2. Functions of Several Variables

2. Functions of Several Variables

Functions of Several Variables

2.1 Functions of Two or Three Variables

In Section 1.8 we discussed vector-valued functions of a single real variable. We will now examine real-
valued functions of a point (or vector) in R? or R3. For the most part these functions will be defined on
sets of points in R?, but there will be times when we will use points in R?, and there will also be times
when it will be convenient to think of the points as vectors (or terminal points of vectors).

A real-valued function f defined on a subset D of R? is a rule that assigns to each point (z,y) in D a
real number f(z,y). The largest possible set D in R? on which f is defined is called the domain of f, and
the range of f is the set of all real numbers f(z,y) as (z,y) varies over the domain D. A similar definition
holds for functions f(z, v, z) defined on points (z,, z) in R3.

width height 0.5pt

Example 2.1

The domain of the function
f(z,y) =zy

is all of R2, and the range of f is all of R.

width height 0.5pt
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2. Functions of Several Variables

Example 2.2

The domain of the function

f(x,y) = %_y

is all of R? except the points (z,y) for which = = y. That is, the domain is the set D = {(z,y) : = # y}.
The range of f is all real numbers except 0.

width height 0.5pt

Example 2.3

The domain of the function

fla) = VI=F =P

is the set D = {(z,y) : 2? + y* < 1}, since the quantity inside the square root is nonnegative if and
only if 1 — (2% + 4?) > 0. We see that D consists of all points on and inside the unit circle in R? (D is
sometimes called the closed unit disk). The range of f is the interval [0,1] in R.

width height 0.5pt

Example 2.4

The domain of the function
T+Y—2

f(x7y’z):e

is all of R3, and the range of f is all positive real numbers.

width height 0.5pt
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2. Functions of Several Variables

Afunction f(z,y) defined in R? is often written as z» = f(z,y), as was mentioned in Section 1.1, so that the
graph of f(z,y) is the set {(z,y,2) : z= f(z,9)} in R3. So we see that this graph is a surface in R?, since it
satisfies an equation of the form F(z,y, 2z) = 0 (namely, F(z,y, z) = f(x,y) — 2). The traces of this surface
in the planes z = ¢, where c varies over R, are called the level curves of the function. Equivalently, the
level curves are the solution sets of the equations f(z,y) = ¢, for ¢ in R. Level curves are often projected
onto the zy-plane to give an idea of the various “elevation” levels of the surface (as is done in
topography).

width height 0.5pt

Example 2.5

The graph of the function

sin y/x2 + y?
f@,y) = ———=—

V2 +y?
is shown below. Note that the level curves (shown both on the surface and projected onto the xy-
plane) are groups of concentric circles.

0.8
0.6
0.4
0.2

-0.2

-0.4

Figure 2.1.1The function f(z,y) = %
oY

width height 0.5pt
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2. Functions of Several Variables

You may be wondering what happens to the function in Example 2.5 at the point (z,y) = (0,0), since
both the numerator and denominator are 0 at that point. The function is not defined at (0, 0), but the limit
of the function exists (and equals 1) as (z,y) approaches (0,0). We will now state explicitly what is
meant by the limit of a function of two variables.

Definition 2.1

Let (a,b) be a point in R2, and let f(z,y) be a real-valued function defined on some set containing
(a,b) (but not necessarily defined at (a, b) itself). Then we say that the limit of f(x,y) equals L as
(z,y) approaches (a,b), written as

lim f(z,y)=L, (2.1)

(z,y)—(a,d)

if given any e > 0, there exists a § > 0 such that

|f(z,y) —L| < e whenever 0<\/(asfa)2+(y—b)2<5.

A similar definition can be made for functions of three variables. The idea behind the above definition is
that the values of f(z,y) can get arbitrarily close to L (i.e. within ¢ of L) if we pick (z, ) sufficiently close
to (a,b) (i.e. inside a circle centered at (a, b) with some sufficiently small radius 6).

If you recall the “epsilon-delta” proofs of limits of real-valued functions of a single variable, you may
remember how awkward they can be, and how they can usually only be done easily for simple
functions. In general, the multivariable cases are at least equally awkward to go through, so we will not
bother with such proofs. Instead, we will simply state that when the function f(z,y) is given by a single
formula and is defined at the point (a,b) (e.g. is not some indeterminate form like 0/0) then you can just
substitute (z,y) = (a,b) into the formula for f(z,y) to find the limit.

width height 0.5pt

Example 2.6

Ty M) 2

li = =
(z,y)li}lzl,Z) 2 + y2? 12 422 5

since f(z,y) = szygﬂ is properly defined at the point (1,2).
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2. Functions of Several Variables

width height 0.5pt

The major difference between limits in one variable and limits in two or more variables has to do with
how a point is approached. In the single-variable case, the statement “z — «” means that z gets closer
to the value a from two possible directions along the real number line (see Figure 2.1.2(a)). In two
dimensions, however, (z,y) can approach a point (a, ) along an infinite number of paths (see Figure
2.1.2(b)).

(@ x—ainR (b) (z,y) — (a,b) I R?

Figure 2.1.2“Approaching” a point in different dimensions

Example 2.7

does not exist

lim
(@)~ 00 z2 4 y?

Note that we can not simply substitute (z,y) = (0,0) into the function, since doing so gives an
indeterminate form 0/0. To show that the limit does not exist, we will show that the function
approaches different values as (z,y) approaches (0,0) along different paths in R2. To see this,
suppose that (z,y) — (0,0) along the positive z-axis, so that y = 0 along that path. Then

Ty z0

_'1}, = = :0
f( y) m2+y2 .'L'2+02

along that path (since = > 0 in the denominator). But if (z,y) — (0,0) along the straight line y = =
through the origin, for z > 0, then we see that

Ty z? 1

2 + 92 T2 ta2 2

f(x7y) =

which means that f(z,y) approaches different values as (z,y) — (0,0) along different paths. Hence
the limit does not exist.

width height 0.5pt

Limits of real-valued multivariable functions obey the same algebraic rules as in the single-variable
case, as shown in the following theorem, which we state without proof.
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2. Functions of Several Variables

Theorem 2.1

Suppose that  lim f(z,y) and lim g(z,y) both exist, and that k is some scalar. Then:
(@y)—(a,b) (@)= (a,b)

1 (Ivyl)gr(laﬁb)[f(l‘7y) ig(m,y)] - |: (e l)lnzab f(SC y) :| + |: (3 1)HI%a b)g(x y) :|

2. lim kf(xy)—k{< lim f(m,y)]

(z.y)—(a,b) z,y)—(a,b)

3. lm ()] =] m S]] lm g |

(@,9)~(a,b) z,9)-(a, y)—(a,b)
lim T
4. fim @Y _ GooGd Y if lim g(z,y)#0
" (@y)~(ab) gz, y) lim g(z,y) (@g) (@b

(z.y)—=(a,b)

5.1f | f(z,y) — L| < g(z,y) for all (z,y) and if lim g(z,y) =0, then lim f(ac y) = L.

(zy)—=(a,b) (z.y)—(a;b)

Note that in part (e), it suffices to have | f(z,y) — L| < g(z,y) for all (z,y) “sufficiently close” to (a, ) (but
excluding (a,b) itself).

Example 2.8
Show that

y4

.
(w)>(00) T2+ y?

Since substituting (z,y) = (0,0) into the function gives the indeterminate form 0/0, we need an
alternate method for evaluating this limit. We will use Theorem 2.1(e). First, notice that y* = (@)4
and s0 0 < y* < (/2% + y2)4 for all (z,y). But (/2> + y2)4 = (2% +y?)2. Thus, for all (z,y) # (0,0) we

have

y4

m2+y2

(ZL‘2 u y2)2
x2 +y2

=z’ +9y* =0 as (z,y) — (0,0).

4
Therefore lim y— =0
(@)—(0,0) z2 + y?

width height 0.5pt

Continuity can be defined similarly as in the single-variable case.
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2. Functions of Several Variables

Definition 2.2

Areal-valued function f(z,y) with domain D in R? is continuous at the point (a,b) in D if

lim f(z,y) = f(a,b). We say that f(z,y) is a continuous function if it is continuous at every
(@,y)=(a.b)

point in its domain D.

Unless indicated otherwise, you can assume that all the functions we deal with are continuous. In fact,
we can modify the function from Example 2.8 so that it is continuous on all of R2.

width height 0.5pt

Example 2.9

Define a function f(z,y) on all of R? as follows:

{0 ) if (z,y) = (0,0)
f(:v,y) = Y .
z2 + yg if ('T7y> 5& (0’0)

Then f(z,y) is well-defined for all (z,y) in R? (i.e. there are no indeterminate forms for any (z,v)),
and we see that

4

lim f(z,y) = = f(a,b) for (a,b) # (0,0).

(2,9)—(a,b) a? + b2

So since

lim f(z,y) =0= f(0,0) by Example 2.8,
(z,9)—(0,0)

then f(z,y) is continuous on all of R2.

width height 0.5pt
Exercises
A

For Exercises 1-6, state the domain and range of the given function.
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2. Functions of Several Variables

1. fla,y) = a?+y? —1

2 fe) = o

2
3. flag) = VTP 1
4. floy) =

2

5. f(x,y,2) = sin(xyz2)
6. f(z,y,2) = V(z—1)(yz— 1)
For Exercises 7-18, evaluate the given limit.

2
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10.

11.

12.

13.

14.

15.

16.

17.

18.

lim
(z,y)—(0,0)

lim

" (2)-(00)

2

lim

" (2)~(0,0)

lim
(2,y)—(0,0)

2

lim
(z,9)—(1,—1)

lim
(2,y)—(0,0)

2

lim
(z,y)—(1,1)

lim
(2,9)—(0,0)

2

lim
(z,y)—(0,0)

lim
(2,9)—(0,0)

2

lim
(z,y)—(0,0)

lim
(2,9)—(0,0)

cos(zy)

e™

.’1)2—

2+

Ty

z2 +

2 — 2zy + 12
r—Yy

Ty

2+

e —

y2
y2

2

y4

2

y2

Y

T —

2 — 22y +9°
rT—y

y" sin(zy)
IQ + y2

Y

2. Functions of Several Variables

(22 + y?) cos (%y)

Y

( 1
cos

Ty

)
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2. Functions of Several Variables

19. Show that f(z,y) = 51y~ @)% for & > 0, is constant on the circle of radius r > 0 centered at
the origin. This function is called a Gaussian blur, and is used as a filter in image processing
software to produce a “blurred” effect.

20. Suppose that f(z,y) < f(y,z) for all (z,y) in R2. Show that f(z,y) = f(y, =) for all (z,y) in R%.

21. Use the substitution r = y/z2 + 42 to show that

lim sinva?+y?
(@y)=00) /22 442

1.

(Hint: You will need to use L'Hdpital’s Rule for single-variable limits.)

22. Prove Theorem 2.1(a) in the case of addition. (Hint: Use Definition 2.1.)

23. Prove Theorem 2.1(b).

2.2 Partial Derivatives

Now that we have an idea of what functions of several variables are, and what a limit of such a function
is, we can start to develop an idea of a derivative of a function of two or more variables. We will start
with the notion of a partial derivative.

Definition 2.3

Let f(x,y) be a real-valued function with domain D in R?, and let (a,b) be a point in D. Then the
of

partial derivative of f at (a,b) with respect to z, denoted by B

(a,b), is defined as

of

of _ 4. fla+hb)— fa,b)

gy (@b = im h (22)
and the partial derivative of f at (a,b) with respect to y, denoted by g—zjj(a, b), is defined as

ﬁ T f(a7b+h)7f(a7b)

By (a,b) = }l}_}r% Y . (2.3)

Note: The symbol 8 is pronounced “del”.[1]
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2. Functions of Several Variables

Recall that the derivative of a function f(z) can be interpreted as the rate of change of that function in
the (positive) z direction. From the definitions above, we can see that the partial derivative of a function
f(z,y) with respect to = or y is the rate of change of f(z,y) in the (positive) = or y direction, respectively.
What this means is that the partial derivative of a function f(z, y) with respect to z can be calculated by
treating the y variable as a constant, and then simply differentiating f(z,y) as if it were a function of
alone, using the usual rules from single-variable calculus. Likewise, the partial derivative of f(z,y) with
respect to y is obtained by treating the z variable as a constant and then differentiating f(x,y) as if it
were a function of y alone.

width height 0.5pt

Example 2.10

Find %(x,y) and %(a},y) for the function f(z,y) = 2%y + 4.
z Yy

Solution: Treating y as a constant and differentiating f(z,y) with respect to z gives

of

=4 —92
o (z,y) = 2zy

and treating x as a constant and differentiating f(x,y) with respect to y gives

of

“ _ .2 2
5y (B) =20+ 3y
width height 0.5pt We will often simply write 9f and or instead of ﬁ(af;,y) and ﬂ(x,y).
Oz Oy Oz Oy

width height 0.5pt
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2. Functions of Several Variables

Example 2.11
. Of of . B sin(zy?)
Find oz and B for the function f(z,y) = o

Solution: Treating y as a constant and differentiating f(z,y) with respect to z gives

of _ (*+1)(y*cos(ay?)) — (2) sin(zy?)

Oz (x% +1)?

and treating x as a constant and differentiating f(x,y) with respect to y gives

df  2zy cos(zy?)
oy z2+1

width height 0.5pt

. 0 0 . . . . .
Since both a—i and a_;{; are themselves functions of =z and y, we can take their partial derivatives with

respect to = and y. This yields the higher-order partial derivatives:

82f_8 of 82f_8 of
" alas) o o)
o%f o (0f o%f o (0f
Oy Ox _a_y(%> Ox Oy :%(6_3;)
83]”_ a0 (0%f 83f_ a (0%f
03 _%<W) 8_y3_6_y<8_gﬁ)
o3 f 0 0% f o3 f 0 0% f
Oy Oz _Fy(W) Ox Oy? _%(3_,7;2>
93f 0 0? 0% f 0 0%f
Oy? Ox _8_y<8y8x> 0x2 Oy _%(m>
a%f 0 0? a%f 0 0%f
Ox Oy Ox _%<3yax) Oy Oz Oy _8_y(6m3y>

width height 0.5pt
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2. Functions of Several Variables

Example 2.12

2 2 2 2 )
Find the partial derivatives ﬁ ﬁ 9 f, 9 f, o and 0°f for the function f(z,y) = e*¥ + xy?.
Ox Oy 0z2 Oy Oyox Oz Oy

Solution: Proceeding as before, we have

g_f = 2zye™ + 3 ? = %"V + 3xy?
z Yy
o’f 0 : ’f D, ,
= —(2 7y 3 — 2 (2 @ 2
= 2ye”Y 4 4a2y2e” = z%e™™ + 6y
o’ f 0 2 0% f 0 2
—2 =9 7y 3 — 2 (2.7 3 2
Oy oz 3y< zye” 'y 0xdy O (""" + 3ay7)
= 2ze™ + 2z°ye™ Y + 3y’ = 20e™ + 2rdye”™ + 3y?

width height 0.5pt

Higher-order partial derivatives that are taken with respect to different variables, such as -2£ and 2L,

are called mixed partial derivatives. Notice in the above example that 24 = = It turns that this will
usually be the case. Specifically, whenever both -Z and 2L are continuous at a point (a,b), then they
are equal at that point.l2l All the functions we will deal with will have continuous partial derivatives of all
orders, so you can assume in the remainder of the text that

0% f B 0% f
oydxr  Oxdy

for all (z,y) in the domain of f.

In other words, it doesn’t matter in which order you take partial derivatives. This applies even to mixed
partial derivatives of order 3 or higher.

The notation for partial derivatives varies. All of the following are equivalent:

Vector Calculus (Michael Corral) — GFDL-1.2 — Page 13 of 47



A

of
or
of

2. Functions of Several Variables

 fa(zy)

a5 fy(xvy) 3

Oy
0%f
Ox?
0% f
oy
o%f

By oz
0%f
Oz Oy

D fu(zy)

: fyy($7 y) b
2 fa(Ty)

: fyZ(x7y> )

For Exercises 1-16, find 2 and %Z'

2

fiz,y), D.(z,y), Di(z,y)
fo(z,y), D,(z,y), Di(z,y)
ful,y), D.(z,y), Dulz,y)
fo(z,y) . D,(z,y), Du(z,y)
fo(z,y) ;. D.(z,y), Du(z,y)

f21(xay)’ Dyz($7y)7 Dm(xay)

Exercises

Vector Calculus (Michael Corral) — GFDL-1.2 — Page 14 of 47



2. Functions of Several Variables

1. fla,y) = a2+

2. f(z,y) = cos(z + y)

2
3. flz,y) = V22 +y+4
r+1
4. f(z,y) = )
2

5. f(z,y) = €™ + zy

6. f(z,y) = 2> —y* + 62y + 42 — Sy + 2
2

7. f(z,y) = z*

8. flz,y) =x+2y
2

9. f(z,y) = V22 +¢°

10. f(z,y) = sin(z + y)

2
11. f(z,y) = Va2 +y+4
zy+1
12. =
f(z,y) P
2

13. f(z,y) = e~ (")
14. f(z,y) = In(zy)

2
15. f(z,y) = sin(zy)
16. f(z,y) = tan(z + y)

For Exercises 17-26, find 24, 2L and 2L (use Exercises 1-8, 14, 15).
z 1y y Oz

2
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17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

2. Functions of Several Variables

fl@,y) =2+

flz,y) = cos(z +y)

2

flz,y) =Va>+y+4
r+1

flz,y) = )

2

flz,y) = e +ay

flz,y) = 2% —y?* + 6zy + 4z — 8y + 2
2

fla,y) ="

flzy) =z +2y

2

f(z,y) = In(zy)

f(z,y) = sin(zy)

Show that the function f(z,y) = sin(z + y) + cos(z — y) satisfies the wave equation

The wave equation is an example of a partial differential equation.

Let » and v be twice-differentiable functions of a single variable, and let ¢ # 0 be a constant. Show
that f(z,y) = u(z + cy) + v(z — cy) is a solution of the general one-dimensional wave equation'!

. Itis not a Greek letter. The symbol was first used by the mathematicians A. Clairaut and L. Euler around 1740,

to distinguish it from the letter d used for the “usual” derivative. «

2. See pp. 214-216 in tm for a proof. «
3. Conversely, it turns out that any solution must be of this form. See Ch. 1 in wei. €
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2. Functions of Several Variables

2.3 Tangent Plane to a Surface

In the previous section we mentioned that the partial derivatives % and %5 can be thought of as the
rate of change of a function z = f(z,y) in the positive z and y directions, respectively. Recall that the
derivative % of a function y = f(z) has a geometric meaning, namely as the slope of the tangent line to
the graph of f at the point (z, f(z)) in R2. There is a similar geometric meaning to the partial derivatives
% and % of a function z = f(z,y): given a point (a,b) in the domain D of f(z,y), the trace of the surface
described by z = f(z,y) in the plane y = b is a curve in R? through the point (a, b, f(a,b)), and the slope of
the tangent line L, to that curve at that point is %(a, b). Similarly, %(a, b) is the slope of the tangent line
L, to the trace of the surface z = f(z,y) in the plane z = a (see Figure 2.3.1).

(a) Tangent line L, in the plane y (b) Tangent line L, in the plane z

=b =a
Figure 2.3.1Partial derivatives as slopes

Since the derivative % of a function y = f(z) is used to find the tangent line to the graph of f (which is a
curve in R?), you might expect that partial derivatives can be used to define a tangent plane to the
graph of a surface z = f(z,y). This indeed turns out to be the case. First, we need a definition of a
tangent plane. The intuitive idea is that a tangent plane “just touches” a surface at a point. The formal

definition mimics the intuitive notion of a tangent line to a curve.

Definition 2.4

Let z = f(z,y) be the equation of a surface S in R?, and let P = (a,b,c) be a pointon S. Let T be a
plane which contains the point P, and let Q = (z, y, ) represent a generic point on the surface S. If

— .
the (acute) angle between the vector PQ and the plane T approaches zero as the point Q
approaches P along the surface S, then we call T the tangent plane to S at P.

Note that since two lines in R? determine a plane, then the two tangent lines to the surface z = f(z,y) in
the z and y directions described in Figure 2.3.1 are contained in the tangent plane at that point, if the
tangent plane exists at that point. The existence of those two tangent lines does not by itself guarantee
the existence of the tangent plane. It is possible that if we take the trace of the surface in the plane z —y
= 0 (which makes a 45° angle with the positive z-axis), the resulting curve in that plane may have a
tangent line which is not in the plane determined by the other two tangent lines, or it may not have a
tangent line at all at that point. Luckily, it turns outl! that if % and 2—5 exist in a region around a point
(a,b) and are continuous at (a, b) then the tangent plane to the surface » = f(z,y) will exist at the point
(a,b, f(a,b)). In this text, those conditions will always hold.
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2. Functions of Several Variables

Suppose that we want an equation of the tangent plane T to the surface » = f(x,y) at a point
(a,b, f(a,b)). Let L, and L, be the tangent lines to the traces of the surface in the planes y = b and = = q,

respectively (as in Figure 2.3.2), and suppose that the conditions for T to exist do hold. Then the
equation for T is

A(x —a)+ B(y—b) + C(z— f(a,b)) =0 (2.4)

where n = (A, B,C) is a normal vector to the plane T. Since T contains the lines L, and L,, then all we
need are vectors v, and v, that are parallel to L, and L,, respectively, and thenletn=v, x v,.

Since the slope of L, is gg(a, b), then the vector v, = (1,0, %(a,b)) is parallel to L, (since v, lies in the z2-

of
plane and lies in a line with slope w = %(a,b). See Figure 2.3.3). Similarly, the vector

v, = (0,1, %i(a, b)) is parallel to L,. Hence, the vector
: ” ;

e

n=v, Xv,=

S =
= O

is normal to the plane T. Thus the equation of T is
~2(a,b) (z—a) — Z(a,b) (y—b) + 2~ f(a,b) = 0. 25)

Multiplying both sides by —1, we have the following result:

The equation of the tangent plane to the surface z = f(x,y) at the point (a,b, f(a,b)) IS

2 (a,b) (z — a) + 3L (a,b) (y—b) — 2+ f(a,b) =0 (2.6)
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2. Functions of Several Variables

Example 2.13

Find the equation of the tangent plane to the surface z = z% + y? at the point (1,2,5).
Solution: For the function f(z,y) = z2 + y2, we have %ﬁ =2z and %5 = 2y, SO the equation of the

tangent plane at the point (1,2,5) is

2(1)(x—1)+2(2)(y—2)—2+5=0, or
2c4+4y—2—5=0.

width height 0.5pt

In a similar fashion, it can be shown that if a surface is defined implicitly by an equation of the form
F(z,y,2) = 0, then the tangent plane to the surface at a point (a, b, ¢) is given by the equation

9 (a,b,c) (z—a) + 9(a,b,¢) (y—b) + 5 (a,b,¢) (z— ) =0 . (2.7)

Note that formula (2.6) is the special case of formula (2.7) where F(z,y, 2) = f(z,y) — 2.

width height 0.5pt

Example 2.14

Find the equation of the tangent plane to the surface z2 + 2 + 22 = 9 at the point (2,2, —1).

Solution: For the function F(z,y, z) = 2?4+ y? + 22 — 9, we have 4& = 2z, %—5 =2y, and 4E = 22, so the
equation of the tangent plane at (2,2,—1) is

22)(z—2) +2(2)(y—2) +2(—1)(#+1) =0, or
20 +2y—2—9=0.

EXERCISES

A

For Exercises 1-6, find the equation of the tangent plane to the surface z = f(z,y) at the point P.
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2. Functions of Several Variables

1. f(z,y)=2*+¢* P=(1,1,2)
2. f(z,y) =zy, P=(1,—-1,-1)
2
3. f(z,y) = 2%y, P=(—1,1,1)
4. f(z,y) = ze¥, P=(1,0,1)
2
5 f(z,y) =z+2y, P=(2,1,4)
6. f(w,y) = V2> + 42, P=(3,4,5)
For Exercises 7-10, find the equation of the tangent plane to the given surface at the point P.

2

2 2

74+ S =1, P= (1,2, 20)
8. a2+ y2+22=9, P=(0,0,3)

2
9.224+9y?2—22=0, P=(3,4,5)

10. 22 + 42 = 4, P = (+/3,1,0)

1. See [§ 6.4]tm.

2.4 Directional Derivatives and the Gradient

For a function z = f(z,y), we learned that the partial derivatives % and ‘Z—g represent the (instantaneous)
rate of change of f in the positive z and y directions, respectively. What about other directions? It turns
out that we can find the rate of change in any direction using a more general type of derivative called a
directional derivative.

Definition 2.5

Let f(z,y) be a real-valued function with domain D in R?, and let (a,b) be a pointin D. Let v be a
unit vector in R2. Then the directional derivative of f at (a,b) in the direction of v, denoted by
D, f(a,b), is defined as
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2. Functions of Several Variables

va(a’ b) _ IILIL% f((a7 b) + h}:’) B f(av b) (28)

Notice in the definition that we seem to be treating the point (a,b) as a vector, since we are adding the
vector hv to it. But this is just the usual idea of identifying vectors with their terminal points, which the
reader should be used to by now. If we were to write the vector v as v = (v, v,), then

D fla,b) = lim L& P00+ hve) — flab)

h—0 h (2.9)

From this we can immediately recognize that the partial derivatives 6£ and % are special cases of the
directional derivative with v=1i= (1,0) and v = j = (0, 1), respectively. That is, % = D,f and g—g = D,f.
Since there are many vectors with the same direction, we use a unit vector in the definition, as that
represents a “standard” vector for a given direction.

If f(z,y) has continuous partial derivatives gg and %5 (which will always be the case in this text), then

there is a simple formula for the directional derivative:

Theorem 2.2

Let f(z,y) be a real-valued function with domain D in R? such that the partial derivatives % and g—z
exist and are continuous in D. Let (a,b) be a point in D, and let v = (v,,v,) be a unit vector in R2.
Then

D, f(a,b) = vlg—i(a, b) + vzﬂ(a, b) . (2.10)

proof[Proof:] Note that if v = i = (1,0) then the above formula reduces to D, f(a,b) = g—j:(a, b), which

we know is true since D, f = %, as we noted earlier. Similarly, for v = j = (0,1) the formula reduces
to D, f(a,b) = 4L (a,b), which is true since D,f = L. So since i = (1,0) and j = (0, 1) are the only unit
vectors in R2 with a zero component, then we need only show the formula holds for unit vectors v
= (v, v,) With v, # 0 and v, # 0. So fix such a vector v and fix a number k # 0. Then

fla+ hv, b+ hv,) — f(a,b) = f(a+ hv,, b+ hv,) — f(a + hv,,b) + f(a + hv,,b) — f(a,b) . (2.11)
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2. Functions of Several Variables

Since h # 0 and v, # 0, then hv, # 0 and thus any number ¢ between b and b + hv, can be written as
¢ = b+ ahv, for some number 0 < a < 1. So since the function f(a + hv,,y) is a real-valued function
of y (since a + hv, is a fixed number), then the Mean Value Theorem from single-variable calculus
can be applied to the function g(y) = f(a + hv,,y) on the interval [b, b+ hv,] (Or [b + hv,, b] if one of h or
v, IS negative) to find a number 0 < a < 1 such that

of , g(b+ hv,) — g(b) fla+ hv,, b+ hv,) — f(a + hv,, b)
8—y(a+hvl,b+ahvz)—g (b+ ahv,) = Ty o,

and so
of
fla+ hv, b+ hv,) — f(a+ hv,,b) = hv2a—y(a + hv,, b+ ahv,) .
By a similar argument, there exists a number 0 < g < 1 such that

fla+ hv,,b) — f(a,b) = hvl%(a—i—,@hvl,b).

Thus, by equation (2.11), we have

fla+hv,b+hv,) — fla,b) hvz%(a + hv,, b+ ahv,) + hvlg—i(a + Bhv,, b)
h N h
0 0
= vza—i(a—i—hvl,b—l—ahvz)+vla—£(a+ﬁhvl,b)

so by formula (2.9) we have

fla+ hv,, b+ hv,) — f(a,b)

va(a, b) = }Lli)r(l) h
L of of
= }111)1(1) vza—y(a—i-hvl,b—l—ahvg)—I—vlg(a—i-ﬂhvl,b)
of of o of of
= vga—y(a, b) + vla(a, b) by the continuity of e and a_y’ S0
0 0
D, f(a,b) = Ul(’)_i(a’ b) + v26—§(a, b)

after reversing the order of summation.

Note that D, f(a,b) = v - (gﬁ(a, b), 5L (a, b)). The second vector has a special name:
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Definition 2.6

For a real-valued function f(z,y), the gradient of f, denoted by V£, is the vector

Vi= (g—i, g—g) (2.12)

in R2. For a real-valued function f(z,v, z), the gradient is the vector

_ (0 01 of
Vf= (ax’ 9 3;;) (2.13)

in R3. The symbol V is pronounced “del”.1!

Corollary 2.3
D, f=v-Vf

width height 0.5pt

Example 2.15

Find the directional derivative of f(z,y) = zy* + z3y at the point (1,2) in the direction of v
- (%)

Solution: We see that Vf = (y* + 3z%y, 22y + z?), SO

D,.f(1,2) = v-Vf(1,2) = (%,%)-(22+3(1)2(2),2(1)(2)+13) = 12

2

width height 0.5pt

Areal-valued function z = f(z,y) whose partial derivatives % and g—f; exist and are continuous is called
continuously differentiable. Assume that f(x,y) is such a function and that Vf # 0. Let ¢ be a real
number in the range of f and let v be a unit vector in R? which is tangent to the level curve f(z,y) = c
(see Figure 2.4.1).
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Figure 2.4.1

The value of f(z,y) is constant along a level curve, so since v is a tangent vector to this curve, then the
rate of change of f in the direction of vis O, i.e. D,f = 0. But we know that D, f = v -V f = |v||Vf]| cosb,
where 6 is the angle between v and V. So since |v| =1then D,f = |V f| cosf. So since Vf # 0 then
D,f=0=cosf =0= 60=090°. In other words, Vf L v, which means that V£ is normal to the level curve.

In general, for any unit vector v in R2, we still have D, f = |V f|| cos8, where @ is the angle between v and
V f. At a fixed point (z,y) the length |V £ is fixed, and the value of D, f then varies as 6 varies. The
largest value that D, f can take is when cosf = 1 (8 = 0°), while the smallest value occurs when cos = —1
(6 = 180°). In other words, the value of the function f increases the fastest in the direction of V f (since 6
= 0° in that case), and the value of f decreases the fastest in the direction of —V f (since § = 180° in that
case). We have thus proved the following theorem:

Theorem 2.4

Let f(x,y) be a continuously differentiable real-valued function, with vV f #+ 0. Then:

1. The gradient V£ is normal to any level curve f(z,y) = c.
2. The value of f(z,y) increases the fastest in the direction of V.

3. The value of f(z,y) decreases the fastest in the direction of —Vf.

width height 0.5pt

Example 2.16

In which direction does the function f(z,y) = zy* + 2%y increase the fastest from the point (1,2)? In
which direction does it decrease the fastest?

Solution: Since Vf = (y* + 3z%y, 2zy + 23), then V £(1,2) = (10,5) # 0. A unit vector in that direction is

- vf _ (2 1 i i irecti 2 1
V=T = (\/3 \/5>. Thus, f increases the fastest in the direction of (\/g \/g) and decreases the

. L P
fastest in the direction of (% %)

width height 0.5pt
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2. Functions of Several Variables

Though we proved Theorem 2.4 for functions of two variables, a similar argument can be used to show
that it also applies to functions of three or more variables. Likewise, the directional derivative in the
three-dimensional case can also be defined by the formula D,f = v- V.

width height 0.5pt

Example 2.17

The temperature T of a solid is given by the function T'(z,y, z) = e + e~ % + e, where z, y, z are
space coordinates relative to the center of the solid. In which direction from the point (1,1,1) will
the temperature decrease the fastest?

Solution: Since Vf = (—e~*, —2e~%, 4e%*), then the temperature will decrease the fastest in the
direction of —V £(1,1,1) = (e 1, 2e72, —4e?).

width height 0.5pt

Exercises
A
For Exercises 1-10, compute the gradient V£.

2
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2. Functions of Several Variables

1 fle,y) =2 +¢y* -1

1

2. f(xyy):m

2
3. f(wy) = V> +17 +4
4. f(z,y) = 2%¥
2
S. f(z,y) = In(zy)
6. f(z,y) = 2z + 5y
2
7. f(z,y, 2) = sin(zy?)
8. flz,y,2) = z2e¥
2
9. f(z,y,2) = 2>+ y> + 22

10. f(z,y,2) = NZE )

For Exercises 11-14, find the directional derivative of f at the point P in the direction of v = (% %)
2
1. f(z,y) =2*+y*—1, P=(1,1)
1

2
13. f(z,y) = V& +y*>+4, P=(1,1)
14. f(z,y) = z%e¥, P = (1,1)
For Exercises 15-16, find the directional derivative of f at the point P in the direction of v
2
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15.

16.

17.

18.

B

2. Functions of Several Variables

f(@,y,2) = sin(zyz), P = (1,1,1)
f(l.7ya Z) = 1.2eyz’ P = (17 ]-7 1)
Repeat Example 2.16 at the point (2, 3).

Repeat Example 2.17 at the point (3,1,2).

For Exercises 19-26, let f(x,y) and g(z,y) be continuously differentiable real-valued functions, let c be a
constant, and let v be a unit vector in R2. Show that:

2

19.

20.

21.

22.

23.

24,

25.

26.

27.

Vicf)=cVf

V(f+9) =Vf+Vyg

2

V(fg)=fVg+gVf

v(s/e) = L i g(a) 40
2

D.f=-D.f

D, (cf)=cD.f

2

D.(f+g9 =D.f + Dyg
D,(fg)=fD.g + gD.f

The function r(z,y) = v/z2 + 32 is the length of the position vector r = zi + yj for each point (x,y) in
1
R2, Show that Vr = =r when (z,y) # (0,0), and that V(r?) = 2r.

. Sometimes the notation grad(f) is used instead of Vf. «

2.5 Maxima and Minima

The gradient can be used to find extreme points of real-valued functions of several variables, that is,
points where the function has a local maximum or local minimum. We will consider only functions of two
variables; functions of three or more variables require methods using linear algebra.
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Definition 2.7

Let f(z,y) be a real-valued function, and let (a, ) be a point in the domain of f. We say that f has a
local maximum at (a,b) if f(z,y) < f(a,b) for all (z,y) inside some disk of positive radius centered
at (a,b), i.e. there is some sufficiently small » > 0 such that f(z,y) < f(a,b) for all (z,y) for which
(x—a)?+ (y—0b)2 <r2

Likewise, we say that f has a local minimum at (a,b) if f(z,y) > f(a,b) for all (z,y) inside some
disk of positive radius centered at (a, b).

If f(z,y) < f(a,b) for all (z,y) in the domain of f, then f has a global maximum at (a,b). If f(z,y)
> f(a,b) for all (z,y) in the domain of f, then f has a global minimum at (a,b).

Suppose that (a,b) is a local maximum point for f(x,y), and that the first-order partial derivatives of f
exist at (a,b). We know that f(a,b) is the largest value of f(z,y) as (z,y) goes in all directions from the
point (a,b), in some sufficiently small disk centered at (a,b). In particular, f(a,b) is the largest value of f
in the z direction (around the point (a,b)), that is, the single-variable function g(z) = f(z,b) has a local
maximum at z = a. So we know that g’(a) = 0. Since g’(z) = 2L (z,b), then 2L (a,b) = 0. Similarly, f(a,b) is
the largest value of f near (a,b) in the y direction and so %(a, b) = 0. We thus have the following
theorem:

Theorem 2.5

Let f(z,y) be a real-valued function such that both %(a, b) and g—f;(a,b) exist. Then a necessary
condition for f(z,y) to have a local maximum or minimum at (a, b) is that V f(a,b) = 0.

Note: Theorem 2.5 can be extended to apply to functions of three or more variables.

A point (a,b) where V f(a,b) = 0 is called a critical point for the function f(z,y). So given a function
f(z,y), to find the critical points of f you have to solve the equations %(m,y) =0 and giy(x,y) =0
simultaneously for (z,y). Similar to the single-variable case, the necessary condition that V f(a,b) = 0 is
not always sufficient to guarantee that a critical point is a local maximum or minimum.

width height 0.5pt
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Example 2.18

The function f(z,y) = y has a critical point at (0,0): &£ =y =0=y =0, and %5 =z=0=2=0, SO
(0,0) is the only critical point. But clearly f does not have a local maximum or minimum at (0, 0)
since any disk around (0,0) contains points (z,y) where the values of z and y have the same sign
(so that f(z,y) = zy > 0 = f(0,0)) and different signs (so that f(x,y) = zy < 0 = £(0,0)). In fact, along
the path y = z in R?, f(z,y) = x2, which has a local minimum at (0,0), while along the path y = —=x
we have f(z,y) = —=?, which has a local maximum at (0,0). So (0,0) is an example of a saddle
point, i.e. it is a local maximum in one direction and a local minimum in another direction. The
graph of f(z,y) is shown in Figure 2.5.1, which is a hyperbolic paraboloid.

Figure 2.5.1f(z,y) = xy, saddle point at (0,0)

width height 0.5pt

The following theorem gives sufficient conditions for a critical point to be a local maximum or minimum
of a smooth function (i.e. a function whose partial derivatives of all orders exist and are continuous),
which we will not prove here.[!

Theorem 2.6

Let f(z,y) be a smooth real-valued function, with a critical point at (a,b) (i.e. V f(a,b) = 0). Define

a?f aZf a?f 2
D= 55 (@b Gy (et~ (55-(h)

Then

1.if D>0and g—if(a,b) > 0, then f has a local minimum at (a, b)
2.if D>o0and g—if(a,b) < 0, then f has a local maximum at (a, b)
3.if D <0, then f has neither a local minimum nor a local maximum at (a, b)

4. if D =0, then the test fails.

If condition (c) holds, then (a,b) is a saddle point. Note that the assumption that f(x,y) is smooth means
that
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32f 32f
_ ﬁ( '0) ayﬁm(a’b)
| 8rf o2f
M(fhb) a—yg(a,b)

2
since 2L = 2L Also, if D > 0 then 4£(a,b) 2L (a,b) = D+ (%(a,b)) >0, and so 2L (a,b) and

%(a, b) have the same sign. This means that in parts (a) and (b) of the theorem one can replace
Y

2L (a,b) by ZL(a,b) if desired.

width height 0.5pt

Example 2.19

Find all local maxima and minima of f(z,y) = «* + zy + y* — 3z.

Solution: First find the critical points, i.e. where V f = 0. Since
g:2x+y—3 and gzx—i—Zy
Oox Jy

then the critical points (z,y) are the common solutions of the equations

20+ y—3=0
T+ 2y =0

which has the unique solution (z,y) = (2,—1). So (2,—1) is the only critical point.

To use Theorem 2.6, we need the second-order partial derivatives:

2 2 2
ﬂ = 2 5 ﬂ = 2 , ﬂ — 1
dx? oy? Oy Oz
and so
0°f 0°f 0°f : )
D= 55D 551~ (52-0-D) = @@-1 =3 >0

and 2L(2,—1) = 2 > 0. Thus, (2,—1) is a local minimum.
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width height 0.5pt

Example 2.20

Find all local maxima and minima of f(z,y) = zy — 2% — 32.

Solution: First find the critical points, i.e. where V f = 0. Since

of _ o o _
8x_y 3z and ay—x 2y

then the critical points (z,y) are the common solutions of the equations

y73a:2:0
z—2y=0

The first equation yields y = 322, substituting that into the second equation yields = — 622 = 0, which

has the solutions z = 0 and « = .SOxzo:y=3(0):0andx=%=>y:3(%)2:L.

1
6 12
(

So the critical points are (z,y) = (0,0) and (z,y) = (%, 13 )-

To use Theorem 2.6, we need the second-order partial derivatives:

82f . 82]“ B a2f B
W——Gm, 8_3/2__2’ %—1
So
_ 9 o2 f o2 f 2 2 _
v W(O’O)W(O’O)‘(ayax@’%) = (-6(0))(~2)—1* = —1 < 0

and thus (0,0) is a saddle point. Also,

o2 f 92 f
a2 (3:1%) 5 (

D =
oy?

ol
Sy [
o=

1 82 1 2 1 2
) () - - -

2 . .
and $£(+,45) =—1<0.Thus, ($, %) is a local maximum.

width height 0.5pt
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Example 2.21

Find all local maxima and minima of f(z,y) = (z — 2)* + (z — 2y)2.
Solution: First find the critical points, i.e. where V f = 0. Since

of _

p. =4(r —2)3 +2(x—2y) and of = —4(z — 2y)

oy
then the critical points (z,y) are the common solutions of the equations

4z —2)%+2(x—2y) =0
—4(x —2y) =0

The second equation yields = = 2y, substituting that into the first equation yields 4(2y — 2)3 =0,
which has the solution y = 1, and so z = 2(1) = 2. Thus, (2,1) is the only critical point.

To use Theorem 2.6, we need the second-order partial derivatives:

o v, O, O
So
p =200 00 (ZLen) = @@ - a7 =0
a2 a2 Oydz "’ o o

and so the test fails. What can be done in this situation? Sometimes it is possible to examine the
function to see directly the nature of a critical point. In our case, we see that f(z,y) > 0 for all (z,y),
since f(z,y) is the sum of fourth and second powers of numbers and hence must be nonnegative.
But we also see that f(2,1) = 0. Thus f(z,y) > 0= f(2,1) for all (z,y), and hence (2,1) is in fact a
global minimum for f.

width height 0.5pt
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Example 2.22
Find all local maxima and minima of f(z,y) = (22 + y2)e~ ="+,

Solution: First find the critical points, i.e. where V f = 0. Since

af 9 2 P ?
= — 9x(1— 4 (z"+y)
8f 92 9 —(22+1?)
L2 ooy1— (a2 + wy
Ay y( (" +y7))e

then the critical points are (0,0) and all points (z,) on the unit circle 2%+ ¢ = 1.

To use Theorem 2.6, we need the second-order partial derivatives:

2
% = 21— (2% +1%) — 207 — 2% (1 — (2% + %))}~V
ﬂ—2[1_(;p2+ 2)_2 2_221_ 2+ 9 ]*(IZerZ)
oy y Yy (1 — (2® +92)e
*f ) e ey
Oy oz zy[2 — (z° +°)e

At (0,0), we have D=4 > 0 and gi{ (0,0) =2 > 0, so (0,0) is a local minimum. However, for points

(x,y) on the unit circle z2 + y?> = 1, we have

D = (—4zx?e Y (—4y’e™) — (—dzye )2 = 0

and so the test fails. If we look at the graph of f(z,y), as shown in Figure 2.5.2, it looks like we
might have a local maximum for (z,y) on the unit circle =2 + y* = 1. If we switch to using polar
coordinates (r, ) instead of (z,y) in R?, where r? = 2% 4+ ¢?, then we see that we can write f(z,y) as
a function g(r) of the variable r alone: g(r) = r?¢~"". Then ¢'(r) = 2r(1 —r%)e~"", S0 it has a critical
point at » = 1, and we can check that g”(1) = —4e~! < 0, so the Second Derivative Test from single-
variable calculus says that » = 1 is a local maximum. But r = 1 corresponds to the unit circle z? + 3>
= 1. Thus, the points (z,y) on the unit circle z? + 3? = 1 are local maximum points for f.

Figure 2.5.2f(z,y) = (z* + y*)e V)

EXERCISES

Vector Calculus (Michael Corral) — GFDL-1.2 — Page 33 of 47




A

2. Functions of Several Variables

For Exercises 1-10, find all local maxima and minima of the function f(z,y).

2

10.

11.

12.

13.

 Szy) = =3z +4°

 flzyy) =23 — 120+ > + 8y

2

 Sfzy) =2 =3z 49" -3y

Sf(zy) = 2® + 327 + P — 3y°

2

. f(z,y) = 223 + 6zy + 3y°

- f(z,y) = 22° — 6zy + 3

2

Sz y) = Va4 y?

flzy) =r+2y

2

. f(z,y) = 42% — 4wy + 2y* + 10z — 6y

f(z,y) = —42% + 4oy — 2y% + 162 — 12y

For a rectangular solid of volume 1000 cubic meters, find the dimensions that will minimize the
surface area. (Hint: Use the volume condition to write the surface area as a function of just two
variables.)

Prove that if (a,b) is a local maximum or local minimum point for a smooth function f(x,y), then
the tangent plane to the surface z = f(x,y) at the point (a,b, f(a,b)) is parallel to the zy-plane. (Hint:
Use Theorem 2.5.)

Find three positive numbers z, y, = whose sum is 10 such that z2y2z is a maximum.

. See [§ 7.6]tm. «
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2.6 Unconstrained Optimization: Numerical Methods

The types of problems that we solved in the previous section were examples of unconstrained
optimization problems. That is, we tried to find local (and perhaps even global) maximum and minimum
points of real-valued functions f(z,y), where the points (z,y) could be any points in the domain of f. The
method we used required us to find the critical points of f, which meant having to solve the equation V f
= 0, which in general is a system of two equations in two unknowns (xz and y). While this was relatively
simple for the examples we did, in general this will not be the case. If the equations involve polynomials
in z and y of degree three or higher, or complicated expressions involving trigonometric, exponential, or
logarithmic functions, then solving even one such equation, let alone two, could be impossible by
elementary means.!

For example, if one of the equations that had to be solved was
2 +92—-2=0,

you may have a hard time getting the exact solutions. Trial and error would not help much, especially
since the only real solution[! turns out to be v/v/28 + 1 — v/v/28 — 1. In a situation such as this, the only

choice may be to find a solution using some numerical method which gives a sequence of numbers
which converge to the actual solution. For example, Newton’s method for solving equations f(z) = 0,
which you probably learned in single-variable calculus. In this section we will describe another method
of Newton for finding critical points of real-valued functions of two variables.

Let f(z,y) be a smooth real-valued function, and define

62 82 82 2

D(.’E,y) = W(may)

Newton’s algorithm: Pick an initial point (z,,y,). For n=0,1,2,3, ..., define:

d? 92 o2 f o2f
Fy‘;(mvmyn) Wg%(xmyn) |W(xn7yn) M(fﬂmyn)

of of
57(3%7%) W('xmyn)

of of
(‘)_y(xmyn> %(xnayn)
D(z,,y,)

D(z,,y,) ’

Tpyy = T Y1 = Yn — (2]‘4)

Then the sequence of points (z,,y,)°°, converges to a critical point. If there are several critical points,
then you will have to try different initial points to find them.
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Example 2.23

Find all local maxima and minima of f(z,y) = 2% — zy — z + zy3 — y*.

Solution: First calculate the necessary partial derivatives:

ﬂ:3m2—y—1+y3, ﬂ:—m+3xy2—4y3
or oy
°f d*f 2 ’f 2
W_&E’ a—y2—6l‘y712y y 8y8m—*1+3y

Notice that solving V f = 0 would involve solving two third-degree polynomial equations in z and y,
which in this case can not be done easily.

We need to pick an initial point (z,,y,) for our algorithm. Looking at the graph of z = f(x,y) over a
large region may help (see Figure 2.6.1 below), though it may be hard to tell where the critical
points are.

Figure 2.6.1f(z,y) = 2® — 2y — z + xy° — y* for —20 < z < 20 and —20
<y<20

Notice in the formulas (2.14) that we divide by D, so we should pick an initial point where D is not
zero. And we can see that D(0,0) = (0)(0) — (—1)2 = —1 # 0, so take (0,0) as our initial point. Since it
may take a large number of iterations of Newton’s algorithm to be sure that we are close enough
to the actual critical point, and since the computations are quite tedious, we will let a computer do
the computing. For this, we will write a simple program, using the Java programming language,
which will take a given initial point as a parameter and then perform 100 iterations of Newton’s
algorithm. In each iteration the new point will be printed, so that we can see if there is
convergence. The full code is shown in Listing 1.
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//Program to find the critical points of
f(X,y)=XA3-Xy-X+xyA3-yr4
public class newton {
public static void main(String[] args) {
//Get the initial point (x,y) as command-line
parameters
double x = Double.parseDouble(args[0]);
//Initial x value
double y = Double.parseDouble(args[1]);
//Initial y value
System.out.println("Initial point: (" + x +
Uy M)
//Go through 100 iterations of Newton's
algorithm
for (int n=1; n<=100; n++) {
double D = fxx(x,y)*fyy(x,y) -
Math.pow(fxy(x,y),2);
double xn = x; double yn = vy; //The
current x and y values
if (D == 0) { //We can not divide by 0
System.out.println("Error: D = @ at
To use this program; yQr-sh@Hddfirst saye e code in Listing 1 in a plain text file called
newton.java . You will need thgsiav@ &eyed@gmemgﬁﬂﬂttﬁg:cp‘ﬁpﬂeahe code. In the directory
where newton.java is sayed]sen {his/carhmerd at theomemane remptao compile the code:

javac newton.javal Y

Then run the program with the ThifiaBoint (0] Wit ¥Aid dorhiian @) -
fxy(xn,yn)*fy(xn,yn))/D;

y = yn - (fxx(xn,yn)*fy(xn,yn) -
Below is the output By pragremxsingy0,)0)/&s the initial point, truncated to show the first 10

java newton 0 0

lines and the last 5 lines: System.out.println("n =" + n + ": (" +
X+ "y )
}
}
}
//Below are the parts specific to the function
£

//The first partial derivative of f wrt x:
3XN2-y-1+yA3

public static double fx(double x, double y) {

return 3*Math.pow(x,2) -y - 1 +

Math.pow(y, 3);

}

//The first partial derivative of f wrt y: -
X+3XyN2-4yN3
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public static double fy(double X, double y) {

retiurn -¥ + 3*x*Math.pow 5
java newton 0 0 pow(y,2) -

A"NATN_NNwi\/ X1

Inltlal point: (0.0,0.0)

7 11 (8:0,-1.0 tial d t f fwrt x: 6
//71neA Qppnn” nartia erivative o wr X X
n=2: (1.0,-0.5)

niNTic araric naithle fxxldnithle ¥ daithle v)

n =3: (0.6065857885615251, -0. 44194107452339687)
reviirn n~x"

4: (0.484506572966545, -0.405341511995805)

5:

n

(0.47123972682634485, -0.3966334583092305)
'ae secona partiat gerivative oT T WrT y:

N v
< I~

3#'

I\ND

%113558510349535 -0.39636450001936047)

11~ QTATI1IC ﬂﬂllnlﬂ TVVIANnIIhlA Y Aantinia v\

(0.4711356343449705, -0. 3963643379632247)

TIHIYrN h*¥Y*\V/ - 717°MATN nn\nu\/ 7

7:
g (0.4711356343449874, -0. 39636433796318005)
9:
n

(0.4711356343449874, -0.39636433796318005)
18 mixea secona partlial derivatlve OT T Wrt

r

/71

X3 3 35 35 ~—~335 35S S
3®’<

H\H

\/" AVZAN
(0 4711356343449874 -0.39636433796318005)
NP LIC Statlc douple TXy(double X, aounte y) {

;rsggrn -1 + 3*Math.pow(y,2);

n
1
(0.4711356343449874, -0.39636433796318005)
L
n

= 97:
(0.4711356343449874, -0.39636433796318005)
n = 98!  [Ljsting Program listing for newton.java

(0.4711356343449874, -0.39636433796318005)
As you can see, weappegy.to have converged fairly quickly (after only 8 iterations) to what

appears to be an actgaheriticjqminh gz ta Jagaoleyel of psecissuns pamely the point
(0.4711356343449874, A-0=39686433796318005). It is easy to confirm that V f = 0 at this point, either by
evaluating 2 and —thﬁﬁb%ﬁ@%é@&é&o@bﬁ%@@#ﬁﬁ@&ﬁﬁl@w&m to also print the values of
the partial derivatives at the point. It turns out that both partial derivatives are indeed close enough
to zero to be considered zero:

0
—i£(0.4711356343449874,—{l39636433796318005)::4.85722573273506 x 10717

0
0
?;5(0.4711356343449874,44139636433796318005)::A—8.326672684688674 x 10717

We also have D(0.4711356343449874, —0.39636433796318005) = —8.776075636032301 < 0, SO by Theorem
2.6 we know that (0.4711356343449874, —0.39636433796318005) is a saddle point.

Since Vf consists of cubic polynomials, it seems likely that there may be three critical points. The
computer program makes experimenting with other initial points easy, and trying different values
does indeed lead to different sequences which converge:
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java newton -1 -1
Initial point: (-1.0,-1.0)
1: (-0.5,-0.5)
= 2:
.49295774647887325, -0.08450704225352113)
= 3: (-0.1855674752461383, -1.2047647348546167)
= 4: (-0.4540060574531383, -0.8643989895639324)
= 5: (-0.3672160534444,-0.5426077421319053)
= 6:
.4794622222856417, -0.24529117721011612)
= 7: (0.11570743992954591, -2.4319791238981274)
8:
.05837851765533317, -1.6536079835854451)
= 9: (-0.129841298650007,-1.121516233310142)
= 10: (-1.004453014967208, -0.9206128022529645)
= 11:
.5161209914612475, -0.4176293491131443)
= 12: (-0.5788664043863884,0.2918236503332734)
= 13:
0.6985177124230715,0.49848120123515316)
= 14: (-0. 67336189165787@2 0.4345777963475479)

Again, it is easy to QP”f"ﬂsthekt @@7@%%¥@%%IQQW996474051)
(—0.670383245923866'h 0=12561466662420048)3 16TI0h 5028850t 528 G1itizabpoind 3884l

n=17:

D(Lo®7636:3834R8538 Dbo P165859i6629°242 1288578526055 > 0

32fn = 18: (-0.6703832459238667,0.4250146565242004)
E 0. 6529832459238667 0‘42501465652420045)-—-—430222994755432 <0

1
(o}

1
(O]

1
(o}

1
(o}

~ > 3 —~353 3 3 —~35 5 —~ 3 53 S S ~—~ O
1

(-0.6703832459238667,0.42501465652420045)

so we know that ( 6‘67:03%92'459238667, 0.42501465652420045) is a local maximum. An idea of what the
832459238667,.0.4250146565242004 .
graph of f looks I|ke near Zha% point is shown’in Iélgureéb 5625 whlc% dr’(}es suggest a local maximum

around that point. N = 98:

(-0.6703832459238667,0.42501465652420045)
FiguIgg2.6.2f(x,y) =23 —azy—z+azy’ —y* for—1 <z <0and o<y
(-0.6703832459238667,0.42501465652420045)
n = 100:
Finally, running the ¢emBitesgsagmEan 3gits The iditiabposags2426p4lds the critical point
(—7.540962756992551, —5.595509445899435), with D < 0 at that point, which makes it a saddle point.

We can summarize our findings for the function f(z,y) = 2* — zy — = + zy® — v*:
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(0.4711356343449874, —0.39636433796318005) : saddle point
(—0.6703832459238667,0.42501465652420045) : local maximum
(—7.540962756992551, —5.595509445899435) : saddle point

width height 0.5pt

The derivation of Newton'’s algorithm, and the proof that it converges (given a “reasonable” choice for
the initial point) requires techniques beyond the scope of this text. See rr for more detail and for
discussion of other numerical methods. Our description of Newton'’s algorithm is the special two-
variable case of a more general algorithm that can be applied to functions of » > 2 variables.

In the case of functions which have a global maximum or minimum, Newton’s algorithm can be used to
find those points. In general, global maxima and minima tend to be more interesting than local versions,
at least in practical applications. A maximization problem can always be turned into a minimization
problem (why?), so a large number of methods have been developed to find the global minimum of
functions of any number of variables. This field of study is called nonlinear programming. Many of these
methods are based on the steepest descent technique, which is based on an idea that we discussed in
Section 2.4. Recall that the negative gradient —V f gives the direction of the fastest rate of decrease of
a function f. The crux of the steepest descent idea, then, is that starting from some initial point, you
move a certain amount in the direction of —V f at that point. Wherever that takes you becomes your
new point, and you then just keep repeating that procedure until eventually (hopefully) you reach the
point where f has its smallest value. There is a “pure” steepest descent method, and a multitude of
variations on it that improve the rate of convergence, ease of calculation, etc. In fact, Newton’s
algorithm can be interpreted as a modified steepest descent method. For more discussion of this, and
of nonlinear programming in general, see bss.

EXERCISES
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1. Recall Example 2.21 from the previous section, where we showed that the point (2,1) was a
global minimum for the function f(z,y) = (z — 2)* + (z — 2y)*. Notice that our computer program
can be modified fairly easily to use this function (just change the return values in the fx, fy, fxx, fyy
and fxy function definitions to use the appropriate partial derivative). Either modify that program
or write one of your own in a programming language of your choice to show that Newton’s
algorithm does lead to the point (2,1). First use the initial point (0, 3), then use the initial point
(3,2), and compare the results. Make sure that your program attempts to do 100 iterations of the
algorithm. Did anything strange happen when your program ran? If so, how do you explain it?
(Hint: Something strange should happen.)

2. There is a version of Newton’s algorithm for solving a system of two equations

filz,y) = and  fy(z,y) =0,

where f,(z,y) and f,(z,y) are smooth real-valued functions:
Pick an initial point (z,,y,). For n=0,1,2,3, ..., define:

fl(xmyn) f2(xn7yn) f1($n)y7l) fZ(xmyn)

of Of
Zy (@) T (@ y) . U(z,,y,) LL(z,,y,) .
= — == T
$71+1 'rn D(an’ yn) I yn+1 yn D(l‘n, yn) I whnere

of af, of of,
D(‘vayn) = 8‘2 (wn?yn) 8‘2 (xvﬂyn) - 8fy (‘vayn) a‘i (xn?yn) °

Then the sequence of points (z,,y,)>, converges to a solution. Write a computer program that

n=1

uses this algorithm to find approximate solutions to the system of equations

filz,y) =sin(zy) —x —y=0 and folz,y) =e* —22+3y=0.

Show that you get two different solutions when using (0,0) and (1, 1) for the initial point (x,, y,).

1. This is also a problem for the equivalent method (the Second Derivative Test) in single-variable calculus,
though one that is not usually emphasized. <

2. There are also two nonreal, complex number solutions. Cubic polynomial equations in one variable can be
solved using Cardan’s formulas, which are not quite as simple as the familiar quadratic formula. See usp for
more details. There are formulas for solving polynomial equations of degree 4, but it can be proved that there is
no general formula for solving equations for polynomials of degree five or higher. «

3. Available for free at http://www.oracle.com/technetwork/java/javase/downloads/ ¢

Vector Calculus (Michael Corral) — GFDL-1.2 — Page 41 of 47


http://localhost:4000/mecmath-vector-calculus/2-5-maxima-and-minima/#exmp:globalmin

2. Functions of Several Variables

2.7 Constrained Optimization: Lagrange Multipliers

In Sections 2.5 and 2.6 we were concerned with finding maxima and minima of functions without any
constraints on the variables (other than being in the domain of the function). What would we do if there
were constraints on the variables? The following example illustrates a simple case of this type of
problem.

width height 0.5pt

Example 2.24

For a rectangle whose perimeter is 20 m, find the dimensions that will maximize the area.

Solution: The area A of a rectangle with width z and height y is A = zy. The perimeter P of the
rectangle is then given by the formula P = 2z + 2y. Since we are given that the perimeter P = 20,
this problem can be stated as:

Maximize : f(z,y) = vy
given : 2z + 2y = 20

The reader is probably familiar with a simple method, using single-variable calculus, for solving
this problem. Since we must have 2z + 2y = 20, then we can solve for, say, y in terms of z using
that equation. This gives y = 10 — z, which we then substitute into f to get f(z,y) = zy = (10 — x)

= 10z — x2. This is now a function of = alone, so we now just have to maximize the function f(z)

= 10z — z2 on the interval [0, 10]. Since f’(z) =10—2z =0=z =5 and f”(5) = —2 < 0, then the
Second Derivative Test tells us that z = 5 is a local maximum for £, and hence z = 5 must be the
global maximum on the interval [0, 10] (since f = 0 at the endpoints of the interval). So since y = 10
—x = 5, then the maximum area occurs for a rectangle whose width and height both are 5 m.

width height 0.5pt

Notice in the above example that the ease of the solution depended on being able to solve for one
variable in terms of the other in the equation 2z + 2y = 20. But what if that were not possible (which is
often the case)? In this section we will use a general method, called the Lagrange multiplier method!,
for solving constrained optimization problems:

Maximize (or minimize) : f(z,y) (or f(z,vy, 2))
given: g(z,y) =c (or g(z,y, 2) = c) for some constant ¢
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The equation ¢(z,y) = c is called the constraint equation, and we say that z and y are constrained by
g(z,y) = c. Points (z,y) which are maxima or minima of f(z,y) with the condition that they satisfy the
constraint equation g(z,y) = c are called constrained maximum or constrained minimum points,
respectively. Similar definitions hold for functions of three variables.

The Lagrange multiplier method for solving such problems can now be stated:

Theorem 2.7

Let f(x,y) and g(z,y) be smooth functions, and suppose that c is a scalar constant such that
Vy(z,y) # 0 for all (z,y) that satisfy the equation g(z,y) = ¢. Then to solve the constrained
optimization problem

Maximize (or minimize) : f(z,y)
given: g(z,y) =c,

find the points (z,y) that solve the equation V f(x,y) = AVg(z,y) for some constant X (the number \
is called the Lagrange multiplier). If there is a constrained maximum or minimum, then it must be
such a point.

A rigorous proof of the above theorem requires use of the Implicit Function Theorem, which is beyond
the scope of this text.lZl Note that the theorem only gives a necessary condition for a point to be a
constrained maximum or minimum. Whether a point (z, y) that satisfies Vf(z,vy) = AVg(z,y) for some X
actually is a constrained maximum or minimum can sometimes be determined by the nature of the
problem itself. For instance, in Example 2.24 it was clear that there had to be a global maximum.

So how can you tell when a point that satisfies the condition in Theorem 2.7 really is a constrained
maximum or minimum? The answer is that it depends on the constraint function g(z,y), together with
any implicit constraints. It can be shown®! that if the constraint equation g(z,y) = ¢ (plus any hidden
constraints) describes a bounded set B in R?, then the constrained maximum or minimum of f(z,y) will
occur either at a point (x,y) satisfying Vf(z,y) = A\Vg(x,y) or at a “boundary” point of the set B.

In Example 2.24 the constraint equation 2z + 2y = 20 describes a line in R?, which by itself is not
bounded. However, there are “hidden” constraints, due to the nature of the problem, namely 0 < z,y
< 10, which cause that line to be restricted to a line segment in R? (including the endpoints of that line
segment), which is bounded.

width height 0.5pt
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Example 2.25

For a rectangle whose perimeter is 20 m, use the Lagrange multiplier method to find the
dimensions that will maximize the area.

Solution: As we saw in Example 2.24, with z and y representing the width and height, respectively,
of the rectangle, this problem can be stated as:

Maximize : f(z,y) = zy
given: g(z,y) =2z + 2y =20

: , . . 3} 3}
Then solving the equation Vf(z,y) = A\Vg(z,y) for some A means solving the equations a—f = Aa—g
and of _ A % namely: ' '
oy~ gy MY
y = 2\,
r = 2\

The general idea is to solve for ) in both equations, then set those expressions equal (since they
both equal )) to solve for = and y. Doing this we get

so now substitute either of the expressions for z or y into the constraint equation to solve for z and
.

20 = g(z,y) = 224+2y = 22+2zx = 4o = =5 = y=>5

There must be a maximum area, since the minimum area is 0 and £(5,5) = 25 > 0, S0 the point (5, 5)
that we found (called a constrained critical point) must be the constrained maximum.
The maximum area occurs for a rectangle whose width and height both are 5 m.

width height 0.5pt
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Example 2.26

Find the points on the circle 22 + y? = 80 which are closest to and farthest from the point (1, 2).

Solution: The distance d from any point (z,y) to the point (1,2) is

d=y/z—1)2+ (-2,

and minimizing the distance is equivalent to minimizing the square of the distance. Thus the
problem can be stated as:

Maximize (and minimize) : f(z,y) = (z — 1)> + (y — 2)2
given : g(x,y) = 2> +y*> =80

Solving Vf(z,y) = A\Vg(z,y) means solving the following equations:

2(x—1) 2z,
2(y—2) = 2)y

Note that z + 0 since otherwise we would get —2 = 0 in the first equation. Similarly, y # 0. So we
can solve both equations for ) as follows:

—1 —2
i :)\zy— = xTy—y = xy—2r = yYy=2
x Y

Substituting this into g(z,y) = 2% + y* = 80 yields 52* = 80, S0 = = +4. So the two constrained critical
points are (4,8) and (—4,—8). Since f(4,8) = 45 and f(—4,—8) = 125, and since there must be points
on the circle closest to and farthest from (1, 2), then it must be the case that (4, 8) is the point on
the circle closest to (1,2) and (—4, —8) is the farthest from (1, 2) (see Figure 2.7.1).

Notice that since the constraint equation =2 + 3> = 80 describes a circle, which is a bounded set in
R2, then we were guaranteed that the constrained critical points we found were indeed the
constrained maximum and minimum.

width height 0.5pt

The Lagrange multiplier method can be extended to functions of three variables.
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width height 0.5pt

Example 2.27

Maximize (and minimize) : f(z,y,2) =z + 2
given : g(z,y,2) = 2yt +22=1

Solution: Solve the equation V f(z,y,z) = AVg(z,y, 2):

1 = 2z
= 2\y
1 = 2)z

The first equation implies X + 0 (otherwise we would have 1 = 0), so we can divide by X in the
second equation to get y = 0 and we can divide by X in the first and third equations to get z = 5;
= z. Substituting these expressions into the constraint equation g(z,y, 2) = > + y*> + 2> = 1 yields the

—1 —1
f,o,f) and (f, ) Slncef( , ,¢2)>f< ,0, f) and
since the constraint equation z? + 32 + 2% = 1 describes a sphere (which is bounded) in R?, then

constrained critical points (

1 1 . . . . 1 1 . . « . .
(W’O’ W) is the constrained maximum point and <f,0 f> is the constrained minimum point.

width height 0.5pt

So far we have not attached any significance to the value of the Lagrange multiplier X. We needed )
only to find the constrained critical points, but made no use of its value. It turns out that X gives an
approximation of the change in the value of the function f(z,y) that we wish to maximize or minimize,
when the constant ¢ in the constraint equation g(z,y) = c is changed by 1.

For example, in Example 2.25 we showed that the constrained optimization problem

Maximize : f(z,y) = zy
given: g(z,y) =2z + 2y =20

had the solution (z,y) = (5,5), and that A = /2 = y/2. Thus, A = 2.5. In a similar fashion we could show
that the constrained optimization problem

Maximize : f(z,y) = zy
given: g(z,y) =2z +2y =21
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has the solution (z,y) = (5.25,5.25). So we see that the value of f(z,y) at the constrained maximum
increased from £(5,5) = 25 to f(5.25,5.25) = 27.5625, i.e. it increased by 2.5625 when we increased the
value of ¢ in the constraint equation g(z,y) = ¢ from ¢ = 20 to ¢ = 21. Notice that A\ = 2.5 is close to 2.5625,
that is,

A~ Af = f(new max. pt) — f(old max. pt) .

Finally, note that solving the equation V f(z,y) = AVg(z,y) means having to solve a system of two
(possibly nonlinear) equations in three unknowns, which as we have seen before, may not be possible
to do. And the 3-variable case can get even more complicated. All of this somewhat restricts the
usefulness of Lagrange’s method to relatively simple functions. Luckily there are many numerical
methods for solving constrained optimization problems, though we will not discuss them here. 4

EXERCISES

A

1. Find the constrained maxima and minima of f(z,y) = 2z + y given that 2% + ¢* = 4.

2. Find the constrained maxima and minima of f(zx,y) = zy given that z2 + 3y = 6.

3. Find the points on the circle z* + y? = 100 which are closest to and farthest from the point (2, 3).
B

4. Find the constrained maxima and minima of f(z,v, z) = = + 3 + 2z given that 422 + 9y*> — 3622 = 36.

5. Find the volume of the largest rectangular parallelepiped that can be inscribed in the ellipsoid

. Named after the French mathematician Joseph Louis Lagrange (1736-1813). <
. See [§ 6.8]tm for more detail. «

. Again, see tm. €

. See bss. ¢
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