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IN THIS CHAPTER we extend the results obtained in Chapter 5 for linear second order equations to
linear higher order equations.

SECTION 9.1 presents a theoretical introduction to linear higher order equations.

SECTION 9.2 discusses higher order constant coefficient homogeneous equations.

SECTION 9.3 presents the method of undetermined coefficients for higher order equations.
SECTION 9.4 extends the method of variation of parameters to higher order equations.

465

Answers to selected exercises in this chapter

9.1 Introduction to Linear Higher Order Equations
An nth order differential equation is said to be linear if it can be written in the form
Y™ 4+ p1(@)y "D + o pa(2)y = f(2). (9.1.1)

We considered equations of this form with n = 1 in Section 2.1 and with » = 2 in Chapter 5. In this
chapter = is an arbitrary positive integer.

In this section we sketch the general theory of linear nth order equations. Since this theory has already
been discussed for n = 2 in Sections 5.1 and 5.3, we’ll omit proofs.

For convenience, we consider linear differential equations written as
Po(z)y"™ + Pi(z)y" "V + - + Pulz)y = F(z), (9.1.2)

which can be rewritten as (9.1.1) on any interval on which P, has no zeros, with p, = P,/P,, ..., p,
= P,/P, and f = F/P,. For simplicity, throughout this chapter we’ll abbreviate the left side of (9.1.2) by
Ly; that is,

Ly = Poy™ + Py + - + Poy.
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9 Linear Higher Order Equations

We say that the equation Ly = F is normal on (a,b) if Py, Py, ..., P, and F are continuous on (a,b) and P,
has no zeros on (a,b). If this is so then Ly = F can be written as (9.1.1) with p,, ..., p, and f continuous
on (a,b).

The next theorem is analogous to Theorem 5.3.1.

THeEOREM 9.1.1
Suppose Ly = F is normal on (a,b), let zy be a point in (a,b), and let ko, k1, ..., k, 1 be arbitrary real
numbers. Then the initial value problem

Ly = Fa y(l'o) = kOv y/ (Io) = kl? cco 9 y(n_l) (ZE()) = kn—l

has a unique solution on (a, b).

Homogeneous Equations

Eqn. (9.1.2) is said to be homogeneous if F =0 and nonhomogeneous otherwise. Since y =0 is
obviously a solution of Ly = 0, we call it the trivial solution. Any other solution is nontrivial.

If y1, y2, ..., y, are defined on (a,b) and ¢y, cs, ..., c, are constants, then
y=cayn + C2Y2 + -+ CnlYn (913)

is a linear combination of {y1, s ...,y,}. It's easy to show that if yi, ys, ..., y, are solutions of Ly = 0 on
(a,b), then so is any linear combination of {yi,ys, ...,y,}. (See the proof of Theorem 5.1.2.) We say that
{y1, 2, ---,yn} IS @ fundamental set of solutions of Ly = 0 on (a, b) if every solution of Ly = 0 on (a,b) can
be written as a linear combination of {yi, s, ..., 4.}, as in (9.1.3). In this case we say that (9.1.3) is the
general solution of Ly = 0 on (a, b).

It can be shown (Exercises 14 and 15) that if the equation Ly = 0 is normal on (a, b) then it has infinitely
many fundamental sets of solutions on (a, b). The next definition will help to identify fundamental sets of
solutions of Ly = 0.

We say that {yi, s, ..., y.} IS linearly independent on (a, b) if the only constants cy, cs, ..., ¢, such that
c1y1(x) + coya(x) + -+ cpyn(z) =0, a<z <D, (9.1.4)

are c; = ¢y = - = ¢, = 0. If (9.1.4) holds for some set of constants c,, ¢,, ..., ¢, that are not all zero, then
{y1, 92, ---,yn } IS linearly dependent on (a, b)

The next theorem is analogous to Theorem 5.1.3.
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9 Linear Higher Order Equations

THEOREM 9.1.2

If Ly = 0 is normal on (a,b), then a set {y1,y2, ..., y»} Of n solutions of Ly = 0 on (a,b) is a
fundamental set if and only if it's linearly independent on (a, b).

ExampLE 9.1.1

The equation

3 m

23y — 2%y — 2zy + 6y =0 (9.1.5)

is normal and has the solutions y; = 22, y» = 23, and y3 = 1/z on (—o0,0) and (0, c0). Show that
{y1,y2,y3} is linearly independent on (—o, 0) and (0, 00). Then find the general solution of (9.1.5) on
(—00,0) and (0, o).

SoLuTion Suppose
c12? + oz’ + Cx—g =0 (9.1.6)
on (0,00). We must show that ¢; = ¢, = ¢3 = 0. Differentiating (9.1.6) twice yields the system

122 + cox® + \dst2 = 0

2c1z + 3coz? — \dst=> = 0 (9.1.7)

|
e

2¢1 + 6cax + \dst%

If (9.1.7) holds for all z in (0,00), then it certainly holds at = = 1; therefore,

C1 + Co + C3 = 0
2c1 4+ 3¢co — c3
2c1 + 6¢o + 2c3

I
o

(9.1.8)

Il
e

By solving this system directly, you can verify that it has only the trivial solution ¢; = ¢, = ¢3 = 0;
however, for our purposes it's more useful to recall from linear algebra that a homogeneous linear
system of n equations in n unknowns has only the trivial solution if its determinant is nonzero. Since the
determinant of (9.1.8) is
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11 1 10 0
3 —1|=|2 1 -3 |=12
2 2.4 0

it follows that (9.1.8) has only the trivial solution, so {y1,ys,y3} is linearly independent on (0, o). Now
Theorem 9.1.2 implies that

2 3, €3
Y= Cc1x" + cox —|—?

is the general solution of (9.1.5) on (0, ). To see that this is also true on (-0, 0), assume that (9.1.6)
holds on (—c,0). Setting z = —1in (9.1.7) yields

Ci — Cy— 63:0
7201 + 362 — C3 = 0
201 - 602 - 263 =0.

Since the determinant of this system is

1 -1 -1 1 0 0
—2 3 -1 |=| -2 1 -3 |=-12,
2 —6 -2 2 —4 0

it follows that c¢; = ¢ = c3 = 0; that is, {y1, 2,33} is linearly independent on (—oo, 0).

ExampLE 9.1.2

The equation
y W4y — 1y —y +6y=0 (9.1.9)

is normal and has the solutions y; = €%, y, = e %, y3 = €?%, and y4 = e 3% 0N (—o0, o). (Verify.) Show
that {y1, 2, y3, 94} iS linearly independent on (—oo, 00). Then find the general solution of (9.1.9).

SoLuTioN SUpPpPOSE c1, ¢, c3, and ¢4 are constants such that

cre” + cae ™ + cze¥ + e =0 (9.1.10)

for all z. We must show that ¢; = ¢; = ¢3 = ¢4 = 0. Differentiating (9.1.10) three times yields the system
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If (9.1.11) holds for all z, then it certainly holds for z = 0. Therefore

The determinant of this system is

— = =
—
0 = N =

so the system has only the trivial solution ¢; = ¢, = ¢3 = ¢4, = 0. Now Theorem 9.1.2 implies that

is the general solution of (9.1.9).

The Wronskian

We can use the method used in Examples 9.1.1 and 9.1.2 to test n solutions {yi, y», ...

cre” 4+ coe ™ + c3e¥ 4+ cue 0
cie” —coe % + 2c3e2® — 3cge 3 = 0
c1e” + coe ™ + 4cze® + 9cye = 0
cie” — coe % + 8cze2® — 27cqe 3 0.
ci+co+ c3+ ¢4 = 0
ci1—cCcy+2c3— 3¢c4 = 0
ci+ca+4de3+ 9¢4 = 0
c1— cog + 8cg — 27¢cy 0.
1 1 1 1 1
-3 0 —2 1 —4 = b
ol = lo o3 || 23 3B
—27 0 —2 7 —28 2 7
2 1 —4 3 3
= 3 8 |=—-2 ‘ ‘ = 240,
94 6 —24

y=cre” 4+ cae "+ c3e™ + cye "

(9.1.11)

(9.1.12)

,yn} Of any nth

order equation Ly = 0 for linear independence on an interval (a,b) on which the equation is normal.
Thus, if ¢q, ¢y ,..., ¢, are constants such that

cayr+ceoys+ -+ ey, =0, a<x<b,

then differentiating n — 1 times leads to the n x n system of equations
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9 Linear Higher Order Equations

ayi(z) + coya(z)+ -+ Fenyalz) =0
a1y (x) + cayp(x)+ - Heayn(z) =0
. (9.1.13)
clngl)(as) + czyénfl)(x)vL +cny7(1"71)(z) =0
for ¢y, ca, ..., ¢,. FOr afixed z, the determinant of this system is
y1(z) ya(z) - (@)
Y1 () Yplz) ()
W(z) =
A CO N S CO B €

We call this determinant the Wronskian (http://www-history.mcs.st-and.ac.uk/Mathematicians/Wronski.html) Of
{y1,92, -, yn . If W(z) # 0 for some z in (a, ) then the system (9.1.13) has only the trivial solution ¢; = ¢,
=..=c¢, =0, and Theorem 9.1.2 implies that

y=ciyr +cay2 + -+ culn

is the general solution of Ly = 0 on (a, b).

The next theorem generalizes Theorem 5.1.4. The proof is sketched in (Exercises 17-20).

THEOREM 9.1.3

Suppose the homogeneous linear nth order equation
Po(z)y™ + Pi(z)y" ! + - + Pu(z)y =0 (9.1.14)

is normal on (a,b), let y1, ys, ..., y, be solutions of (9.1.14) on (a,b), and let z, be in (a,b). Then the
Wronskian of {y,ys, ..., y,} IS given by

* P(¢)
0 PO(t)

W(x) = W(zg) exp {/x dt} , a<z<b. (9.1.15)

Therefore, either W has no zeros in (a,b) or W = 0 0n (a, b).

Formula (9.1.15) is Abel’s formula (http://www-history.mcs.st-and.ac.uk/Mathematicians/Abel.html).
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9 Linear Higher Order Equations

The next theorem is analogous to Theorem 5.1.6..

THeEOREM 9.1.4

Suppose Ly = 0 is nhormal on (a,b) and let y,, ya, ..., y, be n solutions of Ly = 0 on (a,b). Then the
following statements are equivalent; that is, they are either all true or all false:

a. The general solution of Ly = 0 on (a,b) iS y = c1y1 + caya + - + CuYn.
b. {y1,99, .-,y } is @ fundamental set of solutions of Ly = 0 on (a,b).
c. {y1, 92, .-, yn} is linearly independent on (a, b).

d. The Wronskian of {y;,ys, ...,y,} IS nonzero at some point in (a, b).

e. The Wronskian of {yi, s, ...,y,} IS nonzero at all points in (a, b).

ExampLE 9.1.3

In Example 9.1.1 we saw that the solutions y; = z2, y, = 23, and y3 = 1/z of
3 m

z°y —ny”—2:vy/—|—6y=O

are linearly independent on (—oc,0) and (0, c0). Calculate the Wronskian of {y1,y2,ys}.

SovruTioN If z # 0, then

z? z® \dst% 1 =z \dst%
W(z)=|2zx 3z \dst—\dst |=22°|2 3z —\dst |,

3

2 6z \dst 3—3 1 3z \dst%

T

where we factored z2, z, and 2 out of the first, second, and third rows of W (z), respectively. Adding the
second row of the last determinant to the first and third rows yields

3 4z 0

W(z)=24*|2 3z —\dsty |=22° (—

3 6z 0

Therefore W(z) # 0 on (—oo,0) and (0, o).
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ExampLE 9.1.4

In Example 9.1.2 we saw that the solutions y1 = €%, y2 = e, y3 = €2, and y4 = e~** of

y(4) + y/// . 7y// o y/ + 6y — O

are linearly independent on every open interval. Calculate the Wronskian of {y1,ys, 3, y4}-

SocuTion For all z,

e e T 6290 e—3x
e _e T 262z _3673z

W(l‘) = T —x 2z —3z
e e 4e 9e

—e T 8e¥ _27e %

Factoring the exponential common factor from each row yields

1 11 1
1 -1 2 -
W(z)=e"* . 240e7%,
1 1 4 9
1 -1 8 =27

from (9.1.12).

REMARK

Under the assumptions of Theorem 9.1.4, it isn’t necessary to obtain a formula for W (z). Just
evaluate W(z) at a convenient point in (a,b), as we did in Examples 9.1.1 and 9.1.2.

THeorREm 9.1.5

Suppose cisin (a,b) and ay, as, ..., are real numbers, not all zero. Under the assumptions of
Theorem 10.3.3, suppose y; and y, are solutions of (5.1.35) such that

ayi(e) +yi(c) + -+ V() =0, 1<i<n. (9.1.16)

Then {y1,ys, ...y, } isn’t linearly independent on (a, b).
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9 Linear Higher Order Equations

Proor Since ay, as, ..., a,, are not all zero, (9.1.14) implies that

(n—1)

yile) wile) -y (o)
2(0) y;§c> . yé"‘f(o) 0,
yn:(c) y;.(C) y(n”’.”(C)
SO
v1(c) y2(c) y:L(C)

and Theorem 9.1.4 implies the stated conclusion.

General Solution of a Nonhomogeneous Equation

The next theorem is analogous to Theorem 5.3.2. It shows how to find the general solution of Ly = F if
we know a particular solution of Ly = F and a fundamental set of solutions of the complementary
equation Ly = 0.

THEOREM 9.1.6

Suppose Ly = F is normal on (a,b). Let y, be a particular solution of Ly = F on (a,b), and let
{y1,99, ---, y } D€ @ fundamental set of solutions of the complementary equation Ly = 0 on (a, b).
Then y is a solution of Ly = F on (a,b) if and only if

Y =Yp+cry1 + c2y2 + - + Crln,

where ¢, ¢s, ..., ¢, are constants.

The next theorem is analogous to Theorem 5.3.2.

THeEOREM 9.1.7

Suppose for each i =1, 2, ..., r, the function y,, is a particular solution of Ly = F; on (a,b). Then

Yp = Yp1 T Ypo T+ Yp,
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9 Linear Higher Order Equations

is a particular solution of

Ly = Fi(x) + Fy(x) + - + F.(z)

on (a,b).

We'll apply Theorems 9.1.6 and 9.1.7 throughout the rest of this chapter.
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9.1 Exercises

1. Verify that the given function is the solution of the initial value problem.
(@) z%y” — 32%y" + 6oy’ — 6y = —\dstZ, y(-1)=0,y'(-1) =0, y"(-1)=0;

\dsty = —6x — 822 — 3z3 + %

(b) \dsty” — Ly —y +Ly=2=2 y1)=3, y(1)=1,y"1Q) =1
y=x+ \dst5-

(€ zy” —y" —ay +y=2% y(1)=2 y(1)=5 y"(1)=-1
y=—a2—242eD e ) 4 44

(d) 4z®y” + 4z%y” — bzy’ + 2y = 3022, y(1) =5, ¢'(1) = \dstil;

y” (1) = \dstﬁff; y=2z’Inz — 2%+ 22712 + 42

(€) z*y™W — 4ay” +1222y" — 24zy’ + 24y = 62*, y(1) = —2,
y'(1)=-9, ¢y"(1)=-27, y"(1)=-52;
y=alnz 4z — 22% + 32° — 42*

(f) 2y —y” —day” + 4y’ = 9622, y(1)=—5, y'(1)=—24

y’(1) = —36; y”(1)=—48; y=9— 12z + 62> — 83

2. Solve the initial value problem
aly” —aty" =2y’ +6y=0, y(-1)=—4, y'(-1)=-14, y"(-1)=-20.

Hint: See Example 777.

Show answer

3. Solve the initial value problem
y Wy =1y —y +6y=0, y0)=5 ¢ (0)=-6, 3"(0)=10, y"(0)—36.

Hint: See Example ???.

Show answer
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4. Find solutions y, ¥, ..., ¥, of the equation y™ = 0 that satisfy the initial conditions

, 0, j+#i—1,
v (wo) = 7 1<i<n,
1, j=1—1,

Show answer

5. a. Verify that the function
Y= clm3 + czx2 + 2
X
satisfies
3 m

'y —x2y”—2xy'—|—6y=0

if ¢1, c2, and c3 are constants.

b. Use (@) to find solutions vy, 2, and y; of (A) such that
yi(l) =1, gi(1)=0 0
y2(1) =0, yp(1)=1, 95(1)=0
y3(1) =0, y3(1)=0 1

c. Use (b) to find the solution of (A) such that

y(1) =ko, ¥ (1) =k, y"(1)=ks.

Show answer
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6. Verify that the given functions are solutions of the given equation, and show that they form a
fundamental set of solutions of the equation on any interval on which the equation is nhormal.

@y +y" —y —y=0; {e”, e ze "}

(b) v —3y” + 7y —5y=10; {e”, e”cos2z, e”sin2z}.

(©)zy” —y" —ay +y=0; {e",e " a}

(d) 2%y” +2zy” — (2 +2)y =0; \dst{e”/x, e */z, 1}

(e) (z? — 22+ 2)y” —z%y” + 22y’ —2y=0; {z, 2%, e}

(f) 2z — 1)y —dzy” + (5—2z)y” + 4oy’ —4y=0; {z, €%, e ", e>*}
(9) 2y —y” —day’ + 4y =0; {1,27 ¥, e}

7. Find the Wronskian W of a set of three solutions of
yl// + 2xy// + ezy/ _ y — 0,

given that W (0) = 2.

Show answer

8. Find the Wronskian W of a set of four solutions of
yW + (tanz)y” + z%y” + 22y = 0,

given that W(r/4) = K.

Show answer

9. a. Evaluate the Wronskian W {e?, ze”, z%¢*}. Evaluate W(0).

b. Verify that y,, 3., and y; satisfy
y/// _ 3yll _"_ 3y/ _ y — 0

c. Use wW(0) from (a) and Abel’'s formula to calculate W (z).

d. What is the general solution of (A)?

Show answer
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10. Compute the Wronskian of the given set of functions.

(@) {1, e, e}

(b) {e*, e*sinx, e* cosx}

(c) {2, z+1, 2%+ 2}

(d) z, zlnz, 1/}

2 3 "

(e) \dst{1, =, &, &,

(0 {e”, e, 2}

(9) {e"/z, e /x, 1}

(h) {z, 22, e}

(i) {z, 23, 1/z, 1/2%}

(J) {e:v, €7Z, z, 621}

(K) {e*, e7>, 1, 2%}

Show answer

11. Suppose Ly = 0 is normal on (a,b) and z, is in (a,b). Use Theorem 9.1.1 to show that y = 0 is the
only solution of the initial value problem

Ly:o?

on (a,b).

12. Prove: If y1, 3, ..., y, are solutions of Ly = 0 and the functions

Z; = @il g, 1 < ) < n,

n

j=1

form a fundamental set of solutions of Ly = 0, then so do y1, ys, ..., yn.

13. Prove: If
y=cyr+cys+--+cyr + Yp

is a solution of a linear equation Ly = F for every choice of the constants ¢y, c; ,..., cx, then Ly; =0
for1<i<k.
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14.

15.
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Suppose Ly = 0 is normal on (a,b) and let z, be in (a,b). For 1 <i < n, let y; be the solution of the
initial value problem

0, J#Fi-1,
3ptl, j=i—1, ~~ =7

Lyi = 03 yl(]>(.’170) = { [
where z, is an arbitrary point in (a,b). Show that any solution of Ly = 0 on (a,b), can be written as

Yy =c1y1 + c2y2 + - + CpYn,

with ¢; = yU=Y (zy).

Suppose {yi,ys,-.-,yn} IS @ fundamental set of solutions of
\dstPy(z)y™ + Py(x)y™ V) + -+ Py(z)y =0
n (a,b), and let

z1 = anyi +ayz2 + -+ anlYn
Zo = a21y1 + ay2 + -+ + a2,Yn

Zn = Gp1Y1 + Gn2Y2 + -0+ GunYn,

where the {a;;} are constants. Show that {z1, 2o, ..., 2z, } is a fundamental set of solutions of (A) if
and only if the determinant

ai; a2 - Qaip
Gg21 Qg2 - A2p
ap1  Gp2 - Gpp

is nonzero.Hint: The determinant of a product of n x n matrices equals the product of the
determinants.

16. Show that {y1,s, ...,y } IS linearly dependent on (a,b) if and only if at least one of the functions y,

ya, ..., Yo CaAN be written as a linear combination of the others on (a, b).

Take the following as a hint in Exercises 17-19:

By the definition of determinant,
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ail aie - QAip

az1 a2 A2n
= E +a1i,a2,, -y Oni,,

Qp1  Ap2 - Gpp

where the sum is over all permutations (iy,is, ...,i,) Of (1,2,...,n) and the choice of + or — in each term
depends only on the permutation associated with that term.
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17. Prove: If
a1 a2 A1n
a921 a2 Q2n
Aur, ugy vy Up) = : : : ,
an—-11 Qap—12 ** QGp-1n
U1 U9 e un
then
A(uq + v1,u2 + vay ooy Uy, + V) = Aur, ug, .., Up) + A(v1, V2, e, V).
18. Let
fuu fiz - fin
for fo - fon
F = ,
fnl fn2 fnn

where f;; (1 <4, j < n) is differentiable. Show that

F'=Fi+F+-+F,

where F; is the determinant obtained by differentiating the ith row of F.

19. Use Exercise 18 to show that if W is the Wronskian of the n-times differentiable functions ,, y.,
..., Un, then

Y1 Y2 Yn

Y1 Y Yn
W' =

n—2 n—2 n—2

D D gl

y(ln) y;n) y;n)
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20. Use Exercises 17 and 19 to show that if W is the Wronskian of solutions {y;,vs, ..., v, } Of the
normal equation

Py(a)y™ + Pi(x)y" ™ 4 4 Pa()y = 0, (A)

then W’ = —P,W/P,. Derive Abel’'s formula (Eqn. (9.1.15)) from this. Hint: Use (A) to write y™ in
terms of y,y/, ..., y" V.
21. Prove Theorem 9.1.6.

22. Prove Theorem 9.1.7.

23. Show that if the Wronskian of the n-times continuously differentiable functions {y1,vs, ..., y,} has
no zeros in (a,b), then the differential equation obtained by expanding the determinant

Yy Y1 Y2 Yn
A TR T yn

= 0’
ym oy gl y

in cofactors of its first column is normal and has {y1,vs, ..., ¥, } as a fundamental set of solutions on
(a,b).

24. Use the method suggested by Exercise 23 to find a linear homogeneous equation such that the
given set of functions is a fundamental set of solutions on intervals on which the Wronskian of the
set has no zeros.

(@) {z, 22— 1,22+ 1} (b) {e*, e, o}
(c) {e®, ze=, 1} (d) {z, 2*, "}

(e) {z, 22, 1/} (f) {z+1, ", &5}

(9) {z, «°, 1/z, 1/2?} (h) {z, zInz, 1/z, 22}
(i) {e*, e *, 2, e¥} () {e**, e, 1, 2%}

Show answer
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9 Linear Higher Order Equations

9.2 Higher Order Constant Coefficient Homogeneous
Equations

If ag, a1, ..., a, are constants and a, # 0, then
aoy™ + a1y + -+ any = F(z)

is said to be a constant coefficient equation. In this section we consider the homogeneous constant
coefficient equation

aoy™ + ary™ D 4+ ayy = 0. (9.2.1)

Since (9.2.1) is normal on (—oo, 00), the theorems in Section 9.1 all apply with (a,b) = (—oc0, ).

As in Section 5.2, we call
p(r) = agr" + arr" " + -+ ay (92.2)

the characteristic polynomial of (9.2.1). We saw in Section 5.2 that when »n = 2 the solutions of (9.2.1)
are determined by the zeros of the characteristic polynomial. This is also true when » > 2, but the
situation is more complicated in this case. Consequently, we take a different approach here than in
Section 5.2.

If & is a positive integer, let D* stand for the &-th derivative operator; that is

q(r) = bor™ + byr™ 1t + - + by,
is an arbitrary polynomial, define the operator
(D) = bgD™ + by D™ 1 + - + by,
such that

q¢(D)y = (bgD™ + b1 D™ ! 4 . 4 b, )y = boy™ + biy™ D + o 4 by

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 19 of 86



9 Linear Higher Order Equations

whenever y is a function with m derivatives. We call ¢(D) a polynomial operator.

With p as in (9.2.2),

p(D) = agD" + a1 D" ' 4 - + ay,

S0 (9.2.1) can be written as p(D)y = 0. If r is a constant then

p(D)erz _ (aODnerz + aan71€TZ 4ot anerw)

— (CLQTn + alr”_l 4o an)em;

that is

This shows that y = ¢’ is a solution of (9.2.1) if p(r) = 0. In the simplest case, where p has n distinct real
Zeros ry, ra,..., Ty, this argument yields » solutions

T X T
y1:€17 yQZeZa“'a Yn =€ "

It can be shown (Exercise 39) that the Wronskian of {e"* e™?, ... e™*} is nonzero if ry, ry, ..., r, are
distinct; hence, {e"*,e™, ..., e™*} is a fundamental set of solutions of p(D)y = 0 in this case.

ExampLE 9.2.1

a. Find the general solution of
y” —6y” + 11y — 6y = 0. (9.2.3)
b. Solve the initial value problem

y” —6y” +11y —6y=0, y0)=4, 3 (0)=5 y"(0)=09. (9.2.4)

SocuTion The characteristic polynomial of (9.2.3) is

p(r) =1 —6r* +11r —6 = (r — 1)(r — 2)(r — 3).
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9 Linear Higher Order Equations

Therefore {e?, e, 3%} is a set of solutions of (9.2.3). It is a fundamental set, since its Wronskian is

T 2z 3z

e e e 1 1 1
W(z)=|er 2% 3e¥ |=e |1 2 3 |=2%+£0.
e 4623: 96397 1 4 9
Therefore the general solution of (9.2.3) is
y=cre” + coe® 4 c3e™. (9.2.5)

SoruTion (B) We must determine ¢, ¢, and c3 in (9.2.5) so that y satisfies the initial conditions in (9.2.4).
Differentiating (9.2.5) twice yields

c1€” 4 2¢9e?® + 3cze®”

9.2.6
Yy’ = ci1e® + 4coe®® + 9czed”. ( )

Setting z = 0 in (9.2.5) and (9.2.6) and imposing the initial conditions yields

c1+ co+ c3
c1 4 2¢o + 3c3
C1 —|— 462 + 903

Lo
© ot o

The solution of this system is ¢; = 4, c; = —1, c3 = 1. Therefore the solution of (9.2.4) is

y:4ex_e2$+e3z

(Figure 9.2.1). [

Figure 9.2.1. y = 4e® — ™ + **

Now we consider the case where the characteristic polynomial (9.2.2) does not have » distinct real
zeros. For this purpose it is useful to define what we mean by a factorization of a polynomial operator.
We begin with an example.

ExampLE 9.2.2

Consider the polynomial

p(r)=r*—rP+r—1
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9 Linear Higher Order Equations

and the associated polynomial operator

Since p(r) can be factored as
p(r) = (r—1)(r* +1) = (r* + 1)(r— 1),
it's reasonable to expect that p(D) can be factored as
p(D)=(D—1)(D?*+1)= (D*+1)(D—1). (9.2.7)

However, before we can make this assertion we must define what we mean by saying that two
operators are equal, and what we mean by the products of operators in (9.2.7). We say that two
operators are equal if they apply to the same functions and always produce the same result. The
definitions of the products in (9.2.7) is this: if y is any three-times differentiable function then

a. (D—1)(D*+ 1)y is the function obtained by first applying D? + 1 to y and then applying D — 1
to the resulting function

b. (D? +1)(D — 1)y is the function obtained by first applying D — 1 to y and then applying D? + 1
to the resulting function.

From (a),

(D-1)(D*+1)y = (D-1[(D?+ 1)y

(D-1)(y" +y) =Dy +y) — (¥ +y)
(" +y)— (" +y)

= v -y +y —y=(D*-D*+D-1)y.

(9.2.8)

This implies that

(D—-1)(D?*+1)=(D*-D?>+D—1).

From (b),

(D*+1)(D—1)y (D*+1)[(D—1)y]
= D+ —y=DW -y +u —v)
W —y")+ W —y (5:25)

y”’fy”—l—y/—yz(D3*D2+D*1)y,

)
)

v
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9 Linear Higher Order Equations

(D*4+1)(D—1)=(D*—-D?>+ D —1),

which completes the justification of (9.2.7).

ExampLE 9.2.3

Use the result of Example 9.2.2 to find the general solution of

y' —y' +y —y=0. (9.2.10)

SoruTion From (9.2.8), we can rewrite (9.2.10) as

(D—1)(D*+ 1)y =0,

which implies that any solution of (D? + 1)y = 0 is a solution of (9.2.10). Therefore y; = cosz and y, = sinx
are solutions of (9.2.10).

From (9.2.9), we can rewrite (9.2.10) as

(D* + 1)(D— 1)y =0,

which implies that any solution of (D — 1)y = 0 is a solution of (9.2.10). Therefore y; = e* is solution of
(9.2.10).

The Wronskian of {e®, cos z,sinz} IS

T

cosx sinx e
W(z)=| —sinz  cosz e*
—cosr —sinx e
Since
1 0 1
W)= 0 1 1 |=2,
-1 0 1

{cosz,sinz,e”} is linearly independent and
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9 Linear Higher Order Equations

Y = cC1CoST + cosinx + cze”

is the general solution of (9.2.10).

ExampPLE 9.2.4

Find the general solution of

yW — 16y = 0. (9.2.11)

SoruTtion The characteristic polynomial of (9.2.11) is

p(r)=rt—16=(r> —4)(r? +4) = (r — 2)(r + 2)(r? + 4).

By arguments similar to those used in Examples 9.2.2 and 9.2.3, it can be shown that (9.2.11) can be
written as

(D2 +4)(D+2)(D—2)y=0

or

(D?>+4)(D—-2)(D+2)y=0

or

(D—2)(D+2)(D?+4)y = 0.

Therefore y is a solution of (9.2.11) if it’s a solution of any of the three equations

(D—2)y=0, (D+2)y=0, (D?>+4)y=0.

Hence, {e?*,e 2% cos 2z,sin 2z} is a set of solutions of (9.2.11). The Wronskian of this set is
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9 Linear Higher Order Equations

e e cos 2 sin 2z
2e?r  _—2e~2r  _2sin2x 2 cos 2z
W()=| , L .
4e*® 4e " —4cos2x —4sin2z
8e2r _8e 2 8sin2xz —8cos?2z
Since
1 1 0
2 -2 2
W(0) = = —512
O=, 4 _4 ;
8 -8 0 -8

{e?® e 22 cos2z,sin 2z} is linearly independent, and
Y1 = c16%® + coe 2 4 ¢308 2% + ¢4 sin 2z

is the general solution of (9.2.11).

It is known from algebra that every polynomial
p(r) = agr™ + a1 + -+ ay,

with real coefficients can be factored as

p(r) = aop1(r)pa(r) = pr(r),
where no pair of the polynomials py, ps, ..., pr has a commom factor and each is either of the form

pj(r) = (r—r;)™, (9.2.12)

where r; is real and m; is a positive integer, or

pi(r) = [(r=X)* +wi]™, (9.2.13)

where \; and w; are real, w; # 0, and m; is a positive integer. If (9.2.12) holds then r; is a real zero of p,
while if (9.2.13) holds then X + iw and A — iw are complex conjugate zeros of p. In either case, m; is the
multiplicity of the zero(s).

By arguments similar to those used in our examples, it can be shown that
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9 Linear Higher Order Equations

p(D) = aop1(D)p2(D) -+ pr(D) (9.2.14)
and that the order of the factors on the right can be chosen arbitrarily. Therefore, if p;(D)y = 0 for some j
then p(D)y = 0. To see this, we simply rewrite (9.2.14) so that p;(D) is applied first. Therefore the

problem of finding solutions of p(D)y = 0 with p as in (9.2.14) reduces to finding solutions of each of
these equations

pi(D)y=0, 1<j<k,

where p; is a power of a first degree term or of an irreducible quadratic. To find a fundamental set of
solutions {y1,vs, ...,y } Of p(D)y = 0, we find fundamental set of solutions of each of the equations and
take {y1,, ...,y } t0 be the set of all functions in these separate fundamental sets. In Exercise 40 we
sketch the proof that {y;, ., ..., y,} is linearly independent, and therefore a fundamental set of solutions
of p(D)y = 0.

To apply this procedure to general homogeneous constant coefficient equations, we must be able to
find fundamental sets of solutions of equations of the form

(D—a)"y=0
and
[(D—=X)?+w]"y=0,
where m is an arbitrary positive integer. The next two theorems show how to do this.

THeEOREM 9.2.1

If m is a positive integer, then
{e™, ze™, ... .z e} (9.2.15)
is a fundamental set of solutions of

(D—a)™y=0. (9.2.16)

Proor We'll show that if
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9 Linear Higher Order Equations

f(x) =c1 +cox + -+ cpz™?

is an arbitrary polynomial of degree < m — 1, then y = ¢ f is a solution of (9.2.16). First note that if g is
any differentiable function then

ax ./

(D —a)e*g= De*g— ae®g = ae®g+ e*g — ae™y,

SO
(D—a)e"g=e"g. (9.2.17)
Therefore
(D—a)e™™f = e¥f’ (from (?7?7) with g = f)
(D—a)ef = (D—a)e®f =exf” (from (?77) with g = f)
(D—a)®e®f = (D—a)ef” =e=f” (from (?77) with g = f”)
(D—a)™e™f = (D-— a)eaxf(m_l) = e f(m) (from (?77?7) with g = f(m_1>).

Since f(™ = 0, the last equation implies that y = e** f is a solution of (9.2.16) if f is any polynomial of
degree < m — 1. In particular, each function in (9.2.15) is a solution of (9.2.16). To see that (9.2.15) is
linearly independent (and therefore a fundamental set of solutions of (9.2.16)), note that if

c16% + coxe™ 4 ¢+ 1™ e =0
for all z in some interval (a,b), then

citexte+e, ™ =0

for all z in (a,b). However, we know from algebra that if this polynomial has more than m — 1 zeros then

cio=c=--=¢,=0.

ExampLE 9.2.5

Find the general solution of
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9 Linear Higher Order Equations

yll/ + 3y// + 3y/ + y — O'

SoruTtion The characteristic polynomial of (9.2.18) is

p(r)=r>+3r2 +3r+1=(r+1)3

Therefore (9.2.18) can be written as

(D+1)% =0,

so Theorem 9.2.1 implies that the general solution of (9.2.18) is

Extension "bbox" failed to load

The proof of the next theorem is sketched in Exercise 41.

THEOREM 9.2.2

If w+# 0 and m is a positive integer, then

{e* coswz, xe M coswz, ..., z™ e

e sin we, e

COoSs Wz,

Tsinwe, ...,z™ el

sinwz}

is a fundamental set of solutions of

[(D—X)?+wl™y =0.

ExampLE 9.2.6

Find the general solution of

(D* 44D + 13)*y = 0.
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9 Linear Higher Order Equations

Sorution The characteristic polynomial of (9.2.19) is
p(r) = (r* +4r +13)3 = (r+2)2+9)°.
Therefore (9.2.19) can be be written as
(D +2)*+ 9% =0,
so Theorem 9.2.2 implies that the general solution of (9.2.19) is
y = (a1 + asx + azz?)e > cos 3z + (by + byx + bsz®)e " sin 3z.

ExampLE 9.2.7

Find the general solution of

y@ + 4y” +6y” + 4y’ = 0. (9.2.20)

SoruTtion The characteristic polynomial of (9.2.20) is

p(r) = r* +4r® + 6r° + 4r
=r(r3 +4r2 +6r +4)
=r(r+ 2)(7“2 +2r+2)
=r(r+2)[(r+1)>*+1].

Therefore (9.2.20) can be written as

[(D+1)?+1](D+2)Dy=0.

Fundamental sets of solutions of

[(D+1)*+1]y=0, (D+2)y=0, and Dy=0.

are given by

{e “cosz,e "sinz}, {e >}, and {1},
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respectively. Therefore the general solution of (9.2.20) is

y=e *(cicosx + cysinz) + cze X + cy.

ExampLE 9.2.8

Find a fundamental set of solutions of

(D+1)?+1*(D-1)*D+1)D*y=0. (9.2.21)

SovruTion A fundamental set of solutions of (9.2.21) can be obtained by combining fundamental sets of
solutions of

\dst [(D+1)24+1]*y=0, (D—1)3y=0,
\dst(D+1)y =0, and D?y=0.

Fundamental sets of solutions of these equations are given by

\dst{e ®cosx,ze “cosz,e ‘sinz,re “sinz}, {e? xze®, xe},

\dst{e "}, and {1, z},

respectively. These ten functions form a fundamental set of solutions of (9.2.21).

9.2 Exercises

In Exercises 1-14 find the general solution.
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13.

9 Linear Higher Order Equations

y/// _3y//+3y/ _y: O

Show answer

yW +8y” —9y =

Show answer

<

Show answer

0

" _ y// + 16yl _ 16y — O

2y/// + 3yl/ _ 2y/ _ 3y — 0

Show answer

y” +5y" +9y +5y=0

Show answer

4y//l _ Sy” + 5y/ _ y — 0

Show answer

27y/// + 27y// + gy/ +y=0

Show answer

Show answer

<
)
+
tﬁ\
Il
o

y@® —16y =0

Show answer

yW 4+ 12y” + 36y = 0

Show answer

16yY) — 72" + 81y =0

Show answer

(=]

Show answer

S~

Show answer

y(4)+5y///+7y//+5y/+y:0

yW +12y” +3y” — 13y —6y =0
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9 Linear Higher Order Equations

14, yW —4y” +7y" — 6y +2y=0

In Exercises 15-27 solve the initial value problem. Where indicated by , graph the solution.
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-y =2y +4y —8y=0, y(0)=2, y'(0)=-2,y"(0)=0

Show answer

Y3y -y =3y =0, y(0)=0, y(0)=14, y(0)=—40

Show answer

CIGly" —y" —y' +y=0, y0)=-2, ¥(0)=9, ¢"(0)=4

Show answer

CIG|y” —2y —4y=0, y(0)=6, 3'(0)=3, y”(0)=22

Show answer

CIG

w

v’ —y =Ty +5y=0, y(0)=\dst%, 3'(0)=0, y’(0)=10

Show answer

-y =6y + 12y =8y =0, y(0)=1, ¥'(0)=-1, y"(0)=—4

Show answer

y” —11y" + 12y +9y =0, y(0)=6, y'(0)=3, y"(0)=13

Show answer

y' —4y" =2y +y=0, y(0)=4, y(0)=-3, y"(0)=-1

Show answer

-y —16y=0, y(0)=2, y'(0)=2, y(0) =2, y”(0) =0

Show answer

oy =6y Ty 6y —8y =0, y(0)=-2, y'(0)=-8 y'(0)=-14,
v (0) = 62

Show answer

4y 13y + 9y =0, y0)=1, y(0)=3, y’(0)=1, y”(0)=3

Show answer

YW 2y — 2y —8y —8y=0, y(0)=5, Y (0)=-2, ¥y (0)=6, y”(0)=8

Show answer
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27. (6] 4y + 8y” +19y” + 32y +12y=0, 3(0)=3, ¢ (0)=—-3, y"(0)=—\dstd, y”(0) = \dstL

Show answer

28. Find a fundamental set of solutions of the given equation, and verify that it's a fundamental set by
evaluating its Wronskian at z = 0.

(@) (D—-1)*(D—-2)y=0 (b) (D*>+4)(D—3)y=0
(c) (D*+2D+2)(D—1)y=0 (d) D¥(D—1)y=0
(€) (D2 —1)(D2+1)y=0 (f) (D2 —2D+2)(D2+1)y=0

Show answer

In Exercises 29-38 find a fundamental set of solutions.
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9 Linear Higher Order Equations

D?>+ 6D+ 13)(D —2)’D3*y =0

~~—

Show answer

D—1)2(2D —1)3(D2+ 1)y =0

Show answer

D*+9)°D?* =0

Show answer

D—2)3(D+1)2Dy=0

~—

Show answer

D?*+1)(D*+9)2(D—2)y=0

Show answer

D*—16)%y =

o

Show answer

4D* +4D +9)3y =0

~—

Show answer

3(D—2)*(D? +4)%y=0

Show answer

4D% +1)2(9D? + 4)3y =0

Show answer

(D—1)*—16]y=0

Show answer
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39. It can be shown that

1 1 1
a1 a9 an
2 2 2 —
ar %) an - H (a] az)v (A)
1<i<j<n
n—1 n—1 n—1
ay ay a,

where the left side is the Vandermonde determinant (http://www-history.mcs.st-and.ac.uk/Mathematicians/Van

dermonde.html) and the right side is the product of all factors of the form (a; — a;) with ¢ and j
between 1 and n and i < j.

a. Verify (A) forn=2and n = 3.

b. Find the Wronskian of {e®#, e%® .. ews},

Show answer
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9 Linear Higher Order Equations

40. Atheorem from algebra says that if P, and P, are polynomials with no common factors then there
are polynomials @, and @, such that

Q1P+ Q2P = 1.

This implies that

Q1(D)P1(D)y + Q2(D)P2(D)y =y

for every function y with enough derivatives for the left side to be defined.
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a. Use this to show that if P, and P, have no common factors and
Py(D)y = P,(D)y=0

then y = 0.

b. Suppose P, and P, are polynomials with no common factors. Let ug, ..., u, be linearly
independent solutions of P;(D)y =0 and let vy, ..., v be linearly independent solutions of
Py(D)y = 0. Use (a) to show that {u, ..., u,,v1,...,vs} iS & linearly independent set.

c. Suppose the characteristic polynomial of the constant coefficient equation

(n-1)

aoy™ + a1y 4+t ay =0 (A)

has the factorization
p(r) = aop1(r)p2(r) - pr(r),
where each p; is of the form
pj(r) = (r—ry)" or pj(r) = [(r— X;)* + wi™ (w; >0)

and no two of the polynomials p, ps, ..., pr have a common factor. Show that we can find a
fundamental set of solutions {yi, ., ..., .} Of (A) by finding a fundamental set of solutions of
each of the equations

pi(D)y=0, 1<j<k,

and taking {y1,vs, ..., ¥, } t0 be the set of all functions in these separate fundamental sets.
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a. Show that if

z = p(x) coswz + ¢q(z) sinwz, (A)

where p and ¢ are polynomials of degree < k, then

(D* + w?)z = py(x) coswz + ¢ (z) sinwz,

where p; and ¢; are polynomials of degree < k — 1.

. Apply (@) m times to show that if - is of the form (A) where p and ¢ are polynomial of degree

<m—1, then

(D? 4+ w?)™z = 0. (B)

. Use Eqn. (9.2.17) to show that if y = e**z then

[(D_)\)Z +w2]my: e)\z(DZ +w2)mz.

. Conclude from (b) and (c) that if p and ¢ are arbitrary polynomials of degree < m — 1 then

y = e (p(x) coswz + q(z) sinwz)
is a solution of

(D=2 +w’"y =0. (©)

. Conclude from (d) that the functions

e)\ A mfle)\z

Teoswr, ..,T
A

T coswr, e

e sin wz, ze

COS Wx,

mfle)\ar

Tsinwzx, ...,T sin wx

are all solutions of (C).

. Complete the proof of Theorem 9.2.2 by showing that the functions in (D) are linearly

independent.
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42. a. Use the trigonometric identities

cos(A + B) = cos Acos B — sin Asin B
sin(A 4+ B) = cos Asin B + sin A cos B

to show that
(cos A+ isin A)(cos B+ isin B) = cos(A + B) +isin(A + B).

b. Apply (a) repeatedly to show that if n is a positive integer then

n
H(cos A +isin Ay) = cos(Ay + As + -+ A,) +isin(A; + As + -+ A,).
k=1

c. Infer from (b) that if »n is a positive integer then
(cos @+ isin@)" = cosnb + isinnd. (A)

d. Show that (A) also holds if n» = 0 or a negative integer.

HinT

Verify by direct calculation that
(cos +isinf) " = (cosf — isinf).

Then replace 6 by —6 in (A).
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e. Now suppose n is a positive integer. Infer from (A) that if
2| = COs (ﬁ) + i sin (ﬂ> , k=0,1,....,.n—1,
n n
and

2k+1 2k+1
(r, = cos (%) + isin (%), k=0,1,...,n—1,

then
zg=1 and (=-1, k=0,1,...,n—1

(Why don’t we also consider other integer values for £?)

f. Let p be a positive number. Use (e) to show that
2" —p=(z—p""20)(z—p'"z1) (2= p' "2 1)
and
2"t p=(z—p""C0)(z— p"C1) - (2= p"Cnn).

43. Use (e) of Exercise 42 to find a fundamental set of solutions of the given equation.

@y —y=0 (b)y” +y=0
(€) y¥ +64y=0 (d) y® —y=0
(€) y© + 64y =0 (A [(D-1)—1]y=0

@)y +y D +y" +y +y +y=0

Show answer
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45,

9 Linear Higher Order Equations

An equation of the form

aoz"y"™ + a1z" "V + o a2y +ay=0, x>0, (A)
where ay, a4, ..., a, are constants, is an Euler or equidimensional equation.
Show that if
r=e" and Y(t) =y(z(t)), (B)
then
\dstx% = \dst%
\dstx2% = \dst% — %
\dstas3% = \dst (f;tf -3 Cf;:; + 262—);.
In general, it can be shown that if r is any integer > 2 then
R SN SN
dx” dt” dtr—1 Tt

where A,,, ..., A,_;, are integers. Use these results to show that the substitution (B) transforms
(A) into a constant coefficient equation for Y as a function of ¢.

Use Exercise 44 to show that a function y = y(z) satisfies the equation

3,.m

aoz’y"” + a12®y” + agxy’ + azy =0, (A)

on (0, c0) if and only if the function Y (t) = y(e') satisfies

3 d*y dy
75 + ((1,1 — 3GO)W + ((Iz —a1 + 2a0)ﬁ +a3Y =0.

ao

Assuming that ag, a1, a9, a3 are real and a, + 0, find the possible forms for the general solution of

(A).

Show answer
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9.3 Undetermined Coefficients for Higher Order Equations

In this section we consider the constant coefficient equation
aoy™ + ary™ Y + - + a,y = F(z), (9.3.1)
where n > 3 and F is a linear combination of functions of the form
e (po + p1z + - + prz")
or
e [(po +p1xT+ - +pkxk) COS Wx + (qo +qr+--+ qk:ck) sinww] .

From Theorem 9.1.5, the general solution of (9.3.1) is y = y, + y., Where y, is a particular solution of
(9.3.1) and y, is the general solution of the complementary equation

aoy™ + a1y Y 4+ + 4y = 0.

In Section 9.2 we learned how to find y.. Here we will learn how to find y, when the forcing function has
the form stated above. The procedure that we use is a generalization of the method that we used in
Sections 5.4 and 5.5, and is again called method of undetermined coefficients. Since the underlying
ideas are the same as those in Sections 5.4 and 5.5, we’ll give an informal presentation based on
examples.

Forcing Functions of the Form e** (py + p1z + -+ + prx”)

We first consider equations of the form
aoy(n) + a1y<n_1) + -t ay = e (po +prx+ - -{—pk{Ek) .

ExampLE 9.3.1

Find a particular solution of

y” + 3y + 2y —y=e"(21 + 24z + 282% + 5z%). (9.3.2)

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 43 of 86
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SovruTion Substituting

= ue’,

Y

Y =e"(u +u),

y" =e"(u” +2u" +u),

y/// — eﬂ/‘(u/// + 3u// + 3u/ + u)

into (9.3.2) and canceling e* yields
(w” +3u” +3u’ +u) +3(u” +2u’ +u) +2(u’ +u) —u = 21 + 24z + 2822 + 523,
or
u” +6u” + 110" + 5u = 21 + 24z + 282 + 52°. (9.3.3)
Since the unknown v« appears on the left, we can see that (9.3.3) has a particular solution of the form
u, = A+ Bz + Cz* + Dz>.

Then

u]/, = B+ 2Cx + 3Dz?
u; =2C+6Dzx

m

u, =6D.
Substituting from the last four equations into the left side of (9.3.3) yields

u, +6u, + 11u,, + 5u, = 6D + 6(2C + 6Dz) + 11(B + 2Cz + 3Dz*)
+ 5(A + Bz + Cx? + Dz?)
= (5A+11B + 12C + 6D) + (5B + 22C + 36D)x
+ (5C +33D)z% + 5Dx3.

Comparing coefficients of like powers of = on the right sides of this equation and (9.3.3) shows that u,
satisfies (9.3.3) if

5D = 5

5C+33D = 28
5B+22C+36D = 24
5A+11B+12C+ 6D = 21.
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Solving these equations successively yields D=1, C = -1, B=2, A= 1. Therefore

u, =142z — 22 + 23

is a particular solution of (9.3.3), so

yp = €"u, = e”(1+ 2z — 2% + %)

is a particular solution of (9.3.2) (Figure 9.3.1).

Figure 9.3.1. y, = e*(1 + 2z — z% + z?)

ExampLE 9.3.2

Find a particular solution of

Yy —y” — 6y + 4y + 8y = e¥ (4 4 19z + 62%). (9.3.4)
SoruTion Substituting
y = ue™,
y = e¥(u' + 2u),
y” = e®*(u” + 4u’ + 4u),
y” = e (u” + 6u” + 12u’ + 8u),
y W = e (w4 8u” + 24u” + 32u’ + 16u)

into (9.3.4) and canceling e** yields

(u® + 8u” + 24u” + 32u” + 16u) — (u” + 6u” + 12u” + 8u)
—6(u” +4u’ + 4u) + 4(u’ + 2u) + 8u = 4 + 19z + 627,

or

"

u +7u” + 120" = 4 + 192 + 63 (9.3.5)

Since neither « nor «” appear on the left, we can see that (9.3.5) has a particular solution of the form
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u, = Az’ + Bz® + Cz*. (9.3.6)
Then

u;, = 2Az + 3Bz? + 4Cx?
u; =24+ 6Bz + 12Ca”
u, =6B+24Cx
uy = 24C.

Substituting «”, v, and u}" into the left side of (9.3.5) yields

ug! + 7u) +12u” = 24C + 7(6B + 24Cx) + 12(2A + 6Bz + 12Cz?)
= (24A + 42B + 24C) + (72B + 168C)z + 144Cz?.

Comparing coefficients of like powers of = on the right sides of this equation and (9.3.5) shows that u,
satisfies (9.3.5), if

144C = 6
72B+168C = 19
24A+42B+ 24C = 4.

Solving these equations successively yields C = 1/24, B=1/6, A = —1/6. Substituting these into (9.3.6)
shows that

T
Up = ﬂ(—4+4x+w2)

is a particular solution of (9.3.5), so

2 2z

Z  (—4+4 2
24( + 4z + x°)

Yp =€ Up =

is a particular solution of (9.3.4). (Figure 9.3.2).

21

Figure 9.3.2. y, = \dst 55" (—4 + 4z + ?)

Forcing Functions of the Form e** (P(z) coswz + Q(z) sin wx)

We now consider equations of the form
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aoy™ + a1y Y + - + a,y = e (P(z) coswz + Q(z) sinwz) ,

where P and Q are polynomials.

ExampLE 9.3.3

Find a particular solution of

y" +y" — 4y — 4y =e"[(5 —5x) cosx + (2 + 5x) sin z]. (9.3.7)

SoLruTioN Substituting

into (9.3.7) and canceling e yields

(uw” +3u” +3u" +u)+ (v +2u" +u) —4(u +u) —4u = (5 —5zx)cosz + (2 + 5z) sin z,

or

u” +4u” +u —6u = (5—5z)cosx + (2 + 5z)sin . (9.3.8)

Since cosz and sin z are not solutions of the complementary equation

u” +4u” +u’ — 6u =0,

a theorem analogous to Theorem 5.5.1 implies that (9.3.8) has a particular solution of the form

up = (Ag + A1z) cosz + (By + Biz)sinz. (9.3.9)

Then
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u; = (A1 + By + Biz)cosz + (B; — Ag — Ajz)sinz,

u;/ = (2By — Ay — A1x) cosz — (2A, + By + Byz)sinz,
u;” = —(3A1 + By + Biz)cosz — (3B — Ag — Ajx) sin z,
SO
U’Z/ + 411,;; + U’I/D — 6up = — []_OAO + 2A1 — 8Bl + 10A1:1,‘] COS T

— [1030 + 2Bl + 8A1 + 10B1£L'] sinz.

Comparing the coefficients of z cos z, zsinz, cosz, and sin 2z here with the corresponding coefficients in
(9.3.8) shows that u, is a solution of (9.3.8) if

—104; = -5
~10B; = 5
—1040—24,+8B; = 5
—10By—2B; —84; = 2.

Solving the first two equations yields A; = 1/2, B: = —1/2. Substituting these into the last two equations
yields

—1040=5+24;, —8B; =10
—10By =2+ 2B; + 84; =5,

SO Ag = —1, By = —1/2. Substituting Ay = —1, 4; = 1/2, Bg = —1/2, B; = —1/2 into (9.3.9) shows that
Up = —\dst% [(2—z)cosz + (1 + z)sinz]

is a particular solution of (9.3.8), so

, e’
yp = e"up = 5 [(2—z)cosz + (1 + z)sin z]

is a particular solution of (9.3.7) (Figure 9.3.3).

Figure 9.3.3. y, = \dste®u, = —% [(2— z) cosz + (1 + z) sin 7]

ExawvpLE 9.3.4

Find a particular solution of

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 48 of 86



9 Linear Higher Order Equations

y” +4y”" + 6y +4y=e " [(1 —6z)cosz — (3 + 2z)sinz]. (9.3.10)

SoruTion Substituting

=ue %,

~ <

u —u),

e (
" _ e—x(u// — o+ u)’
e (

< e
Il

" V4

u” —3u” 4+ 3u’ —u)

T

into (9.3.10) and canceling e* yields
(u” —3u” 4+ 3u" —u) +4(u” —2u’ + u) + 6(u” —u) + 4u = (1 — 6x) cosz — (3 + 2z) sinz,
or
v +u” +u +u=(1-6z)cosz — (3+ 2z)sinx. (9.3.11)
Since cosz and sinz are solutions of the complementary equation

u” +u” +u +u=0,

a theorem analogous to Theorem 5.5.1 implies that (9.3.11) has a particular solution of the form

up, = (Aox + A13?) cosz + (Boz + Biz?)sinz. (9.3.12)
Then
’U,;) = [A(] + (2A1 + BQ)$ + BILL’Z] cosx + [B() —+ (231 — Ao)il? — A1§C2] sin x,
u; = [24; + 2By — (Ag — 4B))r — A1x?| cosx
+ [2B1 — 2A0 — (B() + 4A1)1‘ — Bl.’[:z] sinm,
uzl = —[349— 6B + (641 + Bo)z + le2] cos T
— [3Bo + 641 + (6B1 — Ag)x — A1z*]sinz,
SO

u) +uy +u,+up = —[2A0— 2By —2A1 —6B1 + (441 — 4B1)z]cosx
—[2By + 2A¢0 —2B; + 6A; + (4B1 + 4A;)z]sinz.
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Comparing the coefficients of z cosz, xsinz, cosz, and sin z here with the corresponding coefficients in
(9.3.11) shows that u, is a solution of (9.3.11) if

—4A,+4B; = —6
—4A, —4B, = 2
—2A0+ 2By +2A1+6B; = 1
—2Ag—2By—6A,+2B; = -3.

Solving the first two equations yields A; = 1, B; = —1/2. Substituting these into the last two equations
yields

—240+2By= 1—2A4,—6B; =2
—2A¢— 2By = — 3+ 64, —2B; =4,

Figure 9.3.4. \dsty, = — £~ [(3 — 2z) cosz + (1 + z) sin ]

S0 Ay = —3/2 and B, = —1/2. Substituting 4o = —3/2, A; =1, By = —1/2, B; = —1/2 into (9.3.12) shows
that

u, = —\dstg [(3—2z)cosz + (1 + z)sin x]

is a particular solution of (9.3.11), so

—x

xre

[(3—2z)cosz + (1 + z)sinz]

(Figure 9.3.4) is a particular solution of (9.3.10).

9.3 Exercises

In Exercises 1-59 find a particular solution.
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10.

11.

12.

13.

Show answer

9 Linear Higher Order Equations

« Yy —6y” + 11y — 6y = —e “(4 + T6x — 24x?)

y/// o 2y// _ 5y’ + 6y = e 3% (32 —23x + 61'2)

Show answer

4y/// + Sy// _ y’ — 2y = —e”¥ (4 + 45z + 951;2)

Show answer

y' 43y —y —3y=e (2~ 17z + 327

Show answer

y/// + 3']/” _ y’ _ 3y = ex(—l + 2x + 2422 + 16‘733)

Show answer

y/// + y// —2y= ez(14 + 34x + 15(132)

Show answer

dy” +8y" —y — 2y = —e 2*(1— 152)

Show answer

<

Show answer

" —y" —y +y=e"(7+ 6x)

2y/// _ 7yl/ + 4y’ + 4y = 621(17 + 30(1))

Show answer

y” —5y" + 3y + 9y = 2% (11 — 242?)

Show answer

y” —Ty" + 8y + 16y = 2" (13 + 15z)

Show answer

Qo

Show answer

y(4) + 3y/// _ 3y//

Show answer

y/// o 12y” + Gy’ —y= ez/Z(l + 4.’13)

— Ty +6y=—e “(12+ 8z — 8962)
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14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

9 Linear Higher Order Equations

y(4) + 3y/// + y// _ 3y/ _ 2y — _36230(11 4 1258)

Show answer

y@ + 8y” + 24y” + 32y’ = —16e % (14 z + 22 — z?)

Show answer

W~

y(4) — lly” —

©

Show answer

y(4) o 2y/// + 3y/

Show answer

y —2y=—e"(1—6x)

—y=e"(3+ 4z +2?)

y W — 4y 4+ 6y” — 4y + 2y =¥ (24 + z + )

Show answer

2y + 5y” — By’ — 2y = 18e*(5 + 2x)

Show answer

<

Show answer

2y(4) + y/// o Qy/

Show answer

@) 4y — 2" — 6y — dy = —e>* (4 + 28z + 1522)

—y=3e"*(1—6x)

yW —5y” + 4y = e*(3 + x — 3z2?)

Show answer

<

Show answer

y(4) o 3y/// + 4y/

Show answer

y(4) o 2y/// + 2y/

Show answer

@) —2y” — 3y” + 4y + 4y = €**(13 4 33z + 18z?)

= e (15 + 26x + 12z?%)

—y=e"(1+x)

20 —5y” +3y" +y —y=e"(11 4+ 12z)

Show answer
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

9 Linear Higher Order Equations

y(4) + 3y/// + 3y// + y/ — e—x(5 — g + 102:2)

Show answer

yW — Ty” +18y” — 20y’ + 8y = e2*(3 — 8z — 5x?)

Show answer

<

Show answer

" —y”" — 4y’ + 4y =e"[(16 + 10z) cos z + (30 — 10z) sin z]

v +y" — 4y — 4y =e " [(1 —22z) cos 2z — (1 + 6z) sin 2z

Show answer

<

Show answer

<

Show answer

" —y” + 2y — 2y = e®*[(27 + bz — x?) cosz + (2 + 13z + 92?) sin x]

7 — 2" +y — 2y =—e®[(9— bz + 42?) cos 2z — (6 — 5z — 3x2) sin 2z]

y” +3y” + 4y’ + 12y = 8 cos 2z — 165in 2z

Show answer

<

Show answer

" —y" 4+ 2y =€"[(20 + 4z) cosz — (12 4 12z) sin z]

y” — Ty” + 20y’ — 24y = —e?*[(13 — 8x) cos 2z — (8 — 4x) sin 2x]

Show answer

y/// _ 6y// + 18y/

Show answer

y(4) + 2y/// o 2y//

Show answer

= —e3*[(2 — 3x) cos 3z — (3 + 3z) sin 3z]

— 8y’ — 8y =e"(8cosz + 16sinz)

YW —3y” + 2y 4 2y’ — 4y = €®(2 cos 2 — sin 2z)

Show answer

YW — 8y” + 24y” — 32y + 15y = e2*(15z cos 2z + 325sin 2z)

Show answer
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41.

42.

43.

45,

46.

47.

48.

49.

50.

51.

52.

9 Linear Higher Order Equations

yW 4+ 6y” +13y" +12y + 4y = e *[(4—z) cosx — (5 + x) sin z]

Show answer

y W+ 3y” +2y” — 2y — 4y = —e *(cosx — sinzx)

Show answer

yW — 5y” +13y” — 19y’ + 10y = €®(cos 2 + sin 2z)

Show answer

YW + 8y” + 32y” + 64y’ + 39y = e 2*[(4 — 15z) cos 3z — (4 + 15z) sin 3z

Show answer

yW — 5y” +13y” — 19y’ + 10y = €[(7 + 8z) cos 2z + (8 — 4x) sin 2z]

Show answer

YW+ 4y” + 8y” + 8y + 4y = —2e *(cosx — 2sin )

Show answer

YW — 8y” + 32y” — 64y’ + 64y = e>*(cos 2z — sin 2z)

Show answer

Yy — 8y” 4 26y” — 40y’ + 25y = e**[3cosz — (1 + 3z) sin z]

Show answer

y/// _ 4’!/” + 53/, _

Show answer

<

Show answer

<

Show answer

2y = e2® — 4e* —2cosz + 4sinx

"y’ +y —y=>5e** +2e® —4cosz + 4sinx

7 —y = —2(1+x) + 4e® — 6e " + 96e%

y” —4y” 4+ 9y’ — 10y = 10e** + 20e” sin 2z — 10

Show answer

y” +3y” + 3y +y=12¢ % + 9cos 2z — 13sin 2z

Show answer

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 54 of 86



9 Linear Higher Order Equations

53. v +y" —y —y=4e (1 —6z) —2xcosx + 2(1 + x)sinx

Show answer

54. y(4) —5y” + 4y = —12e* +6e % 4+ 10cos

Show answer

55. y) —4y” 4+ 11y” — 14y’ + 10y = —e®(sinz + 2 cos 2z)

Show answer

56. y4) +2y” —3y" — 4y +4y=2e"(1+z)+e >

Show answer

57.

@) 4 4y = sinh z cos ¢ — cosh z sin

<

Show answer

58. ¢y +5y" +9y" + Ty +2y=e (30 +24z) —e

Show answer

59. y@ —4y” +7y" — 6y’ + 2y = e*(12z — 2cos x + 2sin x)

Show answer

In Exercises 60—68 find the general solution.
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60. vy —y" —y +y=e?*(10 + 3x)

<

Show answer

61. v +y” —2y=—e3*(9+ 67z + 1722)

Show answer

62. y” —6y” + 11y — 6y = ¥ (5 — 4z — 3z?)

Show answer

63. vy’ +2y" +y = —2e (7 — 18z + 62?)

Show answer

64. v —3y" +3y —y=e*(1+x)

Show answer

65. y¥) — 2y +y=—e"(4— 9z + 32?)

<

Show answer

66. y” +2y” —y —2y=-e *[(23 —2z)cosx + (8 — 92) sin x]

Show answer

67. yW —3y” 4+ 4y” — 2y’ = " [(28 + 6x) cos 2z + (11 — 12z) sin 2z]

Show answer

68. y) —4y” + 14y” — 20y’ + 25y = e® [(2 + 6x) cos 2x + 3 sin 2z]

Show answer

In Exercises 69—74 solve the initial value problem and graph the solution.
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69.

70.

71.

72.

73.

74.

75.

9 Linear Higher Order Equations

CIG|y” —2y” — 5y +6y=2e"(1—6z), y(0)=2, ¢ (0)=7 y"(0)=9

Show answer

ClG|y” —y" —y +y=—e"(4—8z), y0)=2, y(0)=0, y”(0)=0

Show answer

CIG|4y” — 3y —y=e¥*2-3z), y(0)=-1, ¥ (0)=15 y"(0)=—17

Show answer

CIG |yW +2y” +2y” 4+ 2y +y = e *(20 — 12z), y(0) = 3, ¥ (0) = —4, y”(0) =7, y” (0) = —22

Show answer

CIG |y” +2y” +y" +2y=30cosx — 10sinz, y(0)=3, ¥y (0)=-4, y”(0)=16

Show answer

CIG | Missing dimension or its units for \hspace

Show answer

Prove: A function y is a solution of the constant coefficient nonhomogeneous equation
aogy™ + a1y + - + any = e G(x)
if and only if y = ue®*, where v satisfies the differential equation

p"(a)

T (e =G

nd

Q

p(r) = aor" + a1 4+ ap

is the characteristic polynomial of the complementary equation

(n)

aoy™ + aly(n—l)

+ -4 ay=0.
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76. Prove:

a. The equation

aou™ 4+ \dst pé::)l(ﬁ) w1 4 \dst pzz:);ﬁ) ™ 4 pla)u

(po + p1z + - +pkack) CoS Wz
+ (g0 + @17 + -+ + grz") sinwz

has a particular solution of the form
Up = ™ (uo +uix+ -+ ukxk) CoSwx + (vo + v+ -+ vkazk) sinwz.
b. If A +iw is a zero of p with multiplicity m > 1, then (A) can be written as
a(u” +wu) = (po + p1z + - + ppa®) coswz + (g0 + gz + -+ + ra®) sinwz,
which has a particular solution of the form
up = U(z) coswz + V(z) sinwz,
where
U(zx) = woz + urz? + - + upr®, V(z) = vox + v12? + - + vzt

and

a(U”(z) + 2wV’ (z)) po+ P17 + - + pra®

a(V"(z) — 20U’ (z)) = qo+ qz++ qa”.

9.4 Variation of Parameters for Higher Order Equations

Derivation of the method

We assume throughout this section that the nonhomogeneous linear equation

Py(x)y™ + Py(2)y" V) 4 + Pu(2)y = F(x)

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 58 of 86

(9.4.1)



9 Linear Higher Order Equations

is normal on an interval (a,b). We’'ll abbreviate this equation as Ly = F, where

Ly = Py(z)y"™ + Pi(z)y" V) + - + Pu(z)y.

When we speak of solutions of this equation and its complementary equation Ly = 0, we mean solutions
on (a,b). We'll show how to use the method of variation of parameters to find a particular solution of Ly
= F, provided that we know a fundamental set of solutions {y1,ys,...,y,} of Ly = 0.

We seek a particular solution of Ly = F in the form

Yp = U1y1 + Uy + - + UpYn (9.4.2)

where {y1,s, ..., y,} IS @ known fundamental set of solutions of the complementary equation

Py(z)y™ + Pi(z)y" Y + -+ Py(z)y =0

and uy, us, ..., u, are functions to be determined. We begin by imposing the following » — 1 conditions

on wy, ug, ..., Up-

uiyl + u§y2—|— +u;tyn =0
uryy +usyst o Fupy, =0
' (9.4.3)
wigd? Fugyy - dungl ™ =0,
These conditions lead to simple formulas for the first » — 1 derivatives of y,,:
o) = wy” +ugy)) -+ unyl, 0<r<n—1. (94.4)

These formulas are easy to remember, since they look as though we obtained them by differentiating
(9.4.2) n — 1 times while treating uy, us, ..., u, as constants. To see that (9.4.3) implies (9.4.4), we first
differentiate (9.4.2) to obtain

Y, = Uryy + Usys + o+ Uyl + UYL+ UGYs + o + Uy,
which reduces to

Y = wryy + usys + -+ unys,
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because of the first equation in (9.4.3). Differentiating this yields

Yp =yl + uayy o+ unyy +uyh + usys + o+ unyy,
which reduces to

Yo = wyy +usyy + o+ unyn

because of the second equation in (9.4.3). Continuing in this way yields (9.4.4).

The last equation in (9.4.4) is

y1(7n_1) = uly(ln_l) + quén_l) + ot unygzn_l)
Differentiating this yields
(n) (n) (n) (n) (n—1) (n—1) el

Yp =U1Y; T UYy + -+ UpYn +uiy1 +U;y2 + ot u,yn

Substituting this and (9.4.4) into (9.4.1) yields

wiLys +usLys + -+ wn Ly, + Poe) (uigh"™ +upgs" 4+ upl ™) = Fla),

Since Ly; =0 (1 <14 < n), this reduces to

_ _ _ F(z)
7 (n—1) 7o(n—=1) / (n—1) _
ulyl + u2y2 + + unyn P0($) .
Combining this equation with (9.4.3) shows that
Yp = UryY1 + u2y2 + -+ + UnYn
is a solution of (9.4.1) if
uiyr +upyat - Fupy, =0
uiyy +usyp+ - Fupy, =0
ully(lnﬁ) + uéyén*2)+ +u;y£n72) =0
wy " pulyl e Y = FYR,
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9 Linear Higher Order Equations

which can be written in matrix form as

U1 Y2 Yn
/ Ul 0
Y1 Ya y; } 0
Ug
: _ : , (9.4.5)
(n-2)  (n-2) (n-2) Uy 0
' ? " F/Py
-1 -1 -1
IR A SR G

The determinant of this system is the Wronskian W of the fundamental set of solutions {yi, vz, ..., ¥n},
which has no zeros on (a,b), by Theorem 9.1.4. Solving (9.4.5) by Cramer’s rule yields

FW;
Lo 1<j<n, (9.4.6)

= (=)L
W= () 1<5<

J

where W; is the Wronskian of the set of functions obtained by deleting y; from {yi,ys, ..., y»} and keeping
the remaining functions in the same order. Equivalently, W; is the determinant obtained by deleting the
last row and j-th column of W.

Having obtained u}, us, ... ,u},, we can integrate to obtain uy, us, ..., u,. AS in Section 5.7, we take the
constants of integration to be zero, and we drop any linear combination of {y1,y», ..., y,} that may
appear in y,,.

REMARK

For efficiency, it's best to compute W;, W, ..., W, first, and then compute W by expanding in
cofactors of the last row; thus,

Third Order Equations

If n =3, then

Yr Y2 Y3

V4 ” V4
Y Y2 Y3

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 61 of 86


http://localhost:4000/differentialEquations/9-1-introduction-to-linear-higher-order-equations/#thmtype-9-1-4
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Therefore

Y2 Y3 Yyr Y3 Yyr Y2
W1 = , 5 W2 = , 9 W3 — , )
Ya Y3 Y1 Y3 Y1 Y2
and (9.4.6) becomes
FW: FW- FW.
1 = —1 ; u; = ——2 ; ué = 3 . (9.4.7)
PoW PoW PoW
ExavpLE 9.4.1
Find a particular solution of
zy” —y’ —zy +y =8z, (9.4.8)

given that y; = z, y» = €%, and y3; = e~ form a fundamental set of solutions of the complementary
equation. Then find the general solution of (9.4.8).

SoruTion We seek a particular solution of (9.4.8) of the form

Yp = UL1T + uge” + uze .

The Wronskian of {y1,y2, 93} is

Tz e’ e’
W(x)=1]1 e —e* |,
e® e *
SO
e’ e’
W1 = _ = fQ’
et —e T
T e *
W2 N 1 —e® = _eiz(x + 1)7
Tz e’
W3 = 1 & =e"(z—1)
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Expanding W by cofactors of the last row yields

W =0W; —e*Wy+e W3 =0(—2)—e” (—e “(z+ 1)) + e “e(z — 1) = 2z.

Since F(z) = 8z2%¢* and Py(z) = =,

Therefore, from (9.4.7),

u) = 4e"W; = 4e”(—2) = —8e”,
ué = — 4eEW2 = —461 (—Ciz(x + 1)) == 4($ + 1),
uy = 4e"W3 = 4de®(e”(z —1)) = 4e*(z —1).

Integrating and taking the constants of integration to be zero yields
up = —8e%, wy =2(x+1)%, uz = e¥(2x — 3).
Hence,

Yp = U1Y1 + U2Y2 + U3Y3
= (—8e")z + € (2(z +1)*) + e * (e*(2z — 3))
=e" (20 — 22 —1).

Since —e? is a solution of the complementary equation, we redefine
yp = 2ze”(x — 1).
Therefore the general solution of (9.4.8) is
y=2ze"(x —1) + c1z + coe” + cze™".

Fourth Order Equations

If n =4, then

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 63 of 86
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Y Y2 Y3 Ya

W: " ” " " ’

Y Y Y3 Yy

V4 Y/ V4 V4

Yr Y2 Ys Yy

Therefore
Y2 Ys Y4 Y Ys Ya
Wi=|vy vz vil|, Wo= |91 vz vi |,

Ys Y3 Yy Yl Y5 Yy
Yyir Y2 Y4 Yr Y2 Y3

VA VA VA VA

V4 V4
Yr Y2 Yy Y1 Y2 Y3

and (9.4.6) becomes

’ FWI ’ FW2 ’ FW3 /_FW4
W T ew BT Tew “TRw

(9.4.9)

ExampPLE 9.4.2

Find a particular solution of

:1:4y(4) + 61‘3y”/ + 2:1:2y” o 4ﬂSy/ +dy = 121_27 (9410)

given that y; = z, y» = 22, y3 = 1/x and y4 = 1/22 form a fundamental set of solutions of the
complementary equation. Then find the general solution of (9.4.10) on (—oco,0) and (0, ).

SoruTtion We seek a particular solution of (9.4.10) of the form

Uy
)

2 us
Yp = UIT + U2Z” + — + .
xr xr

The Wronskian of {y1,y2,y3, y4} is
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9 Linear Higher Order Equations

r z?2 1)z —1/2?
1 2z —1/2®2 —2/x3
0 2 2/z° 6/x*

0 0 —6/z% —24/z°

SO

z?  1/z 1/z?

12
- 2 3 | 22
Wi= |2z -1/ —-2/z =0
2 2/2? 6/z*
z 1l/z 1/x?
6
Wy=|1 —1/2> —2/23 =

0 2/z3 6/z!

r x? 1/x?
12
Wy=|1 2z —2/z3 =
0 2 6/zt
r z?2 1)z
6
Wy=1|1 20z —1/2% |=—.
x
0 2 2/z8

Expanding W by cofactors of the last row yields

6 24

W= —O0W; +0W, — (——4) Ws + (——) W,
X x

6 12 246 72

Since F(z) = 1222 and Py(z) = z*,

Therefore, from (9.4.9),
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, z* xt 12
()t ()

, :c4W x4 6 1
2= 7 2__6<_:v5)_:v’
B ! ozt o,
U3— 6 3 63]'2 x,
x4 z% 6
u= ——Wy=-""= =—z3
4 6 6 z

9 1 ‘ ‘ 23 z4
Uy = —2x, uy=Inlx|, uz=-—,u4=——.
1 2 3 3 4 4
Hence,
Yp = U1Y1 + U2y + U3Y3 + UgYy
23 1 zt\ 1
=(—2 1 2,22 = ) =
(~2m)o+ (mle® + -2+ (- ) 2
192
:.rZIn\:c\— il .
12

Since —19z%/12 is a solution of the complementary equation, we redefine
y, = =% 1n |z|.
Therefore
y=a’In|z| + c1z + ez’ + % + %

is the general solution of (9.4.10) on (—oo,0) and (0, o).

9.4 Exercises

In Exercises 1-21 find a particular solution, given the fundamental set of solutions of the
complementary equation.
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1. 2%y” —2%(x+3)y” +2z(z + 3)y —2(x +3)y = —4z*; {x, 22, ze®}

Show answer

2. y” +6zy” + (64 1222)y + (122 + 823)y = z1/2e—";  {e=", ze—", 22"}

Show answer

3. Z‘Sy”’ _ 31172’!/” + 6zy’ — 6y = 2z; {wy $2> x3}

Show answer

4. 22y” 4+ 2zy” — (22 4+ 2)y’ =227 {1, e%/x, e %/x}

—~

Show answer

5. 23y” —32%(x + 1)y” + 3z(z? + 22 + 2)y’ — (23 + 32% + 62 + 6)y = xte37;

ze®, x%e%, e’}

-~

Show answer

o
8

(2* = 2)y" + (2® = 6)y" +2(2— )y + (6 —2”)y=2(z* - 2)%,  {e”, 7", 1/x}

—~

Show answer

7. zy” —(z=3)y" —(x+2)y +(x—1)y=—4e ", {e”, e"/x, e "/x}

Show answer

8. 42%y” +4x?y” —5xy’ + 2y =302%, {Vz, 1/Vz, 2?}

Show answer

©
8

(2 —1D)y” + (522 + 1)y” + 2zy’ — 2y =1222;  {=z, 1/(z—1), 1/(z+ 1)}

—~

Show answer

10. z(1—2)y” + (2> =32+ 3)y" + 2y —y=2(x—1)%  {z, 1/x,e%/x}

8

Show answer

11. 23y +2%y” — 22y +2y=2%  {z, 2% 1/}

Show answer

12, zy” —y" —ay +y=2%  {z,e% e "}

Show answer
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13. zyW +4y” =6In|z|; {1, z, 2% 1/z}

Show answer

14. 162%yW + 96x3y” + T222y” — 24wy’ + 9y = 962%/2;  {/x, 1/\/z, 232, 3/}

Show answer

15. z(z?—6)y™W + 2(z> —12)y” + 2(6 — 22)y” + 2(12 — 22)y’ = 2(z> — 6)%;

}

8

{1, 1/z, €*, e~

Show answer

16. z'yW —4x3y” + 122%y" — 24xy’ + 24y =z,  {z, 22, 2%, 2*}

Show answer

17. 2%y — daby” 4+ 22%(6 — 2?)y” + da(x? — 6)y’ + (z! — 4a? + 24)y = 4a%e”;

8

2ex’ xe*””, 1.2671}

-~

ze®, x

Show answer

18. 'y 4 6x3y” + 22%y" —day’ + 4y = 1222, {z,2 1/x,1/2%}

Show answer

19. 2y 4+ 4y” —2zy” — 4y + xy =4e®;  {e®, e ", e"/x, e " /x}

Show answer

20. zy™ 4 (4— 62

~—

y” + (13z — 18)y” + (26 — 122)y’ + (4= — 12)y = 3e¥;  {e%, %, e"/x, e**/z}

Show answer

21.

8

Ay — 4g3y” + 22(12 — 22)y” + 2z(22 — 12)y" + 2(12 — 22)y = 225; {z, 22, we®, ze *}

Show answer

In Exercises 22—33 solve the initial value problem, given the fundamental set of solutions of the
complementary equation. Where indicated by , graph the solution.
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23.

24,

25.

26.

27.

28.

29.

30.

9 Linear Higher Order Equations

CIG | z3y” —22%y" + 32y’ — 3y =4z, y(1)=4, ¥y (1)=4, y’(1)=2; {z, 2%, zInz}

Show answer

xdy” —bx2y” + Moy’ — 18y =23, y(1)=0, y'(1)=1, vy’ (1)=7 {z? 23 23lnz}

Show answer

\dst(5 — 62)y” + (12x — 4)y” + (62 — 23)y’ + (22 — 12z)y = —(62 — 5)2e”
\dsty(0) = —4, y'(0)=—3, ¢"(0)=—19; {e’, e, ze "}

Show answer

ody” —6x’y” +16xy’ — 16y = 924, y(1)=2, y'(1)=1, y"(1)=5;
{z, 2", z'In|x|}

Show answer

CIG | (2% — 2z +2)y” —2%y” + 22y — 2y = (2 — 22+ 2)%, y(0)=0, ¢'(0) =S5,

"(0)=0; {z, 2% €}

<

Show answer

o3y” + 2%y’ — 22y +2y=zx(z+1), y(—1)=-6, 3 (-1)= \dst%, y” (1) = —\dst2;

{z, 22 1/}

Show answer

—

3z —1)y” — (122 — 1)y” +9(z + 1)y’ — 9y = 2¢*(3z — 1)%, y(0) = \dst3,
y'(0) = \dst%, y”(0) = \dst%; {z 41, e, 3%}

Show answer

CIG

—
8
V]
\
[\
~—
CQ\
\
[\)
8
@\
_.l_
—
[\
\
8
[
~—
@\
_.l_
[\
8
<
|
[\&)
—~
8
V]
\
[\
~—
o™
Nd
—~
(=}
~
|
\‘I—‘
@\
—
o
~
|
\
o

8
[V}
o)
B
° |
8
—

y'(0) =5 |

Show answer

CIG | zty® 4+ 3a3y” —ay” + 2zy’ — 2y =922, y(1)=—7, y'(1)=-11, y”(1)=-5, y”(1) =6;

z2, 1/z, zInzx}

Show answer
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31. (22— 1)yW —dazy” + (5—22)y" +4zy’ — 4y =6(2x —1)%, y(0) = \dst2, ¢/ (0)=0,
y//(o) — 137 y///(o) — 1’ {ZL‘, ez’ e—x’ 621'}

Show answer

32. dztyW +242%y” + 282%y —zy +y =6z, y(1)=2, y(1)=0, y'(1)=4 y"(1)=—\dstE

{z, vz, 1/z,1/V/z}

Show answer

33. 'y 4 523y” — 32%y” — 6xy’ + 6y = 402%, y(—1) = —1, y'(—1) = —7,
y'(-1)=-1, y"(-1)=-31; {z,2° 1/z,1/2%}

Show answer
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34. Suppose the equation
Py(a)y™ + Py(2)y" V) + - + Pu(z)y = F(x) (A)

is normal on an interval (a,b). Let {y1, 42, ..., y,} be a fundamental set of solutions of its
complementary equation on (a,b), let W be the Wronskian of {yi,ys,...,y.}, and let W; be the
determinant obtained by deleting the last row and the j-th column of W. Suppose z, is in (a,b), let

sy [F POW |
uj(z) = (—1)( )/m Wdt, 1<j<n,

and define

Yp = U1Y1 + U2Y2 + - + UpYp.
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a. Show that y, is a solution of (A) and that
vy = iy +uyl b uyl, 1<r<n—1,
and

(n) (n) (n)

Yp = ’u,lyl + U2y2 (n)

F
+ o Fupyn + —

P

Hint: See the derivation of the method of variation of parameters at the beginning of the
section.

b. Show that y, is the solution of the initial value problem

Missing dimension or its units for \hspace

c. Show that y, can be written as
wia) = [ Gz oF@

where

y1(t) y2(t) Yn(t)
Yy (t) Y5 (t) Y, (1)
1
¢t = Bawe |
A (O I S (3 RS Vel 03
y1(z) ya(z) Yn()

which is called the Green'’s function (http://www-history.mcs.st-and.ac.uk/Mathematicians/Green.html), for

(A).
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d. Show that
y1(t) ya(t) Yn(t)
yi(t) ys(t) yn(t)
971G (z,1) _ 1 : : : 0< i<
oui BOW() (n-2) (n-2) (n-2) R
yln (t) yzn (t) nn (t)
@) (@) yi ()
e. Show that if a < t < b then
0iG(,t)| 0, lsjsn-2
Ox’ =t \ds‘c#@7 j=n—1.
f. Show that
| \dst " 292D F(t) at, 1<j<n—1,
v (z) =

\dstp 4 |7 ZGED Bty dt, =,

In Exercises 35-42 use the method suggested by Exercise 34 to find a particular solution in the form y,
= [ G( t) dt, given the indicated fundamental set of solutions. Assume that = and =z, are in an

/nterval on Wh/ch the equation is normal.
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37.

38.

39.

40.

41.

42.
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y///+2y/_y/_2y:F($); {ex’ e—x’e—Qac}

Show answer

.'173y”’ + x2y” —2zy + 2y = F(J;), {1‘, CL'Z, 1/.’L'}

Show answer

3y” — 2% (x + 3)y” + 2z(x + 3)y — 2(z + 3)y = F(x); {z, 22, xe®}

Show answer

8

Show answer

y W — 5y + 4y =

Show answer

(1—2x)y” + (2> =32+ 3)y" + 2y —y=F(z); {z,1/z,e"/x}

zy 4+ 4y” = F(z); {1, =, 22 1/z}

Show answer

2y 4 623" + 207" — dzy + Ay = F(a),  {ma% 1)z, 1/2%)

Show answer

8

Show answer

y W —y” —dzy + 4y’ = F(z); {1, 2% ¥, e >}
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Chapter 9 Linear Higher Order Equations

9.1 Introduction to Linear Higher Order Equations

2 y=\dst2z? — 32° + =
3 Y= 26z + 36717 _ e2:v + 673z

4 \dsty; = - 1<i <

(c)

= koy1
+ klyg
+ koys

2

72
8 V2K cosz
9 (a) W(z) = 2¢% (d) y = e (c1 + o + c3a?)

10 (a) 2 (b) —e*(c) 4 (d) 4/2* (€) 1 (f) 22 (@) 2/2°(h) e”(2® — 22+ 2)

0
240/
()
6e2*(2x
= 1()

—128z
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9 Linear Higher Order Equations

24 (@) y”" =0 (b) zy” —v" —xy’ +y=0 (€) (22 —3)y” —2y” — (2 —5)y’ =0

) Br—1)y”" —(12z—1)y" +9(z+ 1)y —9y=0
(d) (=
— 2z
+2)y"
— 2%y
+ 2xy’
=0 (e)

3, m

ry

+ ny//

— 2zy’
+ 2y

(h) z*y® + 322y” — 2%y” + 2zy’ —2y =0
(9)
iy
+ 5933?/”/
— 3xz2y”
— 6zy’
+ 6y
~0

0] (i) 2y —y” —daoy” + 4y =0
(2z
— 1)y(4)
— dzy”
+(5
—2z)y
+ 4zy’

v

=0
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9 Linear Higher Order Equations

9.2 Higher Order Constant Coefficient Homogeneous
Equations

=

y = e*(c1 + cox + c372)

2 y=cie” + coe® + c3c08 3T + c45in 3z
3 y=cie® + cycosdx + c3sindx

4 y=cie® +coe ¥ + cze 32

5 y=cie®+e *(c1cosx + casinz)

6 y=cie®+ 6:6/2(02 + c37)

N

y=e*B(c; + com + c3z?)

§ y=c1+ cax +c3cosT + cysinx

9 y=c1e?® + coe 2 4 c3c08 2z + ¢4 sin 2z
10 y = (c; + o) cos V6z + (c3 + cqz) sin V6
11 y = e3*/2(cy + cox) + e 3% (c3 + c42)
12 y=cie%/2 + coe /3 4 cycosx + cysin
13 y = c1e” + coe 2 + cge /2 4 cpe /2
14 y=e®(c1 + cor + c3c08T + ¢y 8inx)
15 y = cos 2z — 2sin 2z + **
16 y=2e? + 3% — he 3
17 y = 2e” + 3ze” —4e™*
18 y = 2e “cosx — 3e T sinx + 4e*®
19 y= \dst%e"r””/3 +e*(1+ 2x)

20 y=e?*(1 — 3z + 22?)
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9 Linear Higher Order Equations

21 y=e%(2— ) 4 e /2

22 y=e"%(1 —2z) + 3e /2

23 y = \dst5(5¢* + 72 + 10 cos 2z + 4sin 27)

N

4 y=—4e" +e¥ — et 427"

25 y=2e¢"—¢e "

26 y=e¥ + e 2"+ e *(3cosx + sin )

|N
N

y = 2e */? 4 cos 2z — sin 2z
28 (a) {e®, ze”, >} : 1 (b) {cos 2z, sin2z, €3} : 26

(c) (e) {e®, e ?, cosz, sinx}\-8 (f) {cosz, sinx, e’ cosz, e“sinz}: 5
{e ¥ cosz,
e *sinz,
e’}: 5
(d) {1,
z, 2,
e’} 2e”

29 {e 3% cos 2z, e *sin2z, ¥, xe® 1, x, 22}

30 {e*, ze®, e™/?, ze®/?, z%e"/?, cos z, sinz}

31 {cos 3z, xcos 3z, x? cos 3z, sin 3z, zsin 3z, z’sin 3z, 1, x}
Q {eQI7 $6217 (E2€2z, 6717 xe*z, 1}

33 {cosz, sinz, cos 3z, x cos 3z, sin 3z, xsin 3z, e**}

34 {e%, ze?® e 2 xe 2 cos2z, T cos 2z, sin2x, rsin 2z}

5 {e %/ cos 2z, xe %/ cos 2z, x2e %/ cos 2z, e */? sin 2z, xe~ /% sin 2z,

x2e~*/2sin 22}

6 {1, z, 2, €®®, xe®®, cos 2z, x cos 2z, sin 2z, x sin 2z}
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9 Linear Higher Order Equations
37 {cos(x/2), x cos(z/2), sin(x/2), zsin(z/2), cos2x/3 z cos(2z/3),

22 cos(2x/3),
sin(2z/3),
xsin(2z/3),
z?sin(2x/3)}
38 {77, €%, e®cos 2z, e”sin 2z}

Q (b) \dste(a1+a2+...+an)z H1§i<j§n(a’j _ ai)

43 (a) \dst {ez, e~*/2 cos (%ﬁx) , e */2gin (@m)} (b) \dst {e*z, e*/2 cos (JZQ:U) , e*/2sin ( s x)}

(c) (d) \dst{ % cos (?w) , e*/%sin (%x) , e %% cos (@ ) , e /% sin (@x)}
{e*® cos 2,
e?® sin 2z,
e % cos 2z,
% sin 27}

(f) \dst {1, e, 3/2 cos (@x) , €3%/2gin (?m) , e*2 cos (@x) , e*/?gin (@x)}
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9 Linear Higher Order Equations

45 y = ciz" + cox™ + c3z™ (r1, 72, r3 diStinct); y = cix™ + (c2 + esInz)z"™ (11,72

distinct);
y=la
+colnzx
+c3(Inx)?|z™;
Y
=ciz™
+ 2 [ey cos(win z)

+ cgsin(wlnz)]
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9.3 Undetermined Coefficients for Higher Order Equations

9 Linear Higher Order Equations

e (2+z—2?%)

= —\dst ef (3—z+z?)

=e"(1+x—z?)
= e 2(1 — 5z + x?).

= —\dst%(l —x+z?—2%)

z2e®(1+ )
= \dstZZ (2 4 z)

= \dstZE (2 + x)

= \dst £ (1 + 22)
=z2e3%(2 4+ z — z?)
=222+ 1)

23e/2

= \dst=¢

(1+z)

=e (1 -2z +2?)
=e?(1—2x)

=e 2®(1+z+2®—23)
= \dst%x(l —x)
=e*(1+x)?

= ze®(1+ z%)

=ze* (2 + x)

= \dst2- (1 — 2?)
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9 Linear Higher Order Equations

21 y, = daze "2 (1 + z)
22 y, = \dSt%(l + %)

23 y, = \dst#(l +x+z?)

24 y, = \dst ngh (3+z+ 2?)

25 y, = \dst Zzgz (24 x2)

26 y, = \dst%(l +z)

27 y, = —\dstZ (1 — 2 + 22)

28 y, = \dst - (2 + 7 — 2?)

29 y,=c (14 2z)cosz + (2 — z)sina]

30 y, = e *[(1— ) cos 2z + (1 + ) sin 27]

31 y, =e*[(1+z— 2% cosz + (1 + 2z)sinz]

32 y, = \dst<-[(1 + ) cos 2z + (1 — z + %) sin 22]
33 y, = \dst-5 (8 cos 2z + 14sin 22)

34 y, = ze*[(1 +z)cosz + (3+ z)sinz]

35 y, = \dst x;h [(3 — ) cos 2z + sin 2x]

36 y, = —\dst%;r(x cos 3z + sin 3z)
37 y, = —\dsti—zpJ (cosz + Tsinzx)

38 y, = \dst <5 (cos 2z — sin 2z)

39 y, = ze* cos 2z

40 y, = —\dstS-[(1+z)cosz + (2 — x) sin z]

a1 y, = \dst =%

¢—(cosx + 2sinz)
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9 Linear Higher Order Equations

42 y, = \dst’fT%z (3 cos 2z — sin 2x)

2:

43 y, = \dst e - [(1—2)cos3z + (1 + z)sin 3z]

44 y, = —\dstZ= (1 + z)sin 2z

45 y, = \dst 2" (cosz — 2sin )

46 y, = —\dst I;e;z (cos 2z — sin 2z)

a7 y, = \dst%(l +z)sinz

48 y, = 2z%e” + ze** —cosz

49 y, = e’ + ze” + 2z cosx

50 y, = 2z + 2% + 27e® — 3z T + 4€*®
51 y, = ze®(cos 2z — 2sin2z) + 2xe? + 1
52 y, = z%e%*(1 + 2x) — cos 2z + sin 2z
53 y, = 22%(1 + z)e ® + wcosx — 2sinz
54 y, = 2ze” + ze ¥ +cosz

55 y, = \dst£&=(cos & + sin 2z)

56 y, = \dstg—i[@ +2z)e? + 3e ]

57 y, = \dstg sinhzsinz

58 y, =2%(1+2)e “+2e ™

59 y, = re®(22% + cosx + sinz)

60 y=e?*(1+ )+ cre ™+ e*(cy + c37)

61 y = ™ \dst (1 —T— %2) +c1e” + e *(cycos T + c3sinz)

62 y = e’ (1+ )% + c1e® + coe® + c3e™®
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9 Linear Higher Order Equations

63 y==2%e%(1—2)%+c1+e %(ca+c3z)

64 y = \dst Z;Zm (44 ) + e%(c1 + cox + c32?)

65 y = \dst szﬁﬂ (14 2z — 2%) + e%(c1 + coz) + e “(c3 + cu)

66 y = e 2%\dst [(1 + ) cosz + (% — Qw) sinx] + c1e® + coe T 4 cge

|°7
~

y = —ze”sin 2z + ¢1 + coe® + e*(c3 cosx + ¢4 sin )

(2]

8 y=—\dst Zig (14 z) cos 2z + e® [(c1 + cax) cos 2z + (c3 + cq4x) sin 27]

@ y:(x2+2)617672x+63z

=
<
]

e (1+z+2%) + (1 —x)e”

|\l
[y

y = \dst (% + 16) xe T2 _ e
72 y=(2—2)(x? +1)e ® + cosx —sinx
73 y=(2—2)cosx — (1 —Tz)sinz + e 2

74 2+ e”[(1+x)cosz —sinz — 1]
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9 Linear Higher Order Equations

9.4 Variation of Parameters for Higher Order Equations
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