = 2% 4+ y* + 2% = p? in spherical coordinates, let F(p, 6, ¢) = p* (so that F(p, 0, ¢) =
|r|?). The gradient of F in spherical coordinates is

VF—a—Fe +—1 8—Fe +18—Fe
- 9p * psing 00 f p 0 ¢
1
= 9 —
pey + —=s(O)es + = (O)ey
= 2pe, = 2pﬁ, as we showed earlier, so
r
= 2p% = 2r, as expected. And the Laplacian is
1 9 OF 1 9*F 1 5] oF
sr ) e (e )
22 op \" Bp sinp 002 | plsing O¢ sing 55
1 0 , 1 1 0
= — —(p*20) + 0) + ——— = (sing (0
5 8p(/o p) sing (0) Tsing 09 (sin¢ (0))
1 0
= — —(2° 0+ 0
3 ap( p°) + 0 +
1
= —2(6p2) = 6, as expected.
p
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Exercises

A

For Exercises 1-6, find the Laplacian of the function f(z,y, z) in Cartesian coordinates.

3
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4. Line and Surface Integrals

1. f(z,y,2)=xz+y+=2

2. flz,y,2) = 2°

3. flz,y,2) = (2 + 4 + 22)3/2

3

4. f(z,y,2) = e"tvt?

5. f(z,y,2) =2+ > + 2°

6. f(z,y,2) =e @V

7. Find the Laplacian of the function in Exercise 3 in spherical coordinates.

8. Find the Laplacian of the function in Exercise 6 in spherical coordinates.

9. Let f(z,y,2) = ﬁ;—l—yz in Cartesian coordinates. Find V f in cylindrical coordinates.
10. For f(r,0,2) = re, + z sinf ey + rze, in cylindrical coordinates, find div f and curl f.

11. For £(p, 0, ¢) = e, + p cosfeg+ pe, in spherical coordinates, find div f and curl f.

B

For Exercises 12-23, prove the given formula (r = |r| is the length of the position vector field r(z, y, 2)
=zi+yj+zk).

4
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

4. Line and Surface Integrals

vV(1/r)=—r/r

A(l/r)=0
V-(r/r?)=0
V (Inr) =r/r?

2

div(F+G) = divF + divG
curl(F+G) = curll F + curl G
2

div(fF) = fdivF + F-Vf
div(FxG) = G-curl F — F-curl G
2

div(Vf X Vg) = 0

curl (fF) = fewlF 4+ (Vf)XF
2

curl(curl F) = V(divF) — AF

A(fg) = fAg + gAf + 2(Vf-Vyg)

Prove Theorem 4.17.
Derive the gradient formula in cylindrical coordinates: VF = 2 e, + 1 & e, + L e,

Use f = « Vv in the Divergence Theorem to prove:

1. Green’s first identity: [[[(uAv + (Vu)-(Vv))dV = [[(uVv)-do
S z
2. Green’s second identity: [[[(uAv — vAu)dV = [[(uVv — vVu)do
S )

Suppose that Aw = 0 (i.e. u is harmonic) over R®. Define the normal derivative $“ of u over a
closed surface ¥ with outward unit normal vector n by 4% = D,u = n- Vu. Show that [ 2% do = 0.
3

(Hint: Use Green’s second identity.)

. In Gaussian (or CGS) units. «
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