
3. Multiple Integrals

Multiple Integrals

3.1 Double Integrals

In single-variable calculus, differentiation and integration are thought of as inverse operations. For
instance, to integrate a function  it is necessary to find the antiderivative of , that is, another
function  whose derivative is . Is there a similar way of defining integration of real-valued
functions of two or more variables? The answer is yes, as we will see shortly. Recall also that the
definite integral of a nonnegative function  represented the area “under” the curve . As
we will now see, the double integral of a nonnegative real-valued function  represents the
volume “under” the surface .

Let  be a continuous function such that  for all  on the rectangle 
 in . We will often write this as . For any number  in the interval ,

slice the surface  with the plane  parallel to the -plane. Then the trace of the surface in
that plane is the curve , where  is fixed and only  varies. The area  under that curve (i.e. the
area of the region between the curve and the -plane) as  varies over the interval  then depends
only on the value of . So using the variable  instead of , let  be that area (see Figure 3.1.1).

Figure 3.1.1The area  varies with 

Then  since we are treating  as fixed, and only  varies. This makes sense since for
a fixed  the function  is a continuous function of  over the interval , so we know that the area
under the curve is the definite integral. The area  is a function of , so by the “slice” or cross-section
method from single-variable calculus we know that the volume  of the solid under the surface 

 but above the -plane over the rectangle  is the integral over  of that cross-sectional
area :

𝑓(𝑥) 𝑓

𝐹(𝑥) 𝑓(𝑥)

𝑓(𝑥) ≥ 0 𝑦 = 𝑓(𝑥)

𝑓(𝑥, 𝑦) ≥ 0

𝑧 = 𝑓(𝑥, 𝑦)

𝑓(𝑥, 𝑦) 𝑓(𝑥, 𝑦) ≥ 0 (𝑥, 𝑦) 𝑅 = {(𝑥, 𝑦) : 𝑎 ≤ 𝑥

≤ 𝑏, 𝑐 ≤ 𝑦 ≤ 𝑑} ℝ
2 𝑅 = [𝑎, 𝑏] × [𝑐, 𝑑] 𝑥∗ [𝑎, 𝑏]

𝑧 = 𝑓(𝑥, 𝑦) 𝑥 = 𝑥∗ 𝑦𝑧

𝑓(𝑥∗, 𝑦) 𝑥∗ 𝑦 𝐴

𝑥𝑦 𝑦 [𝑐, 𝑑]

𝑥∗ 𝑥 𝑥∗ 𝐴(𝑥)

𝐴(𝑥) 𝑥

𝐴(𝑥) = ∫𝑑

𝑐
𝑓(𝑥, 𝑦) 𝑑𝑦 𝑥 𝑦

𝑥 𝑓(𝑥, 𝑦) 𝑦 [𝑐, 𝑑]

𝐴(𝑥) 𝑥

𝑉 𝑧

= 𝑓(𝑥, 𝑦) 𝑥𝑦 𝑅 [𝑎, 𝑏]

𝐴(𝑥)
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We will always refer to this volume as “the volume under the surface”. The above expression uses what
are called iterated integrals. First the function  is integrated as a function of , treating the
variable  as a constant (this is called integrating with respect to ). That is what occurs in the “inner”
integral between the square brackets in equation (3.1). This is the first iterated integral. Once that
integration is performed, the result is then an expression involving only , which can then be integrated
with respect to . That is what occurs in the “outer” integral above (the second iterated integral). The
final result is then a number (the volume). This process of going through two iterations of integrals is
called double integration, and the last expression in equation (3.1) is called a double integral.

Notice that integrating  with respect to  is the inverse operation of taking the partial derivative of
 with respect to . Also, we could just as easily have taken the area of cross-sections under the

surface which were parallel to the -plane, which would then depend only on the variable , so that the
volume  would be

It turns out that in general  the order of the iterated integrals does not matter. Also, we will usually
discard the brackets and simply write

where it is understood that the fact that  is written before  means that the function  is first
integrated with respect to  using the “inner” limits of integration  and , and then the resulting function
is integrated with respect to  using the “outer” limits of integration  and . This order of integration can
be changed if it is more convenient.

width height 0.5pt

𝑉 = ∫ 𝑏

𝑎

𝐴(𝑥) 𝑑𝑥 = ∫ 𝑏

𝑎

[∫𝑑

𝑐

𝑓(𝑥, 𝑦) 𝑑𝑦] 𝑑𝑥 (3.1)

𝑓(𝑥, 𝑦) 𝑦

𝑥 𝑦

𝑥

𝑥

𝑓(𝑥, 𝑦) 𝑦

𝑓(𝑥, 𝑦) 𝑦

𝑥𝑧 𝑦

𝑉

𝑉 = ∫
𝑑

𝑐

[∫ 𝑏

𝑎

𝑓(𝑥, 𝑦) 𝑑𝑥] 𝑑𝑦 . (3.2)

[1]

𝑉 = ∫𝑑

𝑐

∫ 𝑏

𝑎

𝑓(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 , (3.3)

𝑑𝑥 𝑑𝑦 𝑓(𝑥, 𝑦)

𝑥 𝑎 𝑏

𝑦 𝑐 𝑑
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Example 3.1

Find the volume  under the plane  over the rectangle .

Solution: We see that  for  and , so:

Suppose we had switched the order of integration. We can verify that we still get the same
answer:

width height 0.5pt

𝑉 𝑧 = 8𝑥+ 6𝑦 𝑅 = [0, 1] × [0, 2]

𝑓(𝑥, 𝑦) = 8𝑥+ 6𝑦 ≥ 0 0 ≤ 𝑥 ≤ 1 0 ≤ 𝑦 ≤ 2

𝑉 = ∫2

0

∫1

0

(8𝑥+ 6𝑦) 𝑑𝑥 𝑑𝑦

= ∫
2

0
(4𝑥2 + 6𝑥𝑦 ∣

𝑥=1

𝑥=0
) 𝑑𝑦

= ∫2

0

(4 + 6𝑦) 𝑑𝑦

= 4𝑦+ 3𝑦2 ∣2
0

= 20

𝑉 = ∫1

0

∫2

0

(8𝑥+ 6𝑦) 𝑑𝑦 𝑑𝑥

= ∫
1

0
(8𝑥𝑦+ 3𝑦2 ∣

𝑦=2

𝑦=0
) 𝑑𝑥

= ∫1

0

(16𝑥+ 12) 𝑑𝑥

= 8𝑥2 + 12𝑥 ∣1
0

= 20
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Example 3.2

Find the volume  under the surface  over the rectangle .

Solution: We know that  for all , so

width height 0.5pt

Recall that for a general function , the integral  represents the difference of the area below
the curve  but above the -axis when , and the area above the curve but below the -
axis when . Similarly, the double integral of any continuous function  represents the
difference of the volume below the surface  but above the -plane when , and the
volume above the surface but below the -plane when . Thus, our method of double
integration by means of iterated integrals can be used to evaluate the double integral of any continuous
function over a rectangle, regardless of whether  or not.

width height 0.5pt

𝑉 𝑧 = 𝑒𝑥+𝑦 𝑅 = [2, 3] × [1, 2]

𝑓(𝑥, 𝑦) = 𝑒𝑥+𝑦 > 0 (𝑥, 𝑦)

𝑉 = ∫2

1

∫3

2

𝑒𝑥+𝑦 𝑑𝑥 𝑑𝑦

= ∫2

1

(𝑒𝑥+𝑦 ∣𝑥=3
𝑥=2

) 𝑑𝑦

= ∫
2

1
(𝑒𝑦+3 − 𝑒𝑦+2) 𝑑𝑦

= 𝑒𝑦+3 − 𝑒𝑦+2 ∣2
1

= 𝑒5 − 𝑒4 − (𝑒4 − 𝑒3) = 𝑒5 − 2𝑒4 + 𝑒3

𝑓(𝑥) ∫𝑏

𝑎
𝑓(𝑥) 𝑑𝑥

𝑦 = 𝑓(𝑥) 𝑥 𝑓(𝑥) ≥ 0 𝑥

𝑓(𝑥) ≤ 0 𝑓(𝑥, 𝑦)

𝑧 = 𝑓(𝑥, 𝑦) 𝑥𝑦 𝑓(𝑥, 𝑦) ≥ 0

𝑥𝑦 𝑓(𝑥, 𝑦) ≤ 0

𝑓(𝑥, 𝑦) ≥ 0
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Example 3.3

Evaluate .

Solution: Note that  is both positive and negative over the rectangle .
We can still evaluate the double integral:

EXERCISES

A

For Exercises 1-4, find the volume under the surface  over the rectangle .

2

1. , 

2. , 

2

3. , 

4. , 

For Exercises 5-12, evaluate the given double integral.

2

∫2𝜋

0

∫𝜋

0

sin(𝑥+ 𝑦) 𝑑𝑥 𝑑𝑦

𝑓(𝑥, 𝑦) = sin(𝑥+ 𝑦) [0,𝜋] × [0, 2𝜋]

∫
2𝜋

0
∫

𝜋

0
sin(𝑥+ 𝑦) 𝑑𝑥 𝑑𝑦 = ∫

2𝜋

0
(− cos(𝑥+ 𝑦) ∣

𝑥=𝜋

𝑥=0
) 𝑑𝑦

= ∫2𝜋

0

(− cos(𝑦+ 𝜋) + cos 𝑦) 𝑑𝑦

= − sin(𝑦+ 𝜋) + sin 𝑦 ∣2𝜋
0

= − sin 3𝜋+ sin 2𝜋− (− sin𝜋+ sin 0)

= 0

𝑧 = 𝑓(𝑥, 𝑦) 𝑅

𝑓(𝑥, 𝑦) = 4𝑥𝑦 𝑅 = [0, 1] × [0, 1]

𝑓(𝑥, 𝑦) = 𝑒𝑥+𝑦 𝑅 = [0, 1] × [−1, 1]

𝑓(𝑥, 𝑦) = 𝑥3 + 𝑦2 𝑅 = [0, 1] × [0, 1]

𝑓(𝑥, 𝑦) = 𝑥4 + 𝑥𝑦+ 𝑦3 𝑅 = [1, 2] × [0, 2]

1 2
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5. 

6. 

2

7. 

8. 

2

9. 

10. 

2

11. 

12. 

13. Let  be a constant. Show that .

1. due to Fubini’s Theorem. See Ch. 18 in tm. ↩

3.2 Double Integrals Over a General Region

In the previous section we got an idea of what a double integral over a rectangle represents. We can
now define the double integral of a real-valued function  over more general regions in .

Suppose that we have a region  in the -plane that is bounded on the left by the vertical line ,
bounded on the right by the vertical line  (where ), bounded below by a curve , and
bounded above by a curve , as in Figure 3.2.1(a). We will assume that  and  do not
intersect on the open interval  (they could intersect at the endpoints  and , though).

∫
1

0
∫

2

1
(1− 𝑦)𝑥2 𝑑𝑥 𝑑𝑦

∫1

0

∫2

0

𝑥(𝑥+ 𝑦) 𝑑𝑥 𝑑𝑦

∫
2

0

∫
1

0

(𝑥+ 2) 𝑑𝑥 𝑑𝑦

∫2

−1
∫1

−1
𝑥(𝑥𝑦+ sin𝑥) 𝑑𝑥 𝑑𝑦

∫𝜋/2

0

∫1

0

𝑥𝑦 cos(𝑥2𝑦) 𝑑𝑥 𝑑𝑦

∫
𝜋

0
∫

𝜋/2

0
sin𝑥 cos(𝑦− 𝜋) 𝑑𝑥 𝑑𝑦

∫2

0

∫4

1

𝑥𝑦 𝑑𝑥 𝑑𝑦

∫
1

−1
∫

2

−1
1 𝑑𝑥 𝑑𝑦

𝑀 ∫𝑑

𝑐
∫𝑏

𝑎
𝑀 𝑑𝑥𝑑𝑦 =𝑀(𝑑− 𝑐)(𝑏− 𝑎)

𝑓(𝑥, 𝑦) ℝ
2

𝑅 𝑥𝑦 𝑥 = 𝑎

𝑥 = 𝑏 𝑎 < 𝑏 𝑦 = 𝑔1(𝑥)

𝑦 = 𝑔2(𝑥) 𝑔1(𝑥) 𝑔2(𝑥)

(𝑎, 𝑏) 𝑥 = 𝑎 𝑥 = 𝑏
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(a) Vertical slice: (b) Horizontal slice: 

Figure 3.2.1Double integral over a nonrectangular region 

Then using the slice method from the previous section, the double integral of a real-valued function

 over the region , denoted by , is given by

This means that we take vertical slices in the region  between the curves  and . The
symbol  is sometimes called an area element or infinitesimal, with the  signifying area. Note that

 is first integrated with respect to , with functions of  as the limits of integration. This makes
sense since the result of the first iterated integral will have to be a function of  alone, which then allows
us to take the second iterated integral with respect to .

Similarly, if we have a region  in the -plane that is bounded on the left by a curve , bounded
on the right by a curve , bounded below by the horizontal line , and bounded above by the
horizontal line  (where ), as in Figure 3.2.1(b) (assuming that  and  do not intersect on
the open interval ), then taking horizontal slices gives

Notice that these definitions include the case when the region  is a rectangle. Also, if  for all
 in the region , then  is the volume under the surface  over the region .

∫𝑏

𝑎
∫𝑔2(𝑥)

𝑔1(𝑥)
𝑓(𝑥, 𝑦) 𝑑𝑦

𝑑𝑥

∫𝑑

𝑐
∫ℎ2(𝑦)ℎ1(𝑦) 𝑓(𝑥, 𝑦)

𝑑𝑥 𝑑𝑦

𝑅

𝑓(𝑥, 𝑦) 𝑅 ∬
𝑅

𝑓(𝑥, 𝑦) 𝑑𝐴

∬
𝑅

𝑓(𝑥, 𝑦) 𝑑𝐴 = ∫ 𝑏

𝑎

[∫𝑔2(𝑥)

𝑔1(𝑥)

𝑓(𝑥, 𝑦) 𝑑𝑦] 𝑑𝑥 (3.4)

𝑅 𝑦 = 𝑔1(𝑥) 𝑦 = 𝑔2(𝑥)

𝑑𝐴 𝐴

𝑓(𝑥, 𝑦) 𝑦 𝑥

𝑥

𝑥

𝑅 𝑥𝑦 𝑥 = ℎ1(𝑦)

𝑥 = ℎ2(𝑦) 𝑦 = 𝑐

𝑦 = 𝑑 𝑐 < 𝑑 ℎ1(𝑦) ℎ2(𝑦)

(𝑐, 𝑑)

∬
𝑅

𝑓(𝑥, 𝑦) 𝑑𝐴 = ∫
𝑑

𝑐

[∫ℎ2(𝑦)

ℎ1(𝑦)
𝑓(𝑥, 𝑦) 𝑑𝑥] 𝑑𝑦 (3.5)

𝑅 𝑓(𝑥, 𝑦) ≥ 0

(𝑥, 𝑦) 𝑅 ∬
𝑅

𝑓(𝑥, 𝑦) 𝑑𝐴 𝑧 = 𝑓(𝑥, 𝑦) 𝑅
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Example 3.4

Find the volume  under the plane  over the region .

Solution: The region  is shown in Figure 3.2.2. Using vertical slices we get:

We get the same answer using horizontal slices (see Figure 3.2.3):

𝑉 𝑧 = 8𝑥+ 6𝑦 𝑅 = {(𝑥, 𝑦) : 0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑦 ≤ 2𝑥2}

𝑅

𝑉 = ∬
𝑅

(8𝑥+ 6𝑦) 𝑑𝐴

= ∫1

0

[∫2𝑥2

0

(8𝑥+ 6𝑦) 𝑑𝑦] 𝑑𝑥
= ∫1

0

(8𝑥𝑦+ 3𝑦2 ∣𝑦=2𝑥
2

𝑦=0
) 𝑑𝑥

= ∫1

0

(16𝑥3 + 12𝑥4) 𝑑𝑥

= 4𝑥4 + 12
5
𝑥5 ∣1

0
= 4 + 12

5
= 32

5
= 6.4

𝑉 = ∬
𝑅

(8𝑥+ 6𝑦) 𝑑𝐴

= ∫
2

0

[∫1

√𝑦/2

(8𝑥+ 6𝑦) 𝑑𝑥] 𝑑𝑦
= ∫

2

0

(4𝑥2 + 6𝑥𝑦 ∣
𝑥=1

𝑥=√𝑦/2
) 𝑑𝑦

= ∫2

0

(4 + 6𝑦− (2𝑦+ 6√
2
𝑦
√
𝑦 )) 𝑑𝑦 = ∫2

0

(4 + 4𝑦− 3
√
2𝑦3/2) 𝑑𝑦

= 4𝑦+ 2𝑦2 − 6
√
2

5 𝑦5/2 ∣2
0
= 8 + 8− 6

√
2
√
32

5 = 16− 48
5 = 32

5 = 6.4
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Example 3.5

Find the volume  of the solid bounded by the three coordinate planes and the plane 
.

Figure 3.2.2

Solution: The solid is shown in Figure 3.2.2(a) with a typical vertical slice. The volume  is given
by , where  and the region , shown in Figure 3.2.2(b), is 

. Using vertical slices in  gives

𝑉 2𝑥+ 𝑦+ 4𝑧

= 4

𝑉

∬
𝑅

𝑓(𝑥, 𝑦) 𝑑𝐴 𝑓(𝑥, 𝑦) = 𝑧 = 1
4
(4− 2𝑥− 𝑦) 𝑅 𝑅

= {(𝑥, 𝑦) : 0 ≤ 𝑥 ≤ 2, 0 ≤ 𝑦 ≤ −2𝑥+ 4} 𝑅

𝑉 = ∬
𝑅

1
4 (4− 2𝑥− 𝑦) 𝑑𝐴

= ∫
2

0
[∫−2𝑥+4

0

1
4 (4− 2𝑥− 𝑦) 𝑑𝑦] 𝑑𝑥

= ∫
2

0
(− 1

8 (4− 2𝑥− 𝑦)2 ∣
𝑦=−2𝑥+4

𝑦=0
) 𝑑𝑥

= ∫2

0

1
8
(4− 2𝑥)2 𝑑𝑥

= − 1
48
(4− 2𝑥)3 ∣2

0
= 64

48
= 4

3
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width height 0.5pt

For a general region , which may not be one of the types of regions we have considered so far, the
double integral  is defined as follows. Assume that  is a nonnegative real-valued

function and that  is a bounded region in , so it can be enclosed in some rectangle . Then
divide that rectangle into a grid of subrectangles. Only consider the subrectangles that are enclosed
completely within the region , as shown by the shaded subrectangles in Figure 3.2.3(a). In any such
subrectangle , pick a point . Then the volume under the surface  over
that subrectangle is approximately , where , , and  is
the height and  is the base area of a parallelepiped, as shown in Figure 3.2.3(b). Then the total
volume under the surface is approximately the sum of the volumes of all such parallelepipeds, namely

where the summation occurs over the indices of the subrectangles inside . If we take smaller and
smaller subrectangles, so that the length of the largest diagonal of the subrectangles goes to , then the
subrectangles begin to fill more and more of the region , and so the above sum approaches the actual
volume under the surface  over the region . We then define  as the limit of that

double summation (the limit is taken over all subdivisions of the rectangle  as the largest
diagonal of the subrectangles goes to ).

(a)  Subrectangles inside the
region 

(b)  Parallelepiped over a
subrectangle, with volume 

Figure 3.2.3Double integral over a general region 

A similar definition can be made for a function  that is not necessarily always nonnegative: just
replace each mention of volume by the negative volume in the description above when . In the
case of a region of the type shown in Figure 3.2.1, using the definition of the Riemann integral from
single-variable calculus, our definition of  reduces to a sequence of two iterated integrals.

Finally, the region  does not have to be bounded. We can evaluate improper double integrals (i.e. over
an unbounded region, or over a region which contains points where the function  is not defined)
as a sequence of iterated improper single-variable integrals.

𝑅

∬
𝑅

𝑓(𝑥, 𝑦) 𝑑𝐴 𝑓(𝑥, 𝑦)

𝑅 ℝ
2 [𝑎, 𝑏] × [𝑐, 𝑑]

𝑅

[𝑥𝑖,𝑥𝑖+1] × [𝑦𝑗, 𝑦𝑗+1] (𝑥𝑖∗, 𝑦𝑗∗) 𝑧 = 𝑓(𝑥, 𝑦)

𝑓(𝑥𝑖∗, 𝑦𝑗∗)Δ𝑥𝑖 Δ𝑦𝑗 Δ𝑥𝑖 = 𝑥𝑖+1 − 𝑥𝑖 Δ𝑦𝑗 = 𝑦𝑗+1 − 𝑦𝑗 𝑓(𝑥𝑖∗, 𝑦𝑗∗)

Δ𝑥𝑖 Δ𝑦𝑗

∑
𝑗

∑
𝑖

𝑓(𝑥𝑖∗, 𝑦𝑗∗)Δ𝑥𝑖 Δ𝑦𝑗 , (3.6)

𝑅

0

𝑅

𝑧 = 𝑓(𝑥, 𝑦) 𝑅 ∬
𝑅

𝑓(𝑥, 𝑦) 𝑑𝐴

[𝑎, 𝑏] × [𝑐, 𝑑]

0

𝑅 𝑓(𝑥𝑖∗, 𝑦𝑗∗)

Δ𝑥𝑖 Δ𝑦𝑗

𝑅

𝑓(𝑥, 𝑦)

𝑓(𝑥, 𝑦) < 0

∬
𝑅

𝑓(𝑥, 𝑦) 𝑑𝐴

𝑅

𝑓(𝑥, 𝑦)
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Example 3.6

Evaluate .

Solution:

EXERCISES

A

For Exercises 1-6, evaluate the given double integral.

2

∫∞

1

∫1/𝑥2

0

2𝑦 𝑑𝑦 𝑑𝑥

∫
∞

1

∫
1/𝑥2

0

2𝑦 𝑑𝑦 𝑑𝑥 = ∫
∞

1

(𝑦2 ∣𝑦=1/𝑥2
𝑦=0

) 𝑑𝑥

= ∫
∞

1
𝑥−4 𝑑𝑥 = − 1

3 𝑥
−3 ∣

∞

1
= 0− (− 1

3 ) = 1
3

1
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1. 

2. 

2

3. 

4. 

2

5. 

6. 

2

7. 

8. 

9. Find the volume  of the solid bounded by the three coordinate planes and the plane 
.

10. Find the volume  of the solid bounded by the three coordinate planes and the plane 
.

B

11. Explain why the double integral  gives the area of the region . For simplicity, you can

assume that  is a region of the type shown in Figure 3.2.1(a).

C

12. Prove that the volume of a tetrahedron with mutually perpendicular adjacent sides of lengths , ,
and , as in Figure 3.2.6, is . (Hint: Mimic Example 3.5, and recall from
Section 1.5 how three noncollinear points determine a plane.)

13. Show how Exercise 12 can be used to solve Exercise 10.

∫1

0

∫
1

√
𝑥

24𝑥2𝑦 𝑑𝑦 𝑑𝑥

∫𝜋

0

∫𝑦

0

sin𝑥 𝑑𝑥 𝑑𝑦

∫
2

1

∫
ln𝑥

0

4𝑥 𝑑𝑦 𝑑𝑥

∫2

0

∫2𝑦

0

𝑒𝑦
2
𝑑𝑥 𝑑𝑦

∫
𝜋/2

0

∫
𝑦

0

cos𝑥 sin 𝑦 𝑑𝑥 𝑑𝑦

∫∞

0

∫∞

0

𝑥𝑦𝑒−(𝑥
2+𝑦2) 𝑑𝑥 𝑑𝑦

∫
2

0

∫
𝑦

0

1 𝑑𝑥 𝑑𝑦

∫1

0

∫𝑥2

0

2 𝑑𝑦 𝑑𝑥

𝑉 𝑥+ 𝑦+ 𝑧

= 1

𝑉 3𝑥+ 2𝑦+ 5𝑧

= 6

∬
𝑅

1 𝑑𝐴 𝑅

𝑅

𝑎 𝑏

𝑐 𝑎𝑏𝑐
6
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3.3 Triple Integrals

Our definition of a double integral of a real-valued function  over a region  in  can be extended
to define a triple integral of a real-valued function  over a solid  in . We simply proceed as
before: the solid  can be enclosed in some rectangular parallelepiped, which is then divided into
subparallelepipeds. In each subparallelepiped inside , with sides of lengths ,  and , pick a
point . Then define the triple integral of  over , denoted by , by

where the limit is over all divisions of the rectangular parallelepiped enclosing  into subparallelepipeds
whose largest diagonal is going to , and the triple summation is over all the subparallelepipeds inside

. It can be shown that this limit does not depend on the choice of the rectangular parallelepiped
enclosing . The symbol  is often called the volume element.

Physically, what does the triple integral represent? We saw that a double integral could be thought of as
the volume under a two-dimensional surface. It turns out that the triple integral simply generalizes this
idea: it can be thought of as representing the hypervolume under a three-dimensional hypersurface 

 whose graph lies in . In general, the word “volume” is often used as a general term to
signify the same concept for any -dimensional object (e.g. length in , area in ). It may be hard to
get a grasp on the concept of the “volume” of a four-dimensional object, but at least we now know how
to calculate that volume!

In the case where  is a rectangular parallelepiped , that is, 
, the triple integral is a sequence of three iterated integrals, namely

where the order of integration does not matter. This is the simplest case.

A more complicated case is where  is a solid which is bounded below by a surface ,
bounded above by a surface ,  is bounded between two curves  and , and  varies
between  and . Then

𝑓(𝑥, 𝑦) 𝑅 ℝ2

𝑓(𝑥, 𝑦, 𝑧) 𝑆 ℝ3

𝑆

𝑆 Δ𝑥 Δ𝑦 Δ𝑧

(𝑥∗, 𝑦∗, 𝑧∗) 𝑓(𝑥, 𝑦, 𝑧) 𝑆 ∭
𝑆

𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑉

∭
𝑆

𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑉 = lim∑∑∑ 𝑓(𝑥∗, 𝑦∗, 𝑧∗)Δ𝑥Δ𝑦Δ𝑧 , (3.7)

𝑆

0

𝑆

𝑆 𝑑𝑉

𝑤

= 𝑓(𝑥, 𝑦, 𝑧) ℝ
4

𝑛 ℝ
1

ℝ
2

𝑆 [𝑥1,𝑥2] × [𝑦1, 𝑦2] × [𝑧1, 𝑧2] 𝑆 = {(𝑥, 𝑦, 𝑧) : 𝑥1 ≤ 𝑥

≤ 𝑥2, 𝑦1 ≤ 𝑦 ≤ 𝑦2, 𝑧1 ≤ 𝑧 ≤ 𝑧2}

∭
𝑆

𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑉 = ∫𝑧2

𝑧1

∫𝑦2

𝑦1

∫𝑥2

𝑥1

𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑥 𝑑𝑦 𝑑𝑧 , (3.8)

𝑆 𝑧 = 𝑔1(𝑥, 𝑦)

𝑧 = 𝑔2(𝑥, 𝑦) 𝑦 ℎ1(𝑥) ℎ2(𝑥) 𝑥

𝑎 𝑏

∭
𝑆

𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑉 = ∫
𝑏

𝑎

∫
ℎ2(𝑥)

ℎ1(𝑥)
∫

𝑔2(𝑥,𝑦)

𝑔1(𝑥,𝑦)
𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑧 𝑑𝑦 𝑑𝑥 . (3.9)
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Notice in this case that the first iterated integral will result in a function of  and  (since its limits of
integration are functions of  and ), which then leaves you with a double integral of a type that we
learned how to evaluate in Section 3.2. There are, of course, many variations on this case (for example,
changing the roles of the variables , , ), so as you can probably tell, triple integrals can be quite
tricky. At this point, just learning how to evaluate a triple integral, regardless of what it represents, is the
most important thing. We will see some other ways in which triple integrals are used later in the text.

width height 0.5pt

Example 3.7

Evaluate .

Solution:

width height 0.5pt

𝑥 𝑦

𝑥 𝑦

𝑥 𝑦 𝑧

∫3

0

∫2

0

∫1

0

(𝑥𝑦+ 𝑧) 𝑑𝑥 𝑑𝑦 𝑑𝑧

∫
3

0
∫

2

0
∫

1

0
(𝑥𝑦+ 𝑧) 𝑑𝑥 𝑑𝑦 𝑑𝑧 = ∫

3

0
∫

2

0
( 1

2 𝑥
2𝑦+ 𝑥𝑧 ∣

𝑥=1

𝑥=0
) 𝑑𝑦 𝑑𝑧

= ∫3

0

∫2

0

( 1
2
𝑦+ 𝑧) 𝑑𝑦 𝑑𝑧

= ∫
3

0
( 1

4 𝑦
2 + 𝑦𝑧 ∣𝑦=2

𝑦=0
) 𝑑𝑧

= ∫3

0

(1 + 2𝑧) 𝑑𝑧

= 𝑧+ 𝑧2 ∣3
0
= 12
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Example 3.8

Evaluate .

Solution:

width height 0.5pt Note that the volume  of a solid in  is given by

Since the function being integrated is the constant , then the above triple integral reduces to a double
integral of the types that we considered in the previous section if the solid is bounded above by some
surface  and bounded below by the -plane . There are many other possibilities. For
example, the solid could be bounded below and above by surfaces  and ,
respectively, with  bounded between two curves  and , and  varies between  and . Then

just like in equation (3.9). See Exercise 10 for an example.

EXERCISES

A

∫1

0

∫1−𝑥

0

∫2−𝑥−𝑦

0

(𝑥+ 𝑦+ 𝑧) 𝑑𝑧 𝑑𝑦 𝑑𝑥

∫
1

0
∫

1−𝑥

0
∫

2−𝑥−𝑦

0
(𝑥+ 𝑦+ 𝑧) 𝑑𝑧 𝑑𝑦 𝑑𝑥 = ∫

1

0
∫

1−𝑥

0
((𝑥+ 𝑦)𝑧+ 1

2 𝑧
2 ∣

𝑧=2−𝑥−𝑦

𝑧=0
) 𝑑𝑦 𝑑𝑥

= ∫1

0

∫1−𝑥

0

((𝑥+ 𝑦)(2− 𝑥− 𝑦) + 1
2
(2− 𝑥− 𝑦)2) 𝑑𝑦 𝑑𝑥

= ∫
1

0
∫

1−𝑥

0
(2− 1

2 𝑥
2 − 𝑥𝑦− 1

2 𝑦
2) 𝑑𝑦 𝑑𝑥

= ∫1

0

(2𝑦− 1
2
𝑥2𝑦− 1

2
𝑥𝑦2 − 1

6
𝑦3 ∣𝑦=1−𝑥

𝑦=0
) 𝑑𝑥

= ∫
1

0
( 116 − 2𝑥+ 1

6 𝑥
3) 𝑑𝑥

= 11
6 𝑥− 𝑥2 + 1

24 𝑥
4 ∣1

0
= 7

8

𝑉 ℝ
3

𝑉 = ∭
𝑆

1 𝑑𝑉 . (3.10)

1

𝑧 = 𝑓(𝑥, 𝑦) 𝑥𝑦 𝑧 = 0

𝑧 = 𝑔1(𝑥, 𝑦) 𝑧 = 𝑔2(𝑥, 𝑦)

𝑦 ℎ1(𝑥) ℎ2(𝑥) 𝑥 𝑎 𝑏

𝑉 =∭
𝑆

1 𝑑𝑉 =∫ 𝑏

𝑎

∫ℎ2(𝑥)

ℎ1(𝑥)
∫𝑔2(𝑥,𝑦)

𝑔1(𝑥,𝑦)

1 𝑑𝑧 𝑑𝑦 𝑑𝑥 =∫ 𝑏

𝑎

∫ℎ2(𝑥)

ℎ1(𝑥)
(𝑔2(𝑥, 𝑦)− 𝑔1(𝑥, 𝑦)) 𝑑𝑦 𝑑𝑥
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For Exercises 1-8, evaluate the given triple integral.

2

1. 

2. 

2

3. 

4. 

2

5. 

6. 

2

7. 

8. 

9. Let  be a constant. Show that .

B

10. Find the volume  of the solid  bounded by the three coordinate planes, bounded above by the
plane , and bounded below by the plane .

C

11. Show that . (Hint: Think of how changing the order of

integration in the triple integral changes the limits of integration.)

3.4 Numerical Approximation of Multiple Integrals

As you have seen, calculating multiple integrals is tricky even for simple functions and regions. For
complicated functions, it may not be possible to evaluate one of the iterated integrals in a simple closed
form. Luckily there are numerical methods for approximating the value of a multiple integral. The

∫3

0

∫2

0

∫1

0

𝑥𝑦𝑧 𝑑𝑥 𝑑𝑦 𝑑𝑧

∫
1

0

∫
𝑥

0

∫
𝑦

0

𝑥𝑦𝑧 𝑑𝑧 𝑑𝑦 𝑑𝑥

∫𝜋

0

∫𝑥

0

∫𝑥𝑦

0

𝑥2 sin 𝑧 𝑑𝑧 𝑑𝑦 𝑑𝑥

∫1

0

∫𝑧

0

∫𝑦

0

𝑧𝑒𝑦
2

𝑑𝑥 𝑑𝑦 𝑑𝑧

∫𝑒

1

∫𝑦

0

∫1/𝑦

0

𝑥2𝑧 𝑑𝑥 𝑑𝑧 𝑑𝑦

∫2

1

∫𝑦2

0

∫𝑧2

0

𝑦𝑧 𝑑𝑥 𝑑𝑧 𝑑𝑦

∫2

1

∫4

2

∫3

0

1 𝑑𝑥 𝑑𝑦 𝑑𝑧

∫
1

0
∫

1−𝑥

0
∫

1−𝑥−𝑦

0
1 𝑑𝑧 𝑑𝑦 𝑑𝑥

𝑀 ∫𝑧2
𝑧1
∫𝑦2
𝑦1
∫𝑥2
𝑥1
𝑀 𝑑𝑥𝑑𝑦 𝑑𝑧 =𝑀(𝑧2 − 𝑧1)(𝑦2 − 𝑦1)(𝑥2 − 𝑥1)

𝑉 𝑆

𝑥+ 𝑦+ 𝑧 = 2 𝑧 = 𝑥+ 𝑦

∫ 𝑏

𝑎

∫𝑧

𝑎

∫𝑦

𝑎

𝑓(𝑥) 𝑑𝑥 𝑑𝑦 𝑑𝑧 =∫ 𝑏

𝑎

(𝑏−𝑥)2
2

𝑓(𝑥) 𝑑𝑥
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method we will discuss is called the Monte Carlo method. The idea behind it is based on the concept of
the average value of a function, which you learned in single-variable calculus. Recall that for a
continuous function , the average value  of  over an interval  is defined as

The quantity  is the length of the interval , which can be thought of as the “volume” of the
interval. Applying the same reasoning to functions of two or three variables, we define the average
value of  over a region  to be

where  is the area of the region , and we define the average value of  over a solid  to be

where  is the volume of the solid . Thus, for example, we have

The average value of  over  can be thought of as representing the sum of all the values of 
divided by the number of points in . Unfortunately there are an infinite number (in fact, uncountably
many) points in any region, i.e. they can not be listed in a discrete sequence. But what if we took a very
large number  of random points in the region  (which can be generated by a computer) and then
took the average of the values of  for those points, and used that average as the value of ? This is
exactly what the Monte Carlo method does. So in formula (3.14) the approximation we get is

where

𝑓(𝑥) 𝑓 𝑓 [𝑎, 𝑏]

𝑓 =
1

𝑏− 𝑎
∫ 𝑏

𝑎

𝑓(𝑥) 𝑑𝑥 . (3.11)

𝑏− 𝑎 [𝑎, 𝑏]

𝑓(𝑥, 𝑦) 𝑅

𝑓 =
1

𝐴(𝑅)
∬
𝑅

𝑓(𝑥, 𝑦) 𝑑𝐴 , (3.12)

𝐴(𝑅) 𝑅 𝑓(𝑥, 𝑦, 𝑧) 𝑆

𝑓 =
1

𝑉 (𝑆)
∭
𝑆

𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑉 , (3.13)

𝑉 (𝑆) 𝑆

∬
𝑅

𝑓(𝑥, 𝑦) 𝑑𝐴 = 𝐴(𝑅)𝑓 . (3.14)

𝑓(𝑥, 𝑦) 𝑅 𝑓

𝑅

𝑁 𝑅

𝑓 𝑓

∬
𝑅

𝑓(𝑥, 𝑦) 𝑑𝐴 ≈ 𝐴(𝑅)𝑓 ±𝐴(𝑅)√――
𝑓 2 − (𝑓)2

𝑁
, (3.15)

𝑓 =
∑𝑁

𝑖=1 𝑓(𝑥𝑖, 𝑦𝑖)

𝑁
and

――
𝑓 2 =

∑𝑁
𝑖=1 (𝑓(𝑥𝑖, 𝑦𝑖))

2

𝑁
, (3.16)
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with the sums taken over the  random points , , . The  “error term” in formula (3.15)
does not really provide hard bounds on the approximation. It represents a single standard deviation
from the expected value of the integral. That is, it provides a likely bound on the error. Due to its use of
random points, the Monte Carlo method is an example of a probabilistic method (as opposed to
deterministic methods such as Newton’s method, which use a specific formula for generating points).

For example, we can use formula (3.15) to approximate the volume  under the plane  over
the rectangle . In Example 3.1 in Section 3.1, we showed that the actual volume is .
Below is a code listing (montecarlo.java) for a Java program that calculates the volume, using a number
of points  that is passed on the command line as a parameter.

𝑁 (𝑥1, 𝑦1) … (𝑥𝑁 , 𝑦𝑁) ±

𝑉 𝑧 = 8𝑥+ 6𝑦

𝑅 = [0, 1] × [0, 2] 20

𝑁
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//Program to approximate the double integral of 
f(x,y)=8x+6y
//over the rectangle [0,1]x[0,2].
public class montecarlo {
 public static void main(String[] args) {
   //Get the number N of random points as a 
command-line parameter
   int N = Integer.parseInt(args[0]);
   double x = 0; //x-coordinate of a random point
   double y = 0; //y-coordinate of a random point
   double f = 0.0; //Value of f at a random point
   double mf = 0.0; //Mean of the values of f
   double mf2 = 0.0; //Mean of the values of f^2
   for (int i=0;i<N;i++) { //Get the random 
coordinates
      x = Math.random(); //x is between 0 and 1
      y = 2 * Math.random(); //y is between 0 and 
2
      f = 8*x + 6*y; //Value of the function
      mf = mf + f; //Add to the sum of the f 
values
      mf2 = mf2 + f*f; //Add to the sum of the f^2 
values
   }
   mf = mf/N; //Compute the mean of the f values
   mf2 = mf2/N; //Compute the mean of the f^2 
values
   System.out.println("N = " + N + ": integral = " 
+ vol()*mf + " +/- "
    + vol()*Math.sqrt((mf2 - Math.pow(mf,2))/N)); 
//Print the result
 }
 //The volume of the rectangle [0,1]x[0,2]
 public static double vol() {
   return 1*2;
 }
}

Listing Program listing for montecarlo.java

The results of running this program with various numbers of random points (e.g. java montecarlo
100 ) are shown below:

N = 10:      19.36543087722646  +/- 
2.7346060413546147
N = 100:     21.334419561385353 +/- 
0.7547037194998519
N = 1000:    19.807662237526227 +/- 
0.26701709691370235
N = 10000:   20.080975812043256 +/- 
0.08378816229769506
N = 100000:  20.009403854556716 +/- 
0.026346782289498317
N = 1000000: 20.000866994982314 +/- 
0.008321168748642816

As you can see, the approximation is fairly good. As , it can be shown that the Monte Carlo
approximation converges to the actual volume (on the order of , in computational complexity
terminology).

𝑁 →∞
𝑂(
√
𝑁)
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In the above example the region  was a rectangle. To use the Monte Carlo method for a
nonrectangular (bounded) region , only a slight modification is needed. Pick a rectangle  that
encloses , and generate random points in that rectangle as before. Then use those points in the
calculation of  only if they are inside . There is no need to calculate the area of  for formula (3.15) in
this case, since the exclusion of points not inside  allows you to use the area of the rectangle 
instead, similar to before.

For instance, in Example 3.4 we showed that the volume under the surface  over the
nonrectangular region  is . Since the rectangle 
contains , we can use the same program as before, with the only change being a check to see if 

 for a random point  in . Listing 3 below contains the code (montecarlo2.java):

𝑅

𝑅 𝑅̃

𝑅

𝑓 𝑅 𝑅

𝑅 𝑅̃

𝑧 = 8𝑥+ 6𝑦

𝑅 = {(𝑥, 𝑦) : 0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑦 ≤ 2𝑥2} 6.4 𝑅̃ = [0, 1] × [0, 2]

𝑅 𝑦

< 2𝑥2 (𝑥, 𝑦) [0, 1] × [0, 2]
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//Program to approximate the double integral of 
f(x,y)=8x+6y over the
//region bounded by x=0, x=1, y=0, and y=2x^2
public class montecarlo2 {
 public static void main(String[] args) {
   //Get the number N of random points as a 
command-line parameter
   int N = Integer.parseInt(args[0]);
   double x = 0; //x-coordinate of a random point
   double y = 0; //y-coordinate of a random point
   double f = 0.0; //Value of f at a random point
   double mf = 0.0; //Mean of the values of f
   double mf2 = 0.0; //Mean of the values of f^2
   for (int i=0;i<N;i++) { //Get the random 
coordinates
      x = Math.random(); //x is between 0 and 1
      y = 2 * Math.random(); //y is between 0 and 
2
      if (y < 2*Math.pow(x,2)) { //The point is in 
the region
         f = 8*x + 6*y; //Value of the function
         mf = mf + f; //Add to the sum of the f 
values
         mf2 = mf2 + f*f; //Add to the sum of the 
f^2 values
      }
   }
   mf = mf/N; //Compute the mean of the f values
   mf2 = mf2/N; //Compute the mean of the f^2 
values
   System.out.println("N = " + N + ": integral = " 
+ vol()*mf +
    " +/- " + vol()*Math.sqrt((mf2 - 
Math.pow(mf,2))/N));
 }
 //The volume of the rectangle [0,1]x[0,2]
 public static double vol() {
   return 1*2;
 }
}

Listing Program listing for montecarlo2.java

The results of running the program with various numbers of random points (e.g. java montecarlo2
1000 ) are shown below:

N = 10:      integral = 6.95747529014894 +/- 
2.9185131565120592
N = 100:     integral = 6.3149056229650355 +/- 
0.9549009662159909
N = 1000:    integral = 6.477032813858756 +/- 
0.31916837260973624
N = 10000:   integral = 6.349975080015089 +/- 
0.10040086346895105
N = 100000:  integral = 6.440184132811864 +/- 
0.03200476870881392
N = 1000000: integral = 6.417050897922222 +/- 
0.01009454409789472

To use the Monte Carlo method to evaluate triple integrals, you will need to generate random triples
 in a parallelepiped, instead of random pairs  in a rectangle, and use the volume of the

parallelepiped instead of the area of a rectangle in formula (3.15) (see Exercise 2). For a more detailed
discussion of numerical integration methods, see ptvf et al.

(𝑥, 𝑦, 𝑧) (𝑥, 𝑦)
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EXERCISES

C

1. Write a program that uses the Monte Carlo method to approximate the double integral ,

where . Show the program output for , , , ,  and 
random points.

2. Write a program that uses the Monte Carlo method to approximate the triple integral ,

where . Show the program output for , , , ,  and
 random points.

3. Repeat Exercise 1 with the region .

4. Repeat Exercise 2 with the solid .

5. Use the Monte Carlo method to approximate the volume of a sphere of radius .

6. Use the Monte Carlo method to approximate the volume of the ellipsoid .

3.5 Change of Variables in Multiple Integrals

Given the difficulty of evaluating multiple integrals, the reader may be wondering if it is possible to
simplify those integrals using a suitable substitution for the variables. The answer is yes, though it is a
bit more complicated than the substitution method which you learned in single-variable calculus.

Recall that if you are given, for example, the definite integral

then you would make the substitution

so that we get

∬
𝑅

𝑒𝑥𝑦 𝑑𝐴

𝑅 = [0, 1] × [0, 1] 𝑁 = 10 100 1000 10000 100000 1000000

∭
𝑆

𝑒𝑥𝑦𝑧 𝑑𝑉

𝑆 = [0, 1] × [0, 1] × [0, 1] 𝑁 = 10 100 1000 10000 100000

1000000

𝑅 = {(𝑥, 𝑦) : −1 ≤ 𝑥 ≤ 1, 0 ≤ 𝑦 ≤ 𝑥2}

𝑆 = {(𝑥, 𝑦, 𝑧) : 0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑦 ≤ 1, 0 ≤ 𝑧 ≤ 1− 𝑥− 𝑦}

1

𝑥2

9
+

𝑦2

4
+ 𝑧2

1
= 1

∫2

1

𝑥3√𝑥2 − 1 𝑑𝑥 ,

𝑢 = 𝑥2 − 1 ⇒ 𝑥2 = 𝑢+ 1

𝑑𝑢 = 2𝑥 𝑑𝑥

which changes the limits of integration𝑥 = 1 ⇒ 𝑢 = 0

𝑥 = 2 ⇒ 𝑢 = 3
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Let us take a different look at what happened when we did that substitution, which will give some
motivation for how substitution works in multiple integrals. First, we let . On the interval of
integration , the function  is strictly increasing (and maps  onto ) and hence has
an inverse function (defined on the interval ). That is, on  we can define  as a function of ,
namely

Then substituting that expression for  into the function  gives

and we see that

so since

then performing the substitution as we did earlier gives

∫
2

1

𝑥3√𝑥2 − 1 𝑑𝑥 = ∫
2

1

1
2 𝑥

2 ⋅ 2𝑥√𝑥2 − 1 𝑑𝑥

= ∫3

0

1
2 (𝑢+ 1)

√
𝑢 𝑑𝑢

= 1
2 ∫

3

0
(𝑢3/2 + 𝑢1/2) 𝑑𝑢 , which can be easily integrated to give

= 14
√
3

5
.

𝑢 = 𝑥2 − 1

[1, 2] 𝑥↦ 𝑥2 − 1 [1, 2] [0, 3]

[0, 3] [0, 3] 𝑥 𝑢

𝑥 = 𝑔(𝑢) =
√
𝑢+ 1 .

𝑥 𝑓(𝑥) = 𝑥3
√
𝑥2 − 1

𝑓(𝑥) = 𝑓(𝑔(𝑢)) = (𝑢+ 1)3/2
√
𝑢 ,

𝑑𝑥

𝑑𝑢
= 𝑔 ′(𝑢) ⇒ 𝑑𝑥 = 𝑔 ′(𝑢) 𝑑𝑢

𝑑𝑥 = 1
2
(𝑢+ 1)−1/2 𝑑𝑢 ,

𝑔(0) = 1 ⇒ 0 = 𝑔−1(1)

𝑔(3) = 2 ⇒ 3 = 𝑔−1(2)

∫
2

1
𝑓(𝑥) 𝑑𝑥 = ∫

2

1
𝑥3√𝑥2 − 1 𝑑𝑥

= ∫3

0

1
2 (𝑢+ 1)

√
𝑢 𝑑𝑢 , which can be written as

= ∫3

0

(𝑢+ 1)3/2
√
𝑢 ⋅ 1

2
(𝑢+ 1)−1/2 𝑑𝑢 , which means

∫
2

1
𝑓(𝑥) 𝑑𝑥 = ∫

𝑔−1(2)

𝑔−1(1)
𝑓(𝑔(𝑢)) 𝑔 ′(𝑢) 𝑑𝑢 .
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In general, if  is a one-to-one, differentiable function from an interval  (which you can think of
as being on the “ -axis”) onto an interval  (on the -axis), which means that  on the interval

, so that  and , then  and , and

This is called the change of variable formula for integrals of single-variable functions, and it is what you
were implicitly using when doing integration by substitution. This formula turns out to be a special case
of a more general formula which can be used to evaluate multiple integrals. We will state the formulas
for double and triple integrals involving real-valued functions of two and three variables, respectively.
We will assume that all the functions involved are continuously differentiable and that the regions and
solids involved all have “reasonable” boundaries. The proof of the following theorem is beyond the
scope of the text.

Theorem 3.1

Change of Variables Formula for Multiple Integrals
Let  and  define a one-to-one mapping of a region  in the -plane onto a
region  in the -plane such that the determinant

is never  in . Then

We use the notation  and  to denote the area element in the  and 
coordinates, respectively.

Similarly, if ,  and  define a one-to-one mapping of a solid  in
-space onto a solid  in -space such that the determinant

𝑥 = 𝑔(𝑢) [𝑐, 𝑑]

𝑢 [𝑎, 𝑏] 𝑥 𝑔 ′(𝑢) ≠ 0

(𝑐, 𝑑) 𝑎 = 𝑔(𝑐) 𝑏 = 𝑔(𝑑) 𝑐 = 𝑔−1(𝑎) 𝑑 = 𝑔−1(𝑏)

∫ 𝑏

𝑎

𝑓(𝑥) 𝑑𝑥 = ∫𝑔−1(𝑏)

𝑔−1(𝑎)

𝑓(𝑔(𝑢)) 𝑔 ′(𝑢) 𝑑𝑢 . (3.17)

[1]

𝑥 = 𝑥(𝑢, 𝑣) 𝑦 = 𝑦(𝑢, 𝑣) 𝑅′ 𝑢𝑣

𝑅 𝑥𝑦

𝐽(𝑢, 𝑣) =

∣
∣
∣

𝜕𝑥

𝜕𝑢

𝜕𝑥

𝜕𝑣
𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣

∣
∣
∣

(3.18)

0 𝑅′

∬
𝑅

𝑓(𝑥, 𝑦) 𝑑𝐴(𝑥, 𝑦) = ∬
𝑅′

𝑓(𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣)) |𝐽(𝑢, 𝑣)| 𝑑𝐴(𝑢, 𝑣) . (3.19)

𝑑𝐴(𝑥, 𝑦) 𝑑𝐴(𝑢, 𝑣) (𝑥, 𝑦) (𝑢, 𝑣)

𝑥 = 𝑥(𝑢, 𝑣,𝑤) 𝑦 = 𝑦(𝑢, 𝑣,𝑤) 𝑧 = 𝑧(𝑢, 𝑣,𝑤) 𝑆 ′

𝑢𝑣𝑤 𝑆 𝑥𝑦𝑧

𝐽(𝑢, 𝑣,𝑤) =

∣
∣
∣
∣
∣

𝜕𝑥

𝜕𝑢

𝜕𝑥

𝜕𝑣

𝜕𝑥

𝜕𝑤
𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣

𝜕𝑦

𝜕𝑤
𝜕𝑧

𝜕𝑢

𝜕𝑧

𝜕𝑣

𝜕𝑧

𝜕𝑤

∣
∣
∣
∣
∣

(3.20)
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is never  in , then

The determinant  in formula (3.18) is called the Jacobian of  and  with respect to  and , and
is sometimes written as

Similarly, the Jacobian  of three variables is sometimes written as

Notice that formula (3.19) is saying that , which you can think of as a two-
variable version of the relation  in the single-variable case.

The following example shows how the change of variables formula is used.

0 𝑆 ′

∭
𝑆

𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑉 (𝑥, 𝑦, 𝑧) =∭
𝑆 ′

𝑓(𝑥(𝑢, 𝑣,𝑤), 𝑦(𝑢, 𝑣,𝑤), 𝑧(𝑢, 𝑣,𝑤)) |𝐽(𝑢, 𝑣,𝑤)| 𝑑𝑉 (𝑢, 𝑣,𝑤) . (3.21)

𝐽(𝑢, 𝑣) 𝑥 𝑦 𝑢 𝑣

𝐽(𝑢, 𝑣) =
𝜕(𝑥, 𝑦)

𝜕(𝑢, 𝑣)
. (3.22)

𝐽(𝑢, 𝑣,𝑤)

𝐽(𝑢, 𝑣,𝑤) =
𝜕(𝑥, 𝑦, 𝑧)

𝜕(𝑢, 𝑣,𝑤)
. (3.23)

𝑑𝐴(𝑥, 𝑦) = |𝐽(𝑢, 𝑣)| 𝑑𝐴(𝑢, 𝑣)

𝑑𝑥 = 𝑔 ′(𝑢) 𝑑𝑢
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Example 3.9

Evaluate , where .

Solution: First, note that evaluating this double integral without using substitution is probably
impossible, at least in a closed form. By looking at the numerator and denominator of the
exponent of , we will try the substitution  and . To use the change of variables
formula (3.19), we need to write both  and  in terms of  and . So solving for  and  gives 

 and . In Figure 3.5.1 below, we see how the mapping , 
 maps the region  onto  in a one-to-one manner.

Figure 3.5.1The regions  and 

Now we see that

so using horizontal slices in , we have

width height 0.5pt The change of variables formula can be used to evaluate double integrals in polar
coordinates. Letting

we have

∬
𝑅

𝑒
𝑥−𝑦
𝑥+𝑦 𝑑𝐴 𝑅 = {(𝑥, 𝑦) : 𝑥 ≥ 0, 𝑦 ≥ 0,𝑥+ 𝑦 ≤ 1}

𝑒 𝑢 = 𝑥− 𝑦 𝑣 = 𝑥+ 𝑦

𝑥 𝑦 𝑢 𝑣 𝑥 𝑦 𝑥

= 1
2 (𝑢+ 𝑣) 𝑦 = 1

2 (𝑣− 𝑢) 𝑥 = 𝑥(𝑢, 𝑣) = 1
2 (𝑢+ 𝑣) 𝑦

= 𝑦(𝑢, 𝑣) = 1
2 (𝑣− 𝑢) 𝑅′ 𝑅

𝑅 𝑅′

𝐽(𝑢, 𝑣) =

∣
∣
∣

𝜕𝑥

𝜕𝑢

𝜕𝑥

𝜕𝑣
𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣

∣
∣
∣
= ∣ 1

2
1
2

− 1
2

1
2

∣ =
1

2
⇒ |𝐽(𝑢, 𝑣)| = ∣ 1

2
∣ =

1

2
,

𝑅′

∬
𝑅

𝑒
𝑥−𝑦
𝑥+𝑦 𝑑𝐴 = ∬

𝑅′

𝑓(𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣)) |𝐽(𝑢, 𝑣)| 𝑑𝐴

= ∫1

0

∫𝑣

−𝑣
𝑒

𝑢
𝑣 1

2
𝑑𝑢 𝑑𝑣

= ∫1

0

( 𝑣
2
𝑒

𝑢
𝑣 ∣𝑢=𝑣

𝑢=−𝑣
) 𝑑𝑣

= ∫1

0

𝑣
2 (𝑒− 𝑒−1) 𝑑𝑣

=
𝑣2

4
(𝑒− 𝑒−1) ∣1

0
=

1

4
(𝑒− 1

𝑒
) =

𝑒2 − 1

4𝑒

𝑥 = 𝑥(𝑟, 𝜃) = 𝑟 cos 𝜃 and 𝑦 = 𝑦(𝑟, 𝜃) = 𝑟 sin 𝜃 ,
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so we have the following formula:

Double Integral in Polar Coordinates

where the mapping ,  maps the region  in the -plane onto the region  in the
-plane in a one-to-one manner.

width height 0.5pt

𝐽(𝑢, 𝑣) =

∣
∣
∣

𝜕𝑥

𝜕𝑟

𝜕𝑥

𝜕𝜃
𝜕𝑦

𝜕𝑟

𝜕𝑦

𝜕𝜃

∣
∣
∣
= ∣ cos 𝜃 −𝑟 sin 𝜃

sin 𝜃 𝑟 cos 𝜃
∣ = 𝑟 cos2 𝜃+ 𝑟 sin2 𝜃 = 𝑟 ⇒ |𝐽(𝑢, 𝑣)| = |𝑟| = 𝑟 ,

∬
𝑅

𝑓(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 = ∬
𝑅′

𝑓(𝑟 cos 𝜃, 𝑟 sin 𝜃) 𝑟 𝑑𝑟 𝑑𝜃 , (3.24)

𝑥 = 𝑟 cos 𝜃 𝑦 = 𝑟 sin 𝜃 𝑅′ 𝑟𝜃 𝑅

𝑥𝑦
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Example 3.10

Find the volume  inside the paraboloid  for .

Solution: Using vertical slices, we see that

where  is the unit disk in  (see Figure 3.5.2). In polar coordinates  we
know that  and that the unit disk  is the set . Thus,

width height 0.5pt

𝑉 𝑧 = 𝑥2 + 𝑦2 0 ≤ 𝑧 ≤ 1

𝑉 = ∬
𝑅

(1− 𝑧) 𝑑𝐴 = ∬
𝑅

(1− (𝑥2 + 𝑦2)) 𝑑𝐴 ,

𝑅 = {(𝑥, 𝑦) : 𝑥2 + 𝑦2 ≤ 1} ℝ
2 (𝑟, 𝜃)

𝑥2 + 𝑦2 = 𝑟2 𝑅 𝑅′ = {(𝑟, 𝜃) : 0 ≤ 𝑟 ≤ 1, 0 ≤ 𝜃 ≤ 2𝜋}

𝑉 = ∫
2𝜋

0

∫
1

0

(1− 𝑟2) 𝑟 𝑑𝑟 𝑑𝜃

= ∫2𝜋

0

∫1

0

(𝑟− 𝑟3) 𝑑𝑟 𝑑𝜃

= ∫
2𝜋

0

( 𝑟2

2 −
𝑟4

4 ∣𝑟=1
𝑟=0

) 𝑑𝜃

= ∫2𝜋

0

1
4
𝑑𝜃

=
𝜋

2
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Example 3.11

Find the volume  inside the cone  for .

Solution: Using vertical slices, we see that

where  is the unit disk in 
(see Figure 3.5.3). In polar coordinates  we know
that  and that the unit disk  is the set

. Thus,

width height 0.5pt

In a similar fashion, it can be shown (see Exercises 5-6) that triple integrals in cylindrical and spherical
coordinates take the following forms:

Triple Integral in Cylindrical Coordinates

where the mapping , ,  maps the solid  in -space onto the solid  in -
space in a one-to-one manner.

𝑉 𝑧 =√𝑥2 + 𝑦2 0 ≤ 𝑧 ≤ 1

𝑉 = ∬
𝑅

(1− 𝑧) 𝑑𝐴 = ∬
𝑅

(1−√𝑥2 + 𝑦2) 𝑑𝐴 ,

𝑅 = {(𝑥, 𝑦) : 𝑥2 + 𝑦2 ≤ 1} ℝ
2

(𝑟, 𝜃)

√𝑥2 + 𝑦2 = 𝑟 𝑅

𝑅′ = {(𝑟, 𝜃) : 0 ≤ 𝑟 ≤ 1, 0 ≤ 𝜃 ≤ 2𝜋}

𝑉 = ∫
2𝜋

0

∫
1

0

(1− 𝑟) 𝑟 𝑑𝑟 𝑑𝜃

= ∫2𝜋

0

∫1

0

(𝑟− 𝑟2) 𝑑𝑟 𝑑𝜃

= ∫
2𝜋

0

( 𝑟2

2 −
𝑟3

3 ∣𝑟=1
𝑟=0

) 𝑑𝜃

= ∫2𝜋

0

1
6
𝑑𝜃

=
𝜋

3

∭
𝑆

𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑥 𝑑𝑦 𝑑𝑧 = ∭
𝑆 ′

𝑓(𝑟 cos 𝜃, 𝑟 sin 𝜃, 𝑧) 𝑟 𝑑𝑟 𝑑𝜃 𝑑𝑧 , (3.25)

𝑥 = 𝑟 cos 𝜃 𝑦 = 𝑟 sin 𝜃 𝑧 = 𝑧 𝑆 ′ 𝑟𝜃𝑧 𝑆 𝑥𝑦𝑧
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Triple Integral in Spherical Coordinates

where the mapping , ,  maps the solid  in -space onto
the solid  in -space in a one-to-one manner.

Example 3.12

For , find the volume  inside the sphere .

Solution: We see that  is the set  in spherical coordinates, so

EXERCISES

A

1. Find the volume  inside the paraboloid  for .

2. Find the volume  inside the cone  for .

B

∭
𝑆

𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑥 𝑑𝑦 𝑑𝑧 = ∭
𝑆 ′

𝑓(𝜌 sin𝜙 cos 𝜃, 𝜌 sin𝜙 sin 𝜃, 𝜌 cos𝜙) 𝜌2 sin𝜙 𝑑𝜌 𝑑𝜙 𝑑𝜃 , (3.26)

𝑥 = 𝜌 sin𝜙 cos 𝜃 𝑦 = 𝜌 sin𝜙 sin 𝜃 𝑧 = 𝜌 cos𝜙 𝑆 ′ 𝜌𝜙𝜃

𝑆 𝑥𝑦𝑧

𝑎 > 0 𝑉 𝑆 = 𝑥2 + 𝑦2 + 𝑧2 = 𝑎2

𝑆 𝜌 = 𝑎

𝑉 = ∭
𝑆

1 𝑑𝑉 = ∫2𝜋

0

∫𝜋

0

∫𝑎

0

1 𝜌2 sin𝜙 𝑑𝜌 𝑑𝜙 𝑑𝜃

= ∫2𝜋

0

∫𝜋

0

( 𝜌3

3
∣𝜌=𝑎
𝜌=0

) sin𝜙 𝑑𝜙 𝑑𝜃 = ∫2𝜋

0

∫𝜋

0

𝑎3

3
sin𝜙 𝑑𝜙 𝑑𝜃

= ∫2𝜋

0

(− 𝑎3

3
cos𝜙 ∣𝜙=𝜋

𝜙=0
) 𝑑𝜃 = ∫2𝜋

0

2𝑎3

3
𝑑𝜃 =

4𝜋𝑎3

3
.

𝑉 𝑧 = 𝑥2 + 𝑦2 0 ≤ 𝑧 ≤ 4

𝑉 𝑧 =√𝑥2 + 𝑦2 0 ≤ 𝑧 ≤ 3
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3. Find the volume  of the solid inside both  and .

4. Find the volume  inside both the sphere  and the cone . 2

5. Prove formula (3.25).

6. Prove formula (3.26).

7. Evaluate , where  is the triangle with vertices ,  and . (Hint:

Use the change of variables , .)

8. Find the volume of the solid bounded by  and .

9. Find the volume inside the elliptic cylinder  for .

C

10. Show that the volume inside the ellipsoid  is . (Hint: Use the change of
variables , , , then consider Example 3.12.)

11. Show that the Beta function, defined by

satisfies the relation  for , .

12. Using the substitution , show that the Beta function can be written as

1. See [§ 15.32 and § 15.62]tm for all the details. ↩

3.6 Application: Center of Mass

Recall from single-variable calculus that for a region  in  that
represents a thin, flat plate (see Figure 3.6.1), where  is a continuous function on , the center of
mass of  has coordinates  given by

𝑉 𝑥2 + 𝑦2 + 𝑧2 = 4 𝑥2 + 𝑦2 = 1

𝑉 𝑥2 + 𝑦2 + 𝑧2 = 1 𝑧 =√𝑥2 + 𝑦2

∬
𝑅

sin ( 𝑥+𝑦2 ) cos ( 𝑥−𝑦2 ) 𝑑𝐴 𝑅 (0, 0) (2, 0) (1, 1)

𝑢 = (𝑥+ 𝑦)/2 𝑣 = (𝑥− 𝑦)/2

𝑧 = 𝑥2 + 𝑦2 𝑧2 = 4(𝑥2 + 𝑦2)

𝑥2

𝑎2
+

𝑦2

𝑏2
= 1 0 ≤ 𝑧 ≤ 2

𝑥2

𝑎2
+ 𝑦2

𝑏2
+ 𝑧2

𝑐2
= 1 4𝜋𝑎𝑏𝑐

3

𝑥 = 𝑎𝑢 𝑦 = 𝑏𝑣 𝑧 = 𝑐𝑤

𝐵(𝑥, 𝑦) = ∫1

0

𝑡𝑥−1(1− 𝑡)𝑦−1 𝑑𝑡 , for 𝑥 > 0, 𝑦 > 0,

𝐵(𝑦,𝑥) = 𝐵(𝑥, 𝑦) 𝑥 > 0 𝑦 > 0

𝑡 = 𝑢/(𝑢+ 1)

𝐵(𝑥, 𝑦) = ∫
∞

0

𝑢𝑥−1

(𝑢+ 1)𝑥+𝑦
𝑑𝑢 , for 𝑥 > 0, 𝑦 > 0.

𝑅 = {(𝑥, 𝑦) : 𝑎 ≤ 𝑥 ≤ 𝑏, 0 ≤ 𝑦 ≤ 𝑓(𝑥)} ℝ
2

𝑓(𝑥) [𝑎, 𝑏]

𝑅 (𝑥, 𝑦)

𝑥 =
𝑀𝑦

𝑀
and 𝑦 =

𝑀𝑥

𝑀
,
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where

assuming that  has uniform density, i.e the mass of  is uniformly distributed over the region. In this
case the area  of the region is considered the mass of  (the density is constant, and taken as  for
simplicity).

In the general case where the density of a region (or lamina)  is a continuous function  of the
coordinates  of points inside  (where  can be any region in ) the coordinates  of the
center of mass of  are given by

where

The quantities  and  are called the moments (or first moments) of the region  about the -axis
and -axis, respectively. The quantity  is the mass of the region . To see this, think of taking a small
rectangle inside  with dimensions  and  close to . The mass of that rectangle is approximately

, for some point  in that rectangle. Then the mass of  is the limit of the sums of the
masses of all such rectangles inside  as the diagonals of the rectangles approach , which is the
double integral .

Note that the formulas in (3.27) represent a special case when  throughout  in the formulas
in (3.29).

width height 0.5pt

𝑀𝑥 =∫
𝑏

𝑎

(𝑓(𝑥))2

2
𝑑𝑥 , 𝑀𝑦 =∫

𝑏

𝑎

𝑥𝑓(𝑥) 𝑑𝑥 , 𝑀 =∫ 𝑏

𝑎

𝑓(𝑥) 𝑑𝑥 , (3.27)

𝑅 𝑅

𝑀 𝑅 1

𝑅 𝛿 = 𝛿(𝑥, 𝑦)

(𝑥, 𝑦) 𝑅 𝑅 ℝ
2 (𝑥, 𝑦)

𝑅

𝑥 =
𝑀𝑦

𝑀
and 𝑦 =

𝑀𝑥

𝑀
, (3.28)

𝑀𝑦 =∬
𝑅

𝑥𝛿(𝑥, 𝑦) 𝑑𝐴 , 𝑀𝑥 =∬
𝑅

𝑦𝛿(𝑥, 𝑦) 𝑑𝐴 , 𝑀 =∬
𝑅

𝛿(𝑥, 𝑦) 𝑑𝐴 , (3.29)

𝑀𝑥 𝑀𝑦 𝑅 𝑥

𝑦 𝑀 𝑅

𝑅 Δ𝑥 Δ𝑦 0

𝛿(𝑥∗, 𝑦∗)Δ𝑥Δ𝑦 (𝑥∗, 𝑦∗) 𝑅

𝑅 0

∬
𝑅

𝛿(𝑥, 𝑦) 𝑑𝐴

𝛿(𝑥, 𝑦) = 1 𝑅
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Example 3.13

Find the center of mass of the region , if the density function at
 is .

Solution: The region  is shown in Figure 3.6.2. We have

and

so the center of mass  is given by

Note how this center of mass is a little further towards the upper corner of the region  than when
the density is uniform (it is easy to use the formulas in (3.27) to show that  in that
case). This makes sense since the density function  increases as  approaches
that upper corner, where there is quite a bit of area.

𝑅 = {(𝑥, 𝑦) : 0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑦 ≤ 2𝑥2}

(𝑥, 𝑦) 𝛿(𝑥, 𝑦) = 𝑥+ 𝑦

𝑅

𝑀 = ∬
𝑅

𝛿(𝑥, 𝑦) 𝑑𝐴

= ∫1

0

∫2𝑥2

0

(𝑥+ 𝑦) 𝑑𝑦 𝑑𝑥

= ∫
1

0

(𝑥𝑦+ 𝑦2

2
∣𝑦=2𝑥

2

𝑦=0

) 𝑑𝑥

= ∫
1

0

(2𝑥3 + 2𝑥4) 𝑑𝑥

=
𝑥4

2
+

2𝑥5

5
∣1
0

=
9

10

𝑀𝑥 = ∬
𝑅

𝑦𝛿(𝑥, 𝑦) 𝑑𝐴 𝑀𝑦 = ∬
𝑅

𝑥𝛿(𝑥, 𝑦) 𝑑𝐴

= ∫
1

0

∫
2𝑥2

0

𝑦(𝑥+ 𝑦) 𝑑𝑦 𝑑𝑥 = ∫
1

0

∫
2𝑥2

0

𝑥(𝑥+ 𝑦) 𝑑𝑦 𝑑𝑥

= ∫
1

0
( 𝑥𝑦2

2
+

𝑦3

3
∣
𝑦=2𝑥2

𝑦=0

) 𝑑𝑥 = ∫
1

0
(𝑥2𝑦+ 𝑥𝑦2

2
∣
𝑦=2𝑥2

𝑦=0

) 𝑑𝑥

= ∫
1

0
(2𝑥5 +

8𝑥6

3
) 𝑑𝑥 = ∫

1

0
(2𝑥4 + 2𝑥5) 𝑑𝑥

=
𝑥6

3
+

8𝑥7

21
∣1
0

=
5

7
=

2𝑥5

5
+

𝑥6

3
∣1
0

=
11

15
,

(𝑥, 𝑦)

𝑥 =
𝑀𝑦

𝑀
=

11/15

9/10
=

22

27
, 𝑦 =

𝑀𝑥

𝑀
=

5/7

9/10
=

50

63
.

𝑅

(𝑥, 𝑦) = ( 3
4
, 3
5
)

𝛿(𝑥, 𝑦) = 𝑥+ 𝑦 (𝑥, 𝑦)
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width height 0.5pt

In the special case where the density function  is a constant function on the region , the center of
mass  is called the centroid of .

The formulas for the center of mass of a region in  can be generalized to a solid  in . Let  be a
solid with a continuous mass density function  at any point  in . Then the center of mass
of  has coordinates , where

where

In this case, ,  and  are called the moments (or first moments) of  around the -plane, -
plane and -plane, respectively. Also,  is the mass of .

width height 0.5pt

𝛿(𝑥, 𝑦) 𝑅

(𝑥, 𝑦) 𝑅

ℝ
2 𝑆 ℝ

3 𝑆

𝛿(𝑥, 𝑦, 𝑧) (𝑥, 𝑦, 𝑧) 𝑆

𝑆 (𝑥, 𝑦, 𝑧)

𝑥 =
𝑀𝑦𝑧

𝑀
, 𝑦 =

𝑀𝑥𝑧

𝑀
, 𝑧 =

𝑀𝑥𝑦

𝑀
, (3.30)

𝑀𝑦𝑧 = ∭
𝑆

𝑥𝛿(𝑥, 𝑦, 𝑧) 𝑑𝑉 , 𝑀𝑥𝑧 = ∭
𝑆

𝑦𝛿(𝑥, 𝑦, 𝑧) 𝑑𝑉 , 𝑀𝑥𝑦 = ∭
𝑆

𝑧𝛿(𝑥, 𝑦, 𝑧) 𝑑𝑉 ,

𝑀 = ∭
𝑆

𝛿(𝑥, 𝑦, 𝑧) 𝑑𝑉 .

(3.31)

(3.32)

𝑀𝑦𝑧 𝑀𝑥𝑧 𝑀𝑥𝑦 𝑆 𝑦𝑧 𝑥𝑧

𝑥𝑦 𝑀 𝑆
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Example 3.14

Find the center of mass of the solid , if the density function at
 is .

Solution: The solid  is just the upper hemisphere inside the sphere of radius  centered at the
origin (see Figure 3.6.3). So since the density function is a constant and  is symmetric about the
-axis, then it is clear that  and , so we need only find . We have

But since the volume of  is half the volume of the sphere of radius , which we know by Example
3.12 is , then . And

so

𝑆 = {(𝑥, 𝑦, 𝑧) : 𝑧 ≥ 0, 𝑥2 + 𝑦2 + 𝑧2 ≤ 𝑎2}

(𝑥, 𝑦, 𝑧) 𝛿(𝑥, 𝑦, 𝑧) = 1

𝑆 𝑎

𝑆

𝑧 𝑥 = 0 𝑦 = 0 𝑧

𝑀 = ∭
𝑆

𝛿(𝑥, 𝑦, 𝑧) 𝑑𝑉 =∭
𝑆

1 𝑑𝑉 = 𝑉 𝑜𝑙𝑢𝑚𝑒(𝑆).

𝑆 𝑎

4𝜋𝑎3

3
𝑀 = 2𝜋𝑎3

3

𝑀𝑥𝑦 = ∭
𝑆

𝑧𝛿(𝑥, 𝑦, 𝑧) 𝑑𝑉

= ∭
𝑆

𝑧 𝑑𝑉 , which in spherical coordinates is

= ∫
2𝜋

0

∫
𝜋/2

0

∫
𝑎

0

(𝜌 cos𝜙) 𝜌2 sin𝜙 𝑑𝜌 𝑑𝜙 𝑑𝜃

= ∫
2𝜋

0
∫

𝜋/2

0
sin𝜙 cos𝜙(∫𝑎

0
𝜌3 𝑑𝜌) 𝑑𝜙 𝑑𝜃

= ∫2𝜋

0

∫𝜋/2

0

𝑎4

4 sin𝜙 cos𝜙 𝑑𝜙 𝑑𝜃

𝑀𝑥𝑦 = ∫
2𝜋

0

∫
𝜋/2

0

𝑎4

8 sin 2𝜙 𝑑𝜙 𝑑𝜃 (since sin 2𝜙 = 2 sin𝜙 cos𝜙)

= ∫2𝜋

0

(− 𝑎4

16 cos 2𝜙 ∣𝜙=𝜋/2
𝜙=0

) 𝑑𝜃

= ∫2𝜋

0

𝑎4

8 𝑑𝜃

=
𝜋𝑎4

4
,

𝑧 =
𝑀𝑥𝑦

𝑀
=

𝜋𝑎4

4

2𝜋𝑎3

3

=
3𝑎

8
.
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Thus, the center of mass of  is .

EXERCISES

A

For Exercises 1-5, find the center of mass of the region  with the given density function .

1. , 

2. , 

3. , 

4. , 

5. , 

B

For Exercises 6-10, find the center of mass of the solid  with the given density function .

6. , 

7. , 

8. , 

9. , 

10. , 

3.7 Application: Probability and Expected Value

In this section we will briefly discuss some applications of multiple integrals in the field of probability
theory. In particular we will see ways in which multiple integrals can be used to calculate probabilities
and expected values.

Probability

Suppose that you have a standard six-sided (fair) die, and you let a variable  represent the value
rolled. Then the probability of rolling a , written as , is , since there are six sides on the die
and each one is equally likely to be rolled, and hence in particular the  has a one out of six chance of
being rolled. Likewise the probability of rolling at most a , written as , is , since of the six
numbers on the die, there are three equally likely numbers ( , , and ) that are less than or equal to .
Note that . We call  a discrete random variable on the

𝑆 (𝑥, 𝑦, 𝑧) = (0, 0, 3𝑎
8 )

𝑅 𝛿(𝑥, 𝑦)

𝑅 = {(𝑥, 𝑦) : 0 ≤ 𝑥 ≤ 2, 0 ≤ 𝑦 ≤ 4 } 𝛿(𝑥, 𝑦) = 2𝑦

𝑅 = {(𝑥, 𝑦) : 0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑦 ≤ 𝑥2} 𝛿(𝑥, 𝑦) = 𝑥+ 𝑦

𝑅 = {(𝑥, 𝑦) : 𝑦 ≥ 0, 𝑥2 + 𝑦2 ≤ 𝑎2} 𝛿(𝑥, 𝑦) = 1

𝑅 = {(𝑥, 𝑦) : 𝑦 ≥ 0, 𝑥 ≥ 0, 1 ≤ 𝑥2 + 𝑦2 ≤ 4 } 𝛿(𝑥, 𝑦) =√𝑥2 + 𝑦2

𝑅 = {(𝑥, 𝑦) : 𝑦 ≥ 0, 𝑥2 + 𝑦2 ≤ 1 } 𝛿(𝑥, 𝑦) = 𝑦

𝑆 𝛿(𝑥, 𝑦, 𝑧)

𝑆 = {(𝑥, 𝑦, 𝑧) : 0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑦 ≤ 1, 0 ≤ 𝑧 ≤ 1 } 𝛿(𝑥, 𝑦, 𝑧) = 𝑥𝑦𝑧

𝑆 = {(𝑥, 𝑦, 𝑧) : 𝑧 ≥ 0, 𝑥2 + 𝑦2 + 𝑧2 ≤ 𝑎2} 𝛿(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧2

𝑆 = {(𝑥, 𝑦, 𝑧) : 𝑥 ≥ 0, 𝑦 ≥ 0, 𝑧 ≥ 0, 𝑥2 + 𝑦2 + 𝑧2 ≤ 𝑎2} 𝛿(𝑥, 𝑦, 𝑧) = 1

𝑆 = {(𝑥, 𝑦, 𝑧) : 0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑦 ≤ 1, 0 ≤ 𝑧 ≤ 1 } 𝛿(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧2

𝑆 = {(𝑥, 𝑦, 𝑧) : 0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑦 ≤ 1, 0 ≤ 𝑧 ≤ 1− 𝑥− 𝑦} 𝛿(𝑥, 𝑦, 𝑧) = 1

𝑋

3 𝑃(𝑋 = 3) 1
6

3

3 𝑃(𝑋 ≤ 3) 3
6 = 1

2

1 2 3 3

𝑃(𝑋 ≤ 3) = 𝑃(𝑋 = 1) + 𝑃(𝑋 = 2) + 𝑃(𝑋 = 3) 𝑋
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sample space (or probability space)  consisting of all possible outcomes. In our case, 
. An event  is a subset of the sample space. For example, in the case of the die, the

event  is the set .

Now let  be a variable representing a random real number in the interval . Note that the set of all
real numbers between  and  is not a discrete (or countable) set of values, i.e. it can not be put into a
one-to-one correspondence with the set of positive integers.  In this case, for any real number  in

, it makes no sense to consider  since it must be  (why?). Instead, we consider the
probability , which is given by . The reasoning is this: the interval  has length
, and for  in  the interval  has length . So since  represents a random number in , and

hence is uniformly distributed over , then

We call  a continuous random variable on the sample space . An event  is a subset of the
sample space. For example, in our case the event  is the set .

In the case of a discrete random variable, we saw how the probability of an event was the sum of the
probabilities of the individual outcomes comprising that event (e.g. 

 in the die example). For a continuous random variable, the probability of an event will
instead be the integral of a function, which we will now describe.

Let  be a continuous real-valued random variable on a sample space  in . For simplicity, let 
. Define the distribution function  of  as

Suppose that there is a nonnegative, continuous real-valued function  on  such that

and

Then we call  the probability density function (or p.d.f. for short) for . We thus have

Ω Ω

= {1, 2, 3, 4, 5, 6} 𝐴

𝑋 ≤ 3 {1, 2, 3}

𝑋 (0, 1)

0 1

[1] 𝑥

(0, 1) 𝑃(𝑋 = 𝑥) 0

𝑃(𝑋 ≤ 𝑥) 𝑃(𝑋 ≤ 𝑥) = 𝑥 (0, 1)

1 𝑥 (0, 1) (0,𝑥) 𝑥 𝑋 (0, 1)

(0, 1)

𝑃(𝑋 ≤ 𝑥) =
length of (0,𝑥)

length of (0, 1)
=

𝑥

1
= 𝑥 .

𝑋 Ω = (0, 1) 𝐴

𝑋 ≤ 𝑥 (0,𝑥)

𝑃(𝑋 ≤ 3) = 𝑃(𝑋 = 1) + 𝑃(𝑋 = 2)

+ 𝑃(𝑋 = 3)

𝑋 Ω ℝ Ω

= (𝑎, 𝑏) 𝐹 𝑋

𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥) , for −∞ < 𝑥 <∞

=
⎧

⎨
⎩

{

{

1, for 𝑥 ≥ 𝑏
𝑃(𝑋 ≤ 𝑥), for 𝑎 < 𝑥 < 𝑏

0, for 𝑥 ≤ 𝑎 .

(3.33)

(3.34)

𝑓 ℝ

𝐹(𝑥) = ∫𝑥

−∞
𝑓(𝑦) 𝑑𝑦 , for −∞ < 𝑥 <∞ , (3.35)

∫
∞

−∞
𝑓(𝑥) 𝑑𝑥 = 1 . (3.36)

𝑓 𝑋
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Also, by the Fundamental Theorem of Calculus, we have

width height 0.5pt

Example 3.15

Let  represent a randomly selected real number in the interval . We say that  has the
uniform distribution on , with distribution function

and probability density function

In general, if  represents a randomly selected real number in an interval , then  has the
uniform distribution function

and probability density function

width height 0.5pt

𝑃(𝑋 ≤ 𝑥) = ∫
𝑥

𝑎

𝑓(𝑦) 𝑑𝑦 , for 𝑎 < 𝑥 < 𝑏 . (3.37)

𝐹 ′(𝑥) = 𝑓(𝑥) , for −∞ < 𝑥 <∞. (3.38)

𝑋 (0, 1) 𝑋

(0, 1)

𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥) =
⎧

⎨
⎩

{

{

1, for 𝑥 ≥ 1
𝑥, for 0 < 𝑥 < 1
0, for 𝑥 ≤ 0 ,

(3.39)

𝑓(𝑥) = 𝐹 ′(𝑥) = {1, for 0 < 𝑥 < 1
0, elsewhere.

(3.40)

𝑋 (𝑎, 𝑏) 𝑋

𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥) =

⎧

⎨
⎩

{

{

1, for 𝑥 ≥ 𝑏
𝑥−𝑎
𝑏−𝑎 , for 𝑎 < 𝑥 < 𝑏

0, for 𝑥 ≤ 𝑎 ,

(3.41)

𝑓(𝑥) = 𝐹 ′(𝑥) = { 1
𝑏−𝑎 , for 𝑎 < 𝑥 < 𝑏

0, elsewhere.
(3.42)
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Example 3.16

A famous distribution function is given by the standard normal distribution, whose probability
density function  is

This is often called a “bell curve”, and is used widely in statistics. Since we are claiming that  is a
p.d.f., we should have

by formula (3.36), which is equivalent to

We can use a double integral in polar coordinates to verify this integral. First,

since the same function is being integrated twice in the middle equation, just with different
variables. But using polar coordinates, we see that

and so

𝑓

𝑓(𝑥) =
1
√
2𝜋

𝑒−𝑥
2/2 , for −∞ < 𝑥 <∞. (3.43)

𝑓

∫
∞

−∞

1
√
2𝜋

𝑒−𝑥
2/2 𝑑𝑥 = 1 (3.44)

∫∞

−∞
𝑒−𝑥

2/2 𝑑𝑥 =
√
2𝜋 . (3.45)

∫∞

−∞
∫∞

−∞
𝑒−(𝑥

2+𝑦2)/2 𝑑𝑥 𝑑𝑦 = ∫∞

−∞
𝑒−𝑦

2/2(∫∞

−∞
𝑒−𝑥

2/2 𝑑𝑥) 𝑑𝑦

= (∫∞

−∞
𝑒−𝑥

2/2 𝑑𝑥) (∫∞

−∞
𝑒−𝑦

2/2 𝑑𝑦)
= (∫∞

−∞
𝑒−𝑥

2/2 𝑑𝑥)2

∫∞

−∞
∫∞

−∞
𝑒−(𝑥

2+𝑦2)/2 𝑑𝑥 𝑑𝑦 = ∫2𝜋

0

∫∞

0

𝑒−𝑟
2/2 𝑟 𝑑𝑟 𝑑𝜃

= ∫2𝜋

0

(−𝑒−𝑟2/2 ∣𝑟=∞
𝑟=0

) 𝑑𝜃

= ∫
2𝜋

0
(0− (−𝑒0)) 𝑑𝜃 =∫

2𝜋

0
1 𝑑𝜃 = 2𝜋 ,
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width height 0.5pt In addition to individual random variables, we can consider jointly distributed random
variables. For this, we will let ,  and  be three real-valued continuous random variables defined on
the same sample space  in  (the discussion for two random variables is similar). Then the joint
distribution function  of ,  and  is given by

If there is a nonnegative, continuous real-valued function  on  such that

and

then we call  the joint probability density function (or joint p.d.f. for short) for ,  and . In general, for
, , , we have

with the  and  symbols interchangeable in any combination. A triple integral, then, can be thought of
as representing a probability (for a function  which is a p.d.f.).

width height 0.5pt

(∫∞

−∞
𝑒−𝑥

2/2 𝑑𝑥)2

= 2𝜋 , and hence

∫
∞

−∞
𝑒−𝑥

2/2 𝑑𝑥 =
√
2𝜋 .

𝑋 𝑌 𝑍

Ω ℝ

𝐹 𝑋 𝑌 𝑍

𝐹(𝑥, 𝑦, 𝑧) = 𝑃(𝑋 ≤ 𝑥, 𝑌 ≤ 𝑦, 𝑍 ≤ 𝑧) , for −∞ < 𝑥, 𝑦, 𝑧 <∞. (3.46)

𝑓 ℝ
3

𝐹(𝑥, 𝑦, 𝑧) = ∫
𝑧

−∞
∫

𝑦

−∞
∫

𝑥

−∞
𝑓(𝑢, 𝑣,𝑤) 𝑑𝑢 𝑑𝑣 𝑑𝑤 , for −∞ < 𝑥, 𝑦, 𝑧 <∞ (3.47)

∫∞

−∞
∫∞

−∞
∫∞

−∞
𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑥 𝑑𝑦 𝑑𝑧 = 1 , (3.48)

𝑓 𝑋 𝑌 𝑍

𝑎1 < 𝑏1 𝑎2 < 𝑏2 𝑎3 < 𝑏3

𝑃(𝑎1 < 𝑋 ≤ 𝑏1, 𝑎2 < 𝑌 ≤ 𝑏2, 𝑎3 < 𝑍 ≤ 𝑏3) = ∫
𝑏3

𝑎3

∫
𝑏2

𝑎2

∫
𝑏1

𝑎1

𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑥 𝑑𝑦 𝑑𝑧 , (3.49)

≤ <

𝑓
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Example 3.17

Let , , and  be real numbers selected randomly from the interval . What is the probability
that the equation  has at least one real solution ?

Solution: We know by the quadratic formula that there is at least one real solution if .
So we need to calculate . We will use three jointly distributed random variables to do
this. First, since , we have

where the last relation holds for all  such that

Considering ,  and  as real variables, the region  in the -plane where the above relation
holds is given by , which we can see is a union of two
regions  and , as in Figure 3.7.1 above.

Now let ,  and  be continuous random variables, each representing a randomly selected real
number from the interval  (think of ,  and  representing ,  and , respectively). Then,
similar to how we showed that  is the p.d.f. of the uniform distribution on , it can be
shown that  for , ,  in 
(  elsewhere) is the joint p.d.f. of ,  and . Now,

so this probability is the triple integral of  as  varies from  to  and as  varies
over the region . Since  can be divided into two regions  and , then the required triple
integral can be split into a sum of two triple integrals, using vertical slices in :

𝑎 𝑏 𝑐 (0, 1)

𝑎𝑥2 + 𝑏𝑥+ 𝑐 = 0 𝑥

𝑏2 − 4𝑎𝑐 ≥ 0

𝑃(𝑏2 − 4𝑎𝑐 ≥ 0)

0 < 𝑎, 𝑏, 𝑐 < 1

𝑏2 − 4𝑎𝑐 ≥ 0 ⇔ 0 < 4𝑎𝑐 ≤ 𝑏2 < 1 ⇔ 0 < 2
√
𝑎
√
𝑐 ≤ 𝑏 < 1 ,

0 < 𝑎, 𝑐 < 1

0 < 4𝑎𝑐 < 1 ⇔ 0 < 𝑐 <
1

4𝑎
.

𝑎 𝑏 𝑐 𝑅 𝑎𝑐

𝑅 = {(𝑎, 𝑐) : 0 < 𝑎 < 1, 0 < 𝑐 < 1, 0 < 𝑐 < 1
4𝑎 }

𝑅1 𝑅2

𝑋 𝑌 𝑍

(0, 1) 𝑋 𝑌 𝑍 𝑎 𝑏 𝑐

𝑓(𝑥) = 1 (0, 1)

𝑓(𝑥, 𝑦, 𝑧) = 1 𝑥 𝑦 𝑧 (0, 1)

0 𝑋 𝑌 𝑍

𝑃(𝑏2 − 4𝑎𝑐 ≥ 0) = 𝑃((𝑎, 𝑐) ∈ 𝑅, 2
√
𝑎
√
𝑐 ≤ 𝑏 < 1) ,

𝑓(𝑎, 𝑏, 𝑐) = 1 𝑏 2
√
𝑎
√
𝑐 1 (𝑎, 𝑐)

𝑅 𝑅 𝑅1 𝑅2

𝑅
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In other words, the equation  has about a % chance of being solved!

width height 0.5pt

Expected Value

The expected value  of a random variable  can be thought of as the “average” value of  as it
varies over its sample space. If  is a discrete random variable, then

with the sum being taken over all elements  of the sample space. For example, if  represents the
number rolled on a six-sided die, then

is the expected value of , which is the average of the integers .

If  is a real-valued continuous random variable with p.d.f. , then

𝑃(𝑏2 − 4𝑎𝑐 ≥ 0) = ∫1/4

0

∫1

0⏟
𝑅1

∫1

2
√
𝑎
√
𝑐

1 𝑑𝑏 𝑑𝑐 𝑑𝑎 + ∫1

1/4

∫1/4𝑎

0
⏟⏟⏟_ _

𝑅2

∫1

2
√
𝑎
√
𝑐

1 𝑑𝑏 𝑑𝑐 𝑑𝑎

= ∫1/4

0

∫1

0

(1− 2
√
𝑎
√
𝑐) 𝑑𝑐 𝑑𝑎 + ∫1

1/4

∫1/4𝑎

0

(1− 2
√
𝑎
√
𝑐) 𝑑𝑐 𝑑𝑎

= ∫1/4

0

(𝑐− 4
3

√
𝑎 𝑐3/2 ∣𝑐=1

𝑐=0
) 𝑑𝑎 + ∫1

1/4

(𝑐− 4
3

√
𝑎 𝑐3/2 ∣𝑐=1/4𝑎

𝑐=0
) 𝑑𝑎

= ∫1/4

0

(1− 4
3

√
𝑎) 𝑑𝑎 + ∫1

1/4

1
12𝑎

𝑑𝑎

= 𝑎−
8

9
𝑎3/2 ∣

1/4

0

+
1

12
ln 𝑎 ∣

1

1/4

= ( 1

4
− 1

9
) + (0− 1

12
ln

1

4
) =

5

36
+

1

12
ln 4

𝑃(𝑏2 − 4𝑎𝑐 ≥ 0) =
5 + 3 ln 4

36
≈ 0.2544

𝑎𝑥2 + 𝑏𝑥+ 𝑐 = 0 25

𝐸𝑋 𝑋 𝑋

𝑋

𝐸𝑋 = ∑
𝑥

𝑥𝑃(𝑋 = 𝑥) , (3.50)

𝑥 𝑋

𝐸𝑋 =
6

∑
𝑥=1

𝑥𝑃(𝑋 = 𝑥) =
6

∑
𝑥=1

𝑥
1

6
= 3.5 (3.51)

𝑋 1− 6

𝑋 𝑓

𝐸𝑋 = ∫∞

−∞
𝑥 𝑓(𝑥) 𝑑𝑥 . (3.52)
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For example, if  has the uniform distribution on the interval , then its p.d.f. is

and so

For a pair of jointly distributed, real-valued continuous random variables  and  with joint p.d.f. ,
the expected values of  and  are given by

respectively.

width height 0.5pt

𝑋 (0, 1)

𝑓(𝑥) = {1, for 0 < 𝑥 < 1
0, elsewhere,

(3.53)

𝐸𝑋 = ∫∞

−∞
𝑥 𝑓(𝑥) 𝑑𝑥 = ∫1

0

𝑥 𝑑𝑥 =
1

2
. (3.54)

𝑋 𝑌 𝑓(𝑥, 𝑦)

𝑋 𝑌

𝐸𝑋 = ∫∞

−∞
∫∞

−∞
𝑥 𝑓(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 and 𝐸𝑌 = ∫∞

−∞
∫∞

−∞
𝑦 𝑓(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 , (3.55)
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Example 3.18

If you were to pick  random real numbers from the interval , what are the expected
values for the smallest and largest of those numbers?

Solution: Let  be  continuous random variables, each representing a randomly selected
real number from , i.e. each has the uniform distribution on . Define random variables 
and  by

Then it can be shown  that the joint p.d.f. of  and  is

Thus, the expected value of  is

and similarly (see Exercise 3) it can be shown that

So, for example, if you were to repeatedly take samples of  random real numbers from ,
and each time store the minimum and maximum values in the sample, then the average of the
minimums would approach  and the average of the maximums would approach  as the number
of samples grows. It would be relatively simple (see Exercise 4) to write a computer program to
test this.

𝑛 > 2 (0, 1)

𝑈1,… ,𝑈𝑛 𝑛

(0, 1) (0, 1) 𝑋

𝑌

𝑋 = min(𝑈1,… ,𝑈𝑛) and 𝑌 = max(𝑈1,… ,𝑈𝑛) .

[2] 𝑋 𝑌

𝑓(𝑥, 𝑦) = {𝑛(𝑛− 1)(𝑦− 𝑥)𝑛−2, for 0 ≤ 𝑥 ≤ 𝑦 ≤ 1
0, elsewhere.

(3.56)

𝑋

𝐸𝑋 = ∫
1

0
∫

1

𝑥

𝑛(𝑛− 1)𝑥(𝑦− 𝑥)𝑛−2 𝑑𝑦 𝑑𝑥

= ∫1

0

(𝑛𝑥(𝑦− 𝑥)𝑛−1 ∣𝑦=1
𝑦=𝑥

) 𝑑𝑥

= ∫
1

0
𝑛𝑥(1− 𝑥)𝑛−1 𝑑𝑥 , so integration by parts yields

= − 𝑥(1− 𝑥)𝑛 − 1

𝑛+ 1
(1− 𝑥)𝑛+1 ∣1

0

𝐸𝑋 =
1

𝑛+ 1
,

𝐸𝑌 = ∫1

0

∫𝑦

0

𝑛(𝑛− 1)𝑦(𝑦− 𝑥)𝑛−2 𝑑𝑥 𝑑𝑦 =
𝑛

𝑛+ 1
.

𝑛 = 3 (0, 1)

1
4

3
4
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EXERCISES

B

1. Evaluate the integral  using anything you have learned so far.

2. For  and , evaluate .

3. Show that  in Example 3.18

C

4. Write a computer program (in the language of your choice) that verifies the results in Example
3.18 for the case  by taking large numbers of samples.

5. Repeat Exercise 4 for the case when .

6. For continuous random variables ,  with joint p.d.f. , define the second moments 
and  by

and the variances  and  by

Find  and  for  and  as in Example 3.18.

7. Continuing Exercise 6, the correlation  between  and  is defined as

where . Find  for  and  as in Example 3.18.
(Note: The quantity  is called the covariance of  and .)

8. In Example 3.17 would the answer change if the interval  is used instead of ? Explain.

1. For a proof see p. 9-10 in kam. ↩
2. See Ch. 6 in hps. ↩

∫∞−∞ 𝑒−𝑥
2
𝑑𝑥

𝜎 > 0 𝜇 > 0 ∫∞−∞
1

𝜎
√
2𝜋
𝑒−(𝑥−𝜇)

2/2𝜎2 𝑑𝑥

𝐸𝑌 = 𝑛
𝑛+1

𝑛 = 3

𝑛 = 4

𝑋 𝑌 𝑓(𝑥, 𝑦) 𝐸(𝑋2)

𝐸(𝑌 2)

𝐸(𝑋2) = ∫∞

−∞
∫∞

−∞
𝑥2 𝑓(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 and 𝐸(𝑌 2) = ∫∞

−∞
∫∞

−∞
𝑦2 𝑓(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 ,

Var(𝑋) Var(𝑌 )

Var(𝑋) = 𝐸(𝑋2)− (𝐸𝑋)2 and Var(𝑌 ) = 𝐸(𝑌 2)− (𝐸𝑌 )2 .

Var(𝑋) Var(𝑌 ) 𝑋 𝑌

𝜌 𝑋 𝑌

𝜌 =
𝐸(𝑋𝑌 )− (𝐸𝑋)(𝐸𝑌 )

√Var(𝑋)Var(𝑌 )
,

𝐸(𝑋𝑌 ) = ∫∞−∞ ∫
∞
−∞ 𝑥𝑦 𝑓(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 𝜌 𝑋 𝑌

𝐸(𝑋𝑌 )− (𝐸𝑋)(𝐸𝑌 ) 𝑋 𝑌

(0, 100) (0, 1)
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