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IN THIS CHAPTER we study the method of Laplace transforms (http://www-history.mcs.st-and.ac.uk/Mathematici

ans/Laplace.html), which illustrates one of the basic problem solving techniques in mathematics: transform

a difficult problem into an easier one, solve the latter, and then use its solution to obtain a solution of the
original problem. The method discussed here transforms an initial value problem for a constant
coefficient equation into an algebraic equation whose solution can then be used to solve the initial value
problem. In some cases this method is merely an alternative procedure for solving problems that can
be solved equally well by methods that we considered previously; however, in other cases the method
of Laplace transforms is more efficient than the methods previously discussed. This is especially true in
physical problems dealing with discontinuous forcing functions.

SECTION 8.1 defines the Laplace transform and developes its properties.
SECTION 8.2 deals with the problem of finding a function that has a given Laplace transform.

SECTION 8.3 applies the Laplace transform to solve initial value problems for constant coefficient
second order differential equations on (0, cc).

SECTION 8.4 introduces the unit step function.

SECTION 8.5 uses the unit step function to solve constant coefficient equations with piecewise
continuous forcing functions.

SECTION 8.6 deals with the convolution theorem, an important theoretical property of the Laplace
transform.

SECTION 8.7 introduces the idea of impulsive force, and treats constant coefficient equations with
impulsive forcing functions.

SECTION 8.8 is a brief table of Laplace transforms.

393

Answers to selected exercises in this chapter

8.1 Introduction to the Laplace Transform
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8 Laplace Transforms

Definition of the Laplace Transform

To define the Laplace transform, we first recall the definition of an improper integral. If g is integrable
over the interval [a, T] for every T > a, then the improper integral of g over [a, c0) is defined as

/oog(t) dt = lim Tg(t) dt. (8.1.1)

T—oo Jq

We say that the improper integral converges if the limit in (8.1.1) exists; otherwise, we say that the
improper integral diverges or does not exist. Here’s the definition of the Laplace transform of a function

I3

DeriniTion 8.1.1

Let f be defined for ¢t > 0 and let s be a real number. Then the Laplace transform (http://www-history.m
cs.st-and.ac.uk/Mathematicians/Laplace.html) Of f is the function F defined by

F(s) = /0 st () dt, (8.1.2)

for those values of s for which the improper integral converges.

It is important to keep in mind that the variable of integration in (8.1.2) is ¢, while s is a parameter
independent of t. We use ¢ as the independent variable for f because in applications the Laplace
transform is usually applied to functions of time.

The Laplace transform can be viewed as an operator £ that transforms the function f = f(¢) into the
function F = F(s). Thus, (8.1.2) can be expressed as

F=L(f).

The functions f and F form a transform pair, which we’ll sometimes denote by

f(t) <> F(s).

It can be shown that if F(s) is defined for s = s, then it's defined for all s > s, (Exercise 14(b)).
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8 Laplace Transforms

Computation of Some Simple Laplace Transforms

ExawvpLE 8.1.1

Find the Laplace transform of f(¢) = 1.

Sovrution From (8.1.2) with f(¢) = 1,

If s £ 0 then

/OT e *tdt = —%67“ Z = #. (8.1.3)
Therefore

s R @19

If s = 0 the integrand reduces to the constant 1, and

T T
lim 1dt = lim 1dt = lim T = oo.

T—o0 0 T—o0 0 T—o0

Therefore F(0) is undefined, and

*° 1
F(s) = / e ldt=—, s>0.
0 S

This result can be written in operator notation as

or as the transform pair
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8 Laplace Transforms

1< —, s>0.

REMARK

It is convenient to combine the steps of integrating from 0 to 7' and letting 7 — oco. Therefore,
instead of writing (8.1.3) and (8.1.4) as separate steps we write

o0 1
[ L
0 S

We'll follow this practice throughout this chapter.

0 oo, s<0.

00_{ \dst%, s> 0,

ExampLE 8.1.2

Find the Laplace transform of f(t) = t.

SocuTion From (8.1.2) with f(t) = ¢,
F(s) = /OO e 't dt. (8.1.5)
0

If s # 0, integrating by parts yields

> te*tie 1 [ t 1
/ e—stt dt = — € + = / e—St dt = — [_ + _:| e—st
0 s o s Jo s 82

_{ \dstL, s> 0,

00, s < 0.

If s =0, the integral in (8.1.5) becomes

[e¢]

oo t2
/ tdt = —
0 2

0

Therefore F(0) is undefined and
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8 Laplace Transforms

This result can also be written as

or as the transform pair

ExampLE 8.1.3

Find the Laplace transform of f(¢) = %, where a is a constant.

SovruTion From (8.1.2) with f(t) = e,

Combining the exponentials yields

However, we know from Example 8.1.1 that

*° 1
/ e Stdt==, s>0.
0 S

Replacing s by s — a here shows that

This can also be written as

1
L(e™) = , s>a, or e¥ ¢

Ss—a s—a
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8 Laplace Transforms

ExampLE 8.1.4

Find the Laplace transforms of f(t) = sinwt and g(t) = coswt, Where w is a constant.

SoruTion Define

F(s) = /Ooo e ' sinwt dt (8.1.6)
and

G(s) = AOO e * coswt dt. (8.1.7)

If s > 0, integrating (8.1.6) by parts yields

e %t o w [
F(s) = — sinwt’ + —/ e " coswt dt,
S 0 S 0
SO
w
F(s) = ;G(s) (8.1.8)

If s > 0, integrating (8.1.7) by parts yields

—st

e ecoswt|o w [
G(s) :——‘O ——/ e sin wt dt,
S S 0

SO

Solving this for G(s) yields
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8 Laplace Transforms

G(s) = T s>0
This and (8.1.8) imply that
w
F(s) = o s§>0

Tables of Laplace transforms

Extensive tables of Laplace transforms have been compiled and are commonly used in applications.
The brief table of Laplace transforms in the Appendix will be adequate for our purposes.

ExawvpLE 8.1.5

Use the table of Laplace transforms to find £(¢3e*).

SovruTion The table includes the transform pair

n!

t"e™ ¢ —— .
(S _ a)’ﬂ+1

Setting » = 3 and a = 4 here yields

Extension "bbox" failed to load

We’'ll sometimes write Laplace transforms of specific functions without explicitly stating how they are
obtained. In such cases you should refer to the table of Laplace transforms.

Linearity of the Laplace Transform

The next theorem presents an important property of the Laplace transform.

THeEOREM 8.1.2

Suppose £(f;) is defined for s > s;, 1 <i < n). Let sy be the largest of the numbers s, s,, ...,s,, and
let ¢y, co,..., ¢, e constants. Then
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8 Laplace Transforms

L(erfr +cafa+ -+ enfn) = a1 L(f1) + col(f2) + -+ cnL(frn) for s > sq.

Proor We give the proof for the case where n = 2. If s > sy then

o]

Llerfs +cafs) = / e (e fy(t) + cafolt)) di

0

=cC1 / eiStfl (t) dt + co / eiStfg(t) dt
0 0
= ca1L(f1) + c2L(f2).

ExavpLE 8.1.6

Use Theorem 8.1.2 and the known Laplace transform

£e™) = s i a
to find £(coshbt) (b # 0).
SoLruTion By definition,
cosh bt = M
Therefore
L(coshbt) = £ (\dstgebt 4 \dstLe )
= \dst+.£(e?) 4 \dst5L(e™®) (linearity property) (8.1.9)

= \dst1 \dst—Lz + \dst3 \dstsLH),

where the first transform on the right is defined for s > b and the second for s > —b; hence, both are
defined for s > |b|. Simplifying the last expression in (8.1.9) yields

L(coshbt) = s> b

)
827b2
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8 Laplace Transforms

The First Shifting Theorem

The next theorem enables us to start with known transform pairs and derive others. (For other results of
this kind, see Exercises 6 and 13.)

THeoREM 8.1.3
If

F(s) = /0 " et f(t) dt (8.1.10)

is the Laplace transform of f(¢) for s > sq, then F(s — a) is the Laplace transform of e* f(t) for s > s
+ a.

Proor. Replacing s by s — a in (8.1.10) yields
F(s—a)= A " et ft)dt (8.1.11)
if s—a > so; that is, if s > sq + a. However, (8.1.11) can be rewritten as
Fls—a) = [~ et (e si) an
which implies the conclusion.

ExampLE 8.1.7

Use Theorem 8.1.3 and the known Laplace transforms of 1, ¢, coswt, and sin wt to find

L(e™),  L(te™), £(eMsinwt),and £(e coswt).

SovruTion In the following table the known transform pairs are listed on the left and the required
transform pairs listed on the right are obtained by applying Theorem 8.1.3.
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8 Laplace Transforms

f(t) <> F(s) e f(t) < F(s—a)
1H\dst%, §>0 eatH\dStﬁ; s>a
t e \dst%, s>0 teatH\dStﬁ’ s>a
sin wt < \dstﬁ7 s>0 e’\tsinwt a4 \dstm, s> A
coswt & \dStM;wz’ s>0 eMsin wt < \dst(sf)\;ﬁ, s> A

Existence of Laplace Transforms

Not every function has a Laplace transform. For example, it can be shown (Exercise 3) that

° 2
/ et dt = o
0

for every real number s. Hence, the function f(t) = ¢’ does not have a Laplace transform.

Our next objective is to establish conditions that ensure the existence of the Laplace transform of a
function. We first review some relevant definitions from calculus.

Recall that a limit

lim f(t)

t—to
exists if and only if the one-sided limits

lim f(t) and lim f(t)

t—to— t—to+

both exist and are equal; in this case,
lim f(t) = Im f(¢) = lim £(z).
Recall also that f is continuous at a point ¢, in an open interval (a,b) if and only if
lim f(t) = f(to),

t—tg

which is equivalent to
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8 Laplace Transforms

lim f(t) = lim f(t) = f(to). (8.1.12)

t—=to+ t—to—
For simplicity, we define
flto+) = lim f(t) and f(to—) = lim f(2),
S0 (8.1.12) can be expressed as
flto+) = f(to—) = f(to).
If f(to+) and f(to—) have finite but distinct values, we say that f has a jump discontinuity at ¢,, and
fltot) — f(to—)

is called the jump in f at ¢, (Figure 8.1.1).

Figure 8.1.1. A jump discontinuity

If f(to+) and f(t,—) are finite and equal, but either f isn’t defined at ¢, or it's defined but
f(to) # f(tot+) = f(to—),

we say that f has a removable discontinuity at ¢, (Figure 8.1.2). This terminolgy is appropriate since a
function f with a removable discontinuity at ¢, can be made continuous at ¢, by defining (or redefining)

f(to) = f(to+) = f(to—).

Figure 8.1.2.

Figure 8.1.3. A piecewise continuous function on [a, b]

REMARK

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 11 of 130



8 Laplace Transforms

We know from calculus that a definite integral isn’'t affected by changing the values of its integrand
at isolated points. Therefore, redefining a function f to make it continuous at removable
discontinuities does not change £(f).

DeriniTion 8.1.4

i. Afunction f is said to be piecewise continuous on a finite closed interval [0, T] if f(0+) and
f(T—) are finite and f is continuous on the open interval (0, 7)) except possibly at finitely
many points, where f may have jump discontinuities or removable discontinuities.

ii. A function f is said to be piecewise continuous on the infinite interval [0, co) If it's piecewise
continuous on [0, 7] for every T > 0.

Figure 8.1.3 shows the graph of a typical piecewise continuous function.

It is shown in calculus that if a function is piecewise continuous on a finite closed interval then it's
integrable on that interval. But if f is piecewise continuous on [0, ), then so is et f(t), and therefore

T
/ e St f(t)dt
0

exists for every T > 0. However, piecewise continuity alone does not guarantee that the improper
integral

/OO e st f(t)dt = lim Tefsff(t) dt (8.1.13)
0

T—o0 0

converges for s in some interval (sq, o). For example, we noted earlier that (8.1.13) diverges for all s if
f(t) = et’. Stated informally, this occurs because et increases too rapidly as t — co. The next definition

provides a constraint on the growth of a function that guarantees convergence of its Laplace transform
for s in some interval (sg, co) .

DeriniTion 8.1.5

A function f is said to be of exponential order s, if there are constants M and t, such that

|f(t)] < Me™, t>t,. (8.1.14)
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8 Laplace Transforms

In situations where the specific value of s is irrelevant we say simply that f is of exponential
order.

The next theorem gives useful sufficient conditions for a function f to have a Laplace transform. The
proof is sketched in Exercise 10.

THEOREM 8.1.6

If fis piecewise continuous on [0, ) and of exponential order s,, then £(f) is defined for s > s.

REMARK

We emphasize that the conditions of Theorem 8.1.6 are sufficient, but not necessary, for f to have
a Laplace transform. For example, Exercise 14(c) shows that f may have a Laplace transform
even though f isn't of exponential order.

ExampLE 8.1.8

If is bounded on some interval [ty, 00), Say

If(O)] < M, t>t,

then (8.1.14) holds with sy = 0, so f is of exponential order zero. Thus, for example, sinwt and
coswt are of exponential order zero, and Theorem 8.1.6 implies that £(sinwt) and £(coswt) exist for
s > 0. This is consistent with the conclusion of Example 8.1.4.

ExampLE 8.1.9

It can be shown that if lim; ., e ! f(¢) exists and is finite then f is of exponential order s,
(Exercise 9). If o is any real number and sy > 0 then f(¢) = t* is of exponential order sg, since

lim e *'t* = 0,
t—00

by L'Hépital’s rule. If « > 0, f is also continuous on [0, ). Therefore Exercise 9 and Theorem 8.1.6
imply that £(t*) exists for s > so. However, since s, is an arbitrary positive number, this really
implies that £(t*) exists for all s > 0. This is consistent with the results of Example 8.1.2 and
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8 Laplace Transforms

Exercises 6 and 8.

ExampLE 8.1.10

Find the Laplace transform of the piecewise continuous function

1, 0<t<1,
t) =
1) {—3e_t, t>1.

SoruTion Since f is defined by different formulas on [0,1) and [1,c0), We write

F(s) = AOO e f(t)dt = Al e (1) dt + /100 e **(—3e7") dt.

Since

and

00 00 —(s+1)
/ e *(=3e7")dt = -3 / N C L T R |
) 1 s+1

it follows that

F(s) = { \dstlse= =3, s> 1,540,

\dstl — 2, s=0.

This is consistent with Theorem 8.1.6, since

and therefore f is of exponential order s, = —1.
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8 Laplace Transforms

REMARK
In Section 8.4 we’ll develop a more efficient method for finding Laplace transforms of piecewise

continuous functions.

ExawvpLE 8.1.11

We stated earlier that

o0 2
/ e stel’dt = 0
0

for all s, so Theorem 8.1.6 implies that f(¢) = ¢’ is not of exponential order, since

2 1
. € . 2_
lim = lim — " %! = o0,
t—oo fesot t—o0
SO
2
e’ > Me®!

for sufficiently large values of ¢, for any choice of M and s, (Exercise 3).
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8 Laplace Transforms

8.1 Exercises

1. Find the Laplace transforms of the following functions by evaluating the integral F(s) = [ e * f(t)
dt.

(@)t (b) te (c) sinh bt

(d) e — 3¢! (e)

Show answer

2. Use the table of Laplace transforms to find the Laplace transforms of the following functions.

(a) coshtsint (b) sin®¢ (c) cos? 2t

(d) cosh?t (e) tsinh 2t (f) sint cost

(9) \dstsin (t 4+ I) (h) cos 2t — cos 3t (i) sin 2t + cos 4t
3. Show that

o0 2
/ e Stel’ dt = o
0

for every real number s.

4. Graph the following piecewise continuous functions and evaluate f(t+), f(t—), and f(t) at each
point of discontinuity.

—t, 0<t<?2, 242 0<t<l1,
(a)f(t): t—4, 2<t<3, (b)f(t): 4, t=1,
1, t>3. t, t>1.

t, 0<t<1,
sint, 0<t<m/2, 2, t=1,

(c) f(t) =< 2sint, w/2<t<m, (d) ft)=< 2—¢t, 1<t<2,
cost, t>m. 3, t=2,
6, t>2.

Show answer
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10.

11.

8 Laplace Transforms

Find the Laplace transform:

e, 0<t<1, 1, 0<t<4,
(a)f(t)={ R (b)f“)—{ fot>4

t, 0<t<1, tet, 0<t<1,
(c)f(t)={1, £>1 (d)f<t>={ Lo

Show answer

Prove that if f(t) « F(s) then t*f(t) « (—1)*F*®)(s). Hint: Assume that it's permissible to differentiate
the integral [;° e~ f(t) dt with respect to s under the integral sign.

Use the known Laplace transforms

s— A

At o3 —
£(€ smwt) = m

At —
m and ,5(6 COS wt) =

and the result of Exercise 6 to find £(te* coswt) and £(te* sinwt).

Show answer

Use the known Laplace transform £(1) = 1/s and the result of Exercise 6 to show that

n n! .
L(t") = et integer.
a. Show that if lim; ., e %’ f(t) exists and is finite then f is of exponential order s.

b. Show that if f is of exponential order s, then lim; ., e * f(t) = 0 for all s > s,.

c. Show that if f is of exponential order s, and g(t) = f(t + ) where 7 > 0, then g is also of
exponential order sq.

Recall the next theorem from calculus.

Treorem A. Let g be integrable on [0, T] for every T > 0. Suppose there’s a function w defined on
some interval [r, c0) (with 7 > 0) such that |g(¢)| < w(t) for ¢ > 7 and [ w(t) dt converges. Then
[, 9(t) dt converges.

Use Theorem A to show that if f is piecewise continuous on [0, c0) and of exponential order s,
then f has a Laplace transform F(s) defined for s > s,.

Prove: If f is piecewise continuous and of exponential order then lim, ., F(s) = 0.

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 17 of 130



8 Laplace Transforms

12. Prove: If fis continuous on [0,00) and of exponential order s, > 0, then
t 1
£ (/ f(r) dT) = ;ﬁ(f), s > Sg.
0

Hint: Use integration by parts to evaluate the transform on the left.

13. Suppose f is piecewise continuous and of exponential order, and that lim; o, f(t)/t exists. Show
that

(19— [ Feyar.
()= o

Hint: Use the results of Exercises 6 and 11.

14. Suppose f is piecewise continuous on [0, co).

a. Prove: If the integral g(¢) = fot e—*7 f(r) dr satisfies the inequality |¢(t)| < M (¢t > 0), then f has
a Laplace transform F(s) defined for s > sy.

HinT

Use integration by parts to show that

T

T
/ e " f(t)dt = e TG(T) + (s — 50) / e Tg(t) dt.
0

0

b. Show that if £(f) exists for s = s, then it exists for s > so. Show that the function
f(t) = te”” cos(e?)

has a Laplace transform defined for s > 0, even though f isn’t of exponential order.

c. Show that the function
ft) = tel” cos(etz)

has a Laplace transform defined for s > 0, even though f isn’'t of exponential order.
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8 Laplace Transforms

15. Use the table of Laplace transforms and the result of Exercise 13 to find the Laplace transforms of
the following functions.

eutiebt

(a) \dsts2et (0 > 0) (b) \dst<==L (v > 0) (c) \dst <=

(d) \dst ekt (€) \dlst St

Show answer

16. The gamma function is defined by

which can be shown to converge if o > 0.

a. Use integration by parts to show that

IMNa+1)=al(a), a>0.

b. Show thatT'(n+1)=nlifn=1, 2, 3,....

c. From (b) and the table of Laplace transforms,

I'a+1
,E(ta):%, s> 0,

if a is @ nonnegative integer. Show that this formula is valid for any o > —1. Hint: Change the
variable of integration in the integral for T'(a + 1).
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8 Laplace Transforms

17. Suppose fis continuous on [0,7] and f(t+ T) = f(t) for all ¢ > 0. (We say in this case that f is
periodic with period T.)

a. Conclude from Theorem 8.1.6 that the Laplace transform of f is defined for s > 0. Hint:
Since f is continuous on [0, T] and periodic with period T, it's bounded on [0, o).

b. (b) Show that

HinT

Write

Then show that

(n+1)T T
/ e St f(t)dt = e ™7 / e "t f(t) dt,
n 0

T

and recall the formula for the sum of a geometric series.

18. Use the formula given in Exercise 17(b) to find the Laplace transforms of the given periodic

functions:
t, 0<t<l, B
a s ={ ", 1515y ft+2) = f1), 120
1
b-\dstf(t)={ BOSEST iy, 20
-1, 3<t<l,
C. f(t) = |sint|
sint, 0<t<m, _
d. \dstf(t) = { 0, r<t<om ft+2m) = f(¢)

Show answer

8.2 The Inverse Laplace Transform
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8 Laplace Transforms

Definition of the Inverse Laplace Transform

In Section 8.1 we defined the Laplace transform of f by

Pl =2() = [ e sy

We'll also say that f is an inverse Laplace Transform of F, and write

f=4\(F).

To solve differential equations with the Laplace transform, we must be able to obtain f from its
transform F. There’s a formula for doing this, but we can't use it because it requires the theory of
functions of a complex variable. Fortunately, we can use the table of Laplace transforms to find inverse

transforms that we’ll need.

ExampLE 8.2.1

Use the table of Laplace transforms to find

SoruTion (a) Setting b = 1 in the transform pair

sinh bt <

g4 —

shows that

1
£ (—) — sinht.
s2—1

SovruTion (B) Setting w = 3 in the transform pair

cos wt ¢ ———
52 4 w?

shows that

1
\parta £} ( > 1) and \partb £7! (
P —

)
s2+9/
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8 Laplace Transforms

L1 (ﬁ) = cos 3t.\bbox
s

The next theorem enables us to find inverse transforms of linear combinations of transforms in the
table. We omit the proof.

THEOREM 8.2.1

If Fy, Fy, ..., F, are Laplace transforms and cy, c,, ..., ¢, are constants, then

£71(01F1 + CQF2 + -+ CnFn) = lecil(Fl) + 02£71(F2) + -+ Cn,Cian.

ExampLE 8.2.2
Find

SER
s+5 243/

SocuTion From the table of Laplace transforms in Section 8.8,,

at

and sinwt < SRR
s—a s+ w

Theorem 8.2.1 with « = —5 and w = v/3 yields

8 7 1 1
s rem) % (5s) 4 (55)
s+5+32+3 s+5 + s2+4+3

:86_1<si5>+%£_1 (32\/E3>

7
= 8¢5t + — sin V/3t.
V3

ExampLE 8.2.3
Find
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8 Laplace Transforms

£71< 35+ 8 )
s24+2s+5/°

Sorution Completing the square in the denominator yields

3548 B 3548
$24+2s+5 (s+1)2+4°

Because of the form of the denominator, we consider the transform pairs

s+1

—t —t .
2 —_ 2 —_
e  cos “_)(5—1—1)24-4 and e “sin tH(s+1)2—|—4’
and write
_ 35+ 8 _ 3s+3 _ 5
Y — == L — 4 —
((s+1)2+4> ((s+1)2+4>+ ((s+1)2+4)
_ s+1 5 1 2
=30 | —— |+ 2 [ ——
<(s+1)2+4>+2 <(s+1)2+4)
t LI
=e (3cos2t—|—§sm2t).
REMARK

We'll often write inverse Laplace transforms of specific functions without explicitly stating how they
are obtained. In such cases you should refer to the table of Laplace transforms in Section 8.8.

Inverse Laplace Transforms of Rational Functions

Using the Laplace transform to solve differential equations often requires finding the inverse transform
of a rational function
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8 Laplace Transforms

where P and @ are polynomials in s with no common factors. Since it can be shown that lim,_,, F(s) = 0
if Fis a Laplace transform, we need only consider the case where degree(P) < degree(Q). To obtain
£71(F), we find the partial fraction expansion of F, obtain inverse transforms of the individual terms in
the expansion from the table of Laplace transforms, and use the linearity property of the inverse

transform. The next two examples illustrate this.

ExampLE 8.2.4

Find the inverse Laplace transform of

SoruTion (MeTHobp 1) Factoring the denominator in (8.2.1) yields

35+ 2
ey
The form for the partial fraction expansion is
3s+2 A B

G-De-2 s-1 s5-2

Multiplying this by (s — 1)(s — 2) yields
3s+2=(s—2)A+ (s—1)B.

Setting s = 2 yields B = 8 and setting s = 1 yields A = —5. Therefore

5 n 8
s—1 s—2

F(s)=—

and

1 1
LN F)=-5£71 (—1> +8¢71 (—) = —be' + 8e?'.
S

s—2
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8 Laplace Transforms

SovruTion (MetHop 2) We don'’t really have to multiply (8.2.3) by (s — 1)(s — 2) to compute 4 and B. We
can obtain A by simply ignoring the factor s — 1 in the denominator of (8.2.2) and setting s = 1
elsewhere; thus,

35 +2 3142
_ —_5 2.4
5—2 |0 1-2 5 (8.2.4)

A:

Similarly, we can obtain B by ignoring the factor s — 2 in the denominator of (8.2.2) and setting s = 2
elsewhere; thus,

3542 3-242
B= = ——— =28, 8.2.5
s§—1 |s=2 2—-1 ( )

To justify this, we observe that multiplying (8.2.3) by s — 1 yields

3s+2 B
— A4 (s—1
s—2 +(s )3—2’

and setting s = 1 leads to (8.2.4). Similarly, multiplying (8.2.3) by s — 2 yields

and setting s = 2 leads to (8.2.5). (It isn’'t necesary to write the last two equations. We wrote them only
to justify the shortcut procedure indicated in (8.2.4) and (8.2.5).) [

The shortcut employed in the second solution of Example 8.2.4 is Heaviside’'s method (http://www-history.m

cs.st-and.ac.uk/Mathematicians/Heaviside.html). The next theorem states this method formally. For a proof and
an extension of this theorem, see Exercise 10.

THEOREM 8.2.2

Suppose

P(s)

(5_81)(5_52)"‘(8—8»”)’ (826)

F(s) =

where sy, s9, ..., s, are distinct and P is a polynomial of degree less than n. Then
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8 Laplace Transforms

where A; can be computed from (8.2.6) by ignoring the factor s — s; and setting s = s; elsewhere.

ExampLE 8.2.5

Find the inverse Laplace transform of

6+ (s+1)(s*—5s+11)
Fo) = =626+ (82.7)

SoruTion The partial fraction expansion of (8.2.7) is of the form

A B C D
Fs)= =+ —F+ 5+ 07 (8.2.8)

To find A, we ignore the factor s in the denominator of (8.2.7) and set s = 0 elsewhere. This yields

Sy -
6435 7
¢= 2(1)(3) 2’
and
6
R T Ty
Therefore
17 1 10 7 01 1
F(S):Tgis—l 25—2734—1
and
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8 Laplace Transforms

17 1 1 7 1 1
=g (3) -0 (5) 4247 (5=2) 4 (55
£7(F) 2£ s 0< s—1 +2£ s—2 £ s+1

17 7
= 5 = 10e! + 56% —e .

REMARK

We didn’t “multiply out” the numerator in (8.2.7) before computing the coefficients in (8.2.8), since it
wouldn’t simplify the computations.

ExampLE 8.2.6

Find the inverse Laplace transform of

8 — (5 +2)(4s + 10)

F(s) = GEDG 127 (8.2.9)
SoruTion The form for the partial fraction expansion is
F(s) = A B ¢ (8.2.10)

+ + :
s+1  s+2  (s+2)2

Because of the repeated factor (s + 2)% in (8.2.9), Heaviside’s method doesn'’t work. Instead, we find a
common denominator in (8.2.10). This yields

_ A(s+2)2+B(s+1)(s+2)+C(s+1)

F(s) GiDG6 e . (8.2.11)
If (8.2.9) and (8.2.11) are to be equivalent, then
A(s+2)2+B(s+1)(s+2)+C(s+1) =8— (s +2)(4s + 10). (8.2.12)

The two sides of this equation are polynomials of degree two. From a theorem of algebra, they will be
equal for all s if they are equal for any three distinct values of s. We may determine A, B and C by
choosing convenient values of s.
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8 Laplace Transforms

The left side of (8.2.12) suggests that we take s = —2 to obtain C = —8, and s = —1 to obtain 4 = 2. We
can now choose any third value of s to determine B. Taking s = 0 yields 44 + 2B+ C = —12. Since A =2
and C = —8 this implies that B = —6. Therefore

2 6 8
s+1  s+2  (s+2)2

F(s) =

and

=20 () e () e (1)

=2t —6e % — 8te 2.

ExampLE 8.2.7

Find the inverse Laplace transform of

s2—5s+7T

B =5y

SovruTion The form for the partial fraction expansion is

A B c

Fo)=s3 GroZ  sr2p

The easiest way to obtain A, B, and C is to expand the numerator in powers of s + 2. This yields

s —Bs+T=[(s4+2)—2>—5[(s+2)—2]+7=(5s4+2)>—9(s +2) +21.

Therefore
(542 —9(s+2)+21
)= (5 1 2)°
19 N 21
s+2  (s+2)?  (s+2)°
and
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8 Laplace Transforms

ExampLE 8.2.8

Find the inverse Laplace transform of

~ 1—5(5+3s)
Fl)=———w1 G+ (8.2.13)
SoruTion One form for the partial fraction expansion of F is
Fis)= A4 _Bs+C (8.2.14)

St erorrT

However, we see from the table of Laplace transforms that the inverse transform of the second fraction
on the right of (8.2.14) will be a linear combination of the inverse transforms

e tcost and e lsint

of

s+1 1
(s+1)2+1 (s+1)2+1

respectively. Therefore, instead of (8.2.14) we write

A  B(s+1)+C
_+—

F(s):s (s+1)24+1°

(8.2.15)

Finding a common denominator yields

_Al(s+1)*+1]+B(s+1)s+Cs
F(s) = et P LT . (8.2.16)
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8 Laplace Transforms

If (8.2.13) and (8.2.16) are to be equivalent, then

Al(s+1)>+1] +B(s+1)s+Cs =1—s(5+ 3s).

This is true for all s if it's true for three distinct values of s. Choosing s = 0, —1, and 1 yields the system

24 = 1
A-C =
5A4+2B+C = -T.
Solving this system yields
1 7 5
A=2, B=—5, C=-3
Hence, from (8.2.15),
1 7 s+1 5 1
F —_— = — —
() 2s 2 (s+1)2+1 2 (s+1)2+1

Therefore

< (5) -3¢ () -2 (o)

T toont— Botains
— =€ COST — —e€ Sinvt.
2 2

ExampLE 8.2.9

Find the inverse Laplace transform of

8+ 3s

Fo) = e+

(8.2.17)

SovruTion The form for the partial fraction expansion is

F(s) = A+ Bs +C—|—Ds
T T e ra
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8 Laplace Transforms

The coefficients 4, B, C and D can be obtained by finding a common denominator and equating the
resulting numerator to the numerator in (8.2.17). However, since there’s no first power of s in the
denominator of (8.2.17), there’s an easier way: the expansion of

1
he) = Tine e
can be obtained quickly by using Heaviside's method to expand

1 —_—

EEmvrem i Cy s

and then setting = = s> to obtain

1 _1( 11 )
(s24+1)(s2+4) 3 \s2+1 s244)°

Multiplying this by 8 + 3s yields

8+ 3s 1<8+3s 8-1-33)

F = — _
O = rne T 3331 F1a

Therefore
1 8 . 4
£ (F):gsmt—i—cost—gsm%—cos%.

UsING TECHNOLOGY

Some software packages that do symbolic algebra can find partial fraction expansions very easily. We
recommend that you use such a package if one is available to you, but only after you've done enough
partial fraction expansions on your own to master the technique.
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8 Laplace Transforms

8.2 Exercises

1. Use the table of Laplace transforms to find the inverse Laplace transform.

(@) \dst 25 (b) \dst =2 () \dst =55

(d) \dst—25 (€) \dst s (f) \dst =

(9) \dst ot (h) \dst == (i) \dst =2

Show answer

2. Use Theorem 8.2.1 and the table of Laplace transforms to find the inverse Laplace transform.

(a) \dst 255 (b) \dst 25 (c) \dst 3=

(d) \dst iij; (e) \dst——— 2+23+1 (n \dst 5= s+1

(9) \dst ==t (h) \dst 252 (i) \dstd — =

0) \dst + 45 () \dst e — 228
3. Use Heaviside’s method to find the inverse Laplace transform.

(@) \dst G (b) \cs tﬁ

(C)\dt 2+S —2)(3—2s)

(s— )(s+1>
2)(s+2)(s—3) (d) \d t s+4

—2)(s—1)

(e) \d t 3+ (s—2)(10—25—s2)

3+(5—3)(2s2+5—21)
(f) \dst (5—3)(s—1)(s+4)(5—2)

2)(s+2)(s—1)(s+3)

4. Find the inverse Laplace transform.

243
(a) \dst (32+1)(s+5)<s+1)

(b) \dst sl

3542
(©) \dst sy

33 2541

(e) \dst 2s +s+3

(f) \dSt SZJr3ls+2 OE

)2(s+2)2
Show answer
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8 Laplace Transforms

5. Use the method of Example 8.2.9 to find the inverse Laplace transform.

(a) \dSt 2+?zf+22+9) (b) \dSt 2+_148+;116) (C) \dSt 2+‘L')1s-~_32+4)
—s 17s—34 2s—1
(d) \dst =5y (€) \dst 16Ty (M \dst m=Fmmm

Show answer

6. Find the inverse Laplace transform.

175—15
(s2—2s+5)(s2+2s+10)

(a) \dst

(b) \dst

85+56

52—65+13)(s2+25+5)

549
(c) \dst (s2+4s +5s)(s “45+13)

(d) \dst

2
2

35—
(s2—45+5)(s2—65+13)

3s—1

(e) \dSt §2—25+2)(s2+25+5

205440
() \dst gy

Show answer

7. Find the inverse Laplace transform.

(a) \dst—=y 2+1 (b) \dst 1)(52172s+17)
3542 34—17

(c) \dstm (d) \dStm
s+2 25—2

(e) \dStm ) \dSt (5—2)(s*+25+10)

8. Find the inverse Laplace transform.
() \dst ey (b) \dst iy
2s—1 _

(c) \dst (3272s+2§(s+1)(572) (d) \dst (52— 1 (52+4)
25—3 5s—15

(e) \dstm (f) \dSt (5274s+1§)(572)(371)

Show answer

9. Given that f(t) <

Show answer

F(s), find the inverse Laplace transform of F(as —b), where a > 0.
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8 Laplace Transforms

10. a. If sy, s9, ..., s, are distinct and P is a polynomial of degree less than n», then

P(s) A Ay A,

(s—s1)(s—s2) - (s—sn) s—sl+s—32+m+s—sn'

Multiply through by s — s; to show that A; can be obtained by ignoring the factor s — s; on the
left and setting s = s; elsewhere.

b. Suppose P and @, are polynomials such that degree(P) < degree(Q;) and Q(s1) # 0. Show
that the coefficient of 1/(s — s1) in the partial fraction expansion of

P(s)

o) = (5 —51)Q1(s)

IS P(s1)/Q1(s1)-

c. Explain how the results of (a) and (b) are related.

8.3 Solution of Initial Value Problems

Laplace Transforms of Derivatives

In the rest of this chapter we’ll use the Laplace transform to solve initial value problems for constant
coefficient second order equations. To do this, we must know how the Laplace transform of f’ is related
to the Laplace transform of f. The next theorem answers this question.

THEOREM 8.3.1

Suppose f is continuous on [0, ) and of exponential order sy, and f’ is piecewise continuous on
[0,00). Then f and f’ have Laplace transforms for s > so, and

L(f7) = s£(f) — f(0). (8.3.1)

Proor

We know from Theorem 8.1.6 that £(f) is defined for s > s,. We first consider the case where f’ is
continuous on [0, co). Integration by parts yields
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8 Laplace Transforms

\dst [ e f/(t)dt = \dste*Stf(t)‘OT—i-s\dst Jo et f(t)dt
\dste ST f(T) — f(0) + s [, e " f(t) dt

(8.3.2)

for any T > 0. Since f is of exponential order s, limz_,, e *T f(T) = 0 and the last integral in (8.3.2)
converges as T — oo if s > s¢. Therefore

/oo et f(t)dt = — f(0) + 5 /OO e " f(t)dt
0 0
— f(0) + s£(f),

which proves (8.3.1). Now suppose T > 0 and f’ is only piecewise continuous on [0, 7], with
discontinuities at ¢t; < t; < -+ < t,_1. FOr convenience, let t, = 0 and ¢, = T. Integrating by parts yields

ti t; t;
/ etf () dt = e f(t)‘ +s / et f(t) dt
i bt i

t;
=eif(ti) —e " f(tic) + s / e f(t) dt.
ti1
Summing both sides of this equation from i = 1 to » and noting that

(e7 f(t1) — e " f(to)) + (e~ f(ta) — e ™" f(t1)) 4 + (e "V f(tn) — e > f(tn-1))

_ efstwf(tN) _ efStOf(to) = eisTf(T) - f(O)

yields (8.3.2), so (8.3.1) follows as before.

ExampLE 8.3.1

In Example 8.1.4 we saw that

S

‘(COS wt) = m.

Applying (8.3.1) with f(t) = coswt shows that

s w?

L(—wsinwt) =8§——m— — 1= ——— |
( ) S2+UJ2 52+w2
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8 Laplace Transforms

Therefore
w
L(sinwt) = ———
(sinwt) R
which agrees with the corresponding result obtained in 8.1.4. n

In Section 2.1 we showed that the solution of the initial value problem

y =ay, ¥(0)=yo, (8.3.3)

is y = yoe®. We'll now obtain this result by using the Laplace transform.

Let Y(s) = £(y) be the Laplace transform of the unknown solution of (8.3.3). Taking Laplace transforms
of both sides of (8.3.3) yields

which, by Theorem 8.3.1, can be rewritten as

sL(y) —y(0) = al(y),

or

sY(s) —yo = aY(s).

Solving for Y (s) yields

SO

which agrees with the known result.

We need the next theorem to solve second order differential equations using the Laplace transform.
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THEOREM 8.3.2

Suppose f and f’ are continuous on [0,00) and of exponential order so, and that f” is piecewise
continuous on [0,00). Then £, f/, and f” have Laplace transforms for s > sy,

L(f7) = s£(f) — f(0), (8.3.4)

and

L(f") = s*4(f) — £'(0) — s£(0). (8.3.5)

Proor Theorem 8.3.1 implies that £(f’) exists and satisfies (8.3.4) for s > s,. To prove that £(f”) exists
and satisfies (8.3.5) for s > sy, we first apply Theorem 8.3.1 to g = f’. Since g satisfies the hypotheses of
Theorem 8.3.1, we conclude that £(g’) is defined and satisfies

£(g') = s£(g9) — 9(0)
for s > so. However, since ¢’ = f”, this can be rewritten as
L(f") = s£(f) = f(0).
Substituting (8.3.4) into this yields (8.3.5).
Solving Second Order Equations with the Laplace Transform

We’'ll now use the Laplace transform to solve initial value problems for second order equations.

ExampLE 8.3.2

Use the Laplace transform to solve the initial value problem

y” — 6y + 5y =3e*, y(0)=2, 9 (0)=3. (8.3.6)

SovruTion Taking Laplace transforms of both sides of the differential equation in (8.3.6) yields
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8 Laplace Transforms

Ly 6y +5y) = £ (36”) = —.

which we rewrite as

L)~ 64() +540) = ——.

Now denote £(y) = Y(s). Theorem 8.3.2 and the initial conditions in (8.3.6) imply that

and

L(y") = $*Y (s) —y/ (0) — sy(0) = sY (s) — 3 — 2s.

Substituting from the last two equations into (8.3.7) yields

(2 (5) 8~ 25) — 6.(s¥(s) — 2) + 5¥(s) = —.
Therefore
(2 —6s5+5)Y(s) = 3%2 + (3 +2s) + 6(—2),
SO
(s 5)(s Dy (s) = 2HE D29
and

3+ (s—2)(25s—9)
(s—2)(s—5)(s—1)"

Y(s) =

Heaviside’'s method yields the partial fraction expansion

1 11 5 1
Y(s) = — - 2
)=—Fsmt3s 5 25
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8 Laplace Transforms

and taking the inverse transform of this yields

1 5
_ 2t 5t 9t
y=—e+ e+ e

as the solution of (8.3.6). ]

It isn’t necessary to write all the steps that we used to obtain (8.3.8). To see how to avoid this, let's
apply the method of Example 8.3.2 to the general initial value problem

ay” + by +cy=f(t), y0)=ky, v (0)=k. (8.3.9)
Taking Laplace transforms of both sides of the differential equation in (8.3.9) yields
al(y”) +bL(y) + cLl(y) = F(s). (8.3.10)
Now let Y(s) = £(y). Theorem 8.3.2 and the initial conditions in (8.3.9) imply that
L(y)=sY(s)—ky and L(y") = s’Y(s) —k; — ks.
Substituting these into (8.3.10) yields
a(s*Y(s) — k1 — kos) + b (sY(s) — ko) + cY(s) = F(s). (8.3.11)
The coefficient of Y(s) on the left is the characteristic polynomial
p(s) =as?+bs+c

of the complementary equation for (8.3.9). Using this and moving the terms involving k, and &, to the
right side of (8.3.11) yields

p(s)Y(s) = F(s) + a(ky + kos) + bkg. (8.3.12)
This equation corresponds to (8.3.8) of Example 8.3.2. Having established the form of this equation in
the general case, it is preferable to go directly from the initial value problem to this equation. You may

find it easier to remember (8.3.12) rewritten as

p(s)Y(s) = F(s) + a(y'(0) + sy(0)) + by(0). (8.3.13)
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ExampLE 8.3.3

Use the Laplace transform to solve the initial value problem

2y” +3y +y=28e"% y0)=—4, y(0)=2. (8.3.14)

SovruTion The characteristic polynomial is

p(s) =25"+3s+1=(25+1)(s +1)

and

S0 (8.3.13) becomes
8
(28 + 1)(8 + 1)Y(S) = m + 2(2 — 48) + 3(—4)

Solving for Y (s) yields

4(1—(s+2)(s+1))
G+1/2)(5+D)(s+2)

Y(s) =

Heaviside’s method yields the partial fraction expansion

4 1 8 8 1
Y(S)_§s+1/278—|—1 3542’
so the solution of (8.3.14) is
y=L1Y(s)) = %eitﬂ —8e 4 —e*

(Figure 8.3.1).
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Figure 8.3.1. y = \dstge /2 — 8¢t + S 2

Figure 8.3.2. y = \dst4 — e *cost — 2e 'sint

ExawvpLE 8.3.4

Solve the initial value problem

v +20 +2y=1, y(0)=-3, 3 (0)=1. (8.3.15)

SocuTion The characteristic polynomial is

p(s)=s+2s+2=(s+1)2+1

and

S0 (8.3.13) becomes

Solving for Y (s) yields

_ 1—5(543s)
S os[s D241

In Example 8.2.8 we found the inverse transform of this function to be

(Figure 8.3.2), which is therefore the solution of (8.3.15).

REMARK
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In our examples we applied Theorems 8.3.1 and 8.3.2 without verifying that the unknown function y
satisfies their hypotheses. This is characteristic of the formal manipulative way in which the
Laplace transform is used to solve differential equations. Any doubts about the validity of the
method for solving a given equation can be resolved by verifying that the resulting function y is the
solution of the given problem.

8.3 Exercises

In Exercises 1-31 use the Laplace transform to solve the initial value problem.
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o

~N

o

10.

11.

12.

13.

y' 3y +2y =

Show answer

8 Laplace Transforms

et’ y(0) =1, y/(O) =—6

y' —y —6y=2, y0)=1, ¢ (0)=0

Show answer

Show answer

y// _ 4y — 263t,

Show answer

Yy —2y=2e% y(0)=-1, y(0)=4

y(0)=1, ¢'(0)=-1

Yy +y —2y=¢€* y0)=1, y'(0)=-1

Show answer

y//+3y/+2y:

Show answer

y” +y = sin 2t,

Show answer

y =3y +2y=

Show answer

y =3y +2y=

Show answer

y =3y +2y =

Show answer

y//+3y/+2y:

Show answer

6e’, y(0)=1, y'(0)=-1

y(0)=0, 3'(0)=1

2¢%, y(0)=1, y(0)=-1

eft, y0)=1, y'(0)=-2

e, y(0)=—1, y'(0)=—4

2¢', y(0)=0, y'(0)=-1

v +y —2y=—4, y0)=2, y'(0)=3

Show answer

y' Ay =4,

<

Show answer

0)=0, y'(0)=1
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14. 4" —y' —6y=2, y(0)=1, ¢ (0)=0

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

Show answer

Y’ +3y +2y=

Show answer

—

Yy —y=1 y

Show answer

e, y(0)=0, y(0)=1

0)=1, 3 (0)=0

y’ +4y=3sint, y(0)=1, y'(0)=-1

Show answer

y// + y/ — 2e3t’

Show answer

—~

v +y=1, y

Show answer

—~

v +y=t, y

Show answer

y(0)=—1, y'(0)=4

0)=2 #(0)=0

0)=0, 3(0)=2

y'+y=t—3sin2t, y0)=1, %' (0)=-3

Show answer

Yy’ +5y +6y=

Show answer

2¢7t, y(0)=1, y'(0)=3

Yy’ + 2y +y=6sint—4cost, y(0)=-1,y (0)=1

Show answer

y' —2y —3y=

Show answer

10cost, y(0)=2, 3 (0)=7

y” +y=4sint+6cost, y(0)=—6,y'(0)=2

Show answer

y” +4y=8sin2t +9cost, y(0)=1, ¢ (0)=0

Show answer
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

8 Laplace Transforms

y” — 5y’ + 6y = 10e’ cost, y(0)=2, 7' (0)=1

Show answer

v +2y +2y=2t, y0)=2, y(0)=-7

Show answer

y" —2y +2y=>5sint+ 10cost, y(0)=1, y'(0)=2

Show answer

y” + 4y’ + 13y = 10e " — 36e', y(0) =0, v/ (0) = —16

Show answer

y” + 4y’ +5y=e '(cost +3sint), y(0)=0, %' (0)=4

Show answer

2y" — 3y’ —2y=4e', y(0)=1, y'(0)=—-2

Show answer

6y" —y —y=3e*, y(0)=0,y(0)=0

Show answer

29" +2y +y=2t, y(0)=1,y(0)=-1

Show answer

4y” — 4y’ + by = 4sint —4cost, y(0)=0, y’(0) =11/17

Show answer

4y” + 4y’ +y = 3sint +cost, y(0)=2, y'(0)=—1

Show answer

9y” + 6y’ +y=3e", y(0)=0,y'(0)=-3

Show answer
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8 Laplace Transforms

38. Suppose a,b, and ¢ are constants and a # 0. Let

+b a
— ! <—a3 ) d — ! (—>
o as? +bs+c an v2 as? +bs+c
Show that
y1(0) =1, y;(0)=0 and y3(0) =0, y,(0)=1.
HiNnT
Use the Laplace transform to solve the initial value problems

ay” +by +cy=0, y0)=1
ay” + by’ +cy=0, y(0)=0,

8.4 The Unit Step Function

In the next section we'll consider initial value problems
ay” +by +cy=f(t), y(0)=ko, y'(0)= ki,

where a, b, and ¢ are constants and f is piecewise continuous. In this section we’ll develop procedures
for using the table of Laplace transforms to find Laplace transforms of piecewise continuous functions,
and to find the piecewise continuous inverses of Laplace transforms.

ExawvpLE 8.4.1

Use the table of Laplace transforms to find the Laplace transform of

241, 0<t<2,
t) = (8.4.1)
3,  t>2

(Figure 8.4.1).

SocuTion Since the formula for f changes at ¢t = 2, we write
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8 Laplace Transforms

L(f) = \dst [;Te ' f(t)

(8.4.2)
= \dst [Je (2t + 1) dt + [;° e *(3t) dt.
To relate the first term to a Laplace transform, we add and subtract
/ e (2t +1)dt
2
in (8.4.2) to obtain
L(f) = \dst [Ce (2t +1)dt+ [[Te (3t — 2t —1)dt
= \dst ["e (2t +1)dt+ [," e (t —1)dt (8.4.3)

= \dstL(2t+1)+ [[Te ' (t —1)dt.

To relate the last integral to a Laplace transform, we make the change of variable = =t — 2 and rewrite
the integral as

o0 oo
/ e st(t—1)dt = / e @2 (g 4+ 1) dx
2 0

= 6725/ e (z+1)dx.
0

Since the symbol used for the variable of integration has no effect on the value of a definite integral, we
can now replace z by the more standard ¢t and write

/oo et t—1)dt=e% /oo e St(t+1)dt =e2L(t+1).
2 0
This and (8.4.3) imply that

L(f)= L2t +1)+e 2 L(t+1).

Now we can use the table of Laplace transforms to find that
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8 Laplace Transforms

Figure 8.4.1. The piecewise continuous function (8.4.1)
Figure 8.4.2. y = u(t — 1)

Laplace Transforms of Piecewise Continuous Functions

We’'ll now develop the method of Example 8.4.1 into a systematic way to find the Laplace transform of a
piecewise continuous function. It is convenient to introduce the unit step function, defined as

u(t) :{ (1’ i;g (8.4.4)

)

Thus, u(t) “steps” from the constant value 0 to the constant value 1 at ¢t = 0. If we replace t by ¢t — 7 in
(8.4.4), then

0, t<,
u(t_T):{l t>T1 ;

that is, the step now occurs at ¢t = 7 (Figure 8.4.2).

The step function enables us to represent piecewise continuous functions conveniently. For example,
consider the function

f(t) = { folt), 0=t (8.4.5)

fi(t), t>t,

where we assume that fo and f1 are defined on [0, 00), even though they equal f only on the indicated
intervals. This assumption enables us to rewrite (8.4.5) as

f(#) = fo(t) +u(t —t1) (1) — fo(t)) - (8.4.6)
To verify this, note that if t < ¢; then u(t —¢;) = 0 and (8.4.6) becomes

F(@&) = fo(t) + (0) (f1(2) — fo(t)) = fo(?).
If t > ¢, then u(t —t;) = 1 and (8.4.6) becomes

f@) = fo(t) + (1) (f1(t) — fo(2)) = f1(2).
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8 Laplace Transforms

We need the next theorem to show how (8.4.6) can be used to find £(f).

THeEOREM 8.4.1

Let g be defined on [0, 00). Suppose 7> 0 and £ (g(t + 7)) exists for s > so. Then £ (u(t — 7)g(t))
exists for s > s(, and

L(u(t —7)g(t)) = e L(g(t + 7).

Proor By definition,
L (u(t—T1)g(t)) = /OOO e *tu(t — 1)g(t) dt.

From this and the definition of u(t — 7),

o0

e 1(0) dt + / e Stg(t) dt.

T

£ (ult — 1g(t)) = /

0

The first integral on the right equals zero. Introducing the new variable of integration = =t — 7 in the
second integral yields

oo

L(u(t—1)g(t)) = /000 e g(x + 1) dr = e’”/o e *g(x+7)dx.

Changing the name of the variable of integration in the last integral from z to ¢ yields
L (u(t—71)g(t)) = e_”/ e gt +71)dt = e " L(g(t + 7)).\bbox
0
ExawmpLE 8.4.2
Find

L (ut—1)(t2+1)).
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8 Laplace Transforms

SoLuTion Here 7 =1 and g(t) = t*> + 1, SO

git+1)=(t+1)>+1=1t>+2t+2.

Since

Theorem 8.4.1 implies that

ExampLE 8.4.3

Use Theorem 8.4.1 to find the Laplace transform of the function

2A+1, 0<t<2,
ft) =
3t t>2,

from Example 8.4.1.

SocuTion We first write f in the form (8.4.6) as

ft) =2t +1+u(t—2)(t—1).

Therefore

L(f) = L2t +1) + £ (u(t —2)(t - 1))
=L(2t+1)+eL(t+1) (from Theorem ?7?7?)

2 1 L,/1 1
:—+—+e<(7+—)
S S S

which is the result obtained in Example 8.4.1. [

Formula (8.4.6) can be extended to more general piecewise continuous functions. For example, we can

write
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8 Laplace Transforms

fO(t)v 0St<t1,
f(t) = fl(t), 1 <t <ty
f?(t)’ t> t27
as

f(@) = fo®) +ult —t1) (f1(t) — fo(t)) + u(t — t2) (fo(t) — f1(t))

if fo, f1, and f, are all defined on [0, o).

ExampLE 8.4.4

Find the Laplace transform of

1, 0<t<2,
241, 2<t<3,

ft) = 3 3=i-5 (8.4.7)
t—1, t>5

(Figure 8.4.3).

Figure 8.4.3. The piecewise contnuous function (8.4.7)

SoruTion In terms of step functions,

F&) =1+u(t—2)(—2t+1—1) +u(t—3)(3t + 2t — 1)
+u(t—5)(t—1—3t),

or

F(t) =1 —2u(t — 2)t + u(t — 3)(5t — 1) — u(t — 5)(2t + 1).

Now Theorem 8.4.1 implies that
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8 Laplace Transforms

L(f)=L(1)—2e 2Lt +2)+e > L(B(1t+3)—1)—e L (2(t+5)+1)
=L(1) =2 2 L(t+2) + e L(5t 4 14) — e P L(2t + 11)

1 12 5 14 2 11
2 g (_ + _) 438 (_ + _) _ e s <_ + —> .\bbox
S 52 S 82 S 52 S

The trigonometric identities

sin(A + B) = sin A cos B + cos Asin B (8.4.8)
cos(A + B) = cos A cos B —sin Asin B (8.4.9)

are useful in problems that involve shifting the arguments of trigopnometric functions. We’'ll use these
identities in the next example.

ExampLE 8.4.5

Find the Laplace transform of

sint, 0 <t < \dstT,
f(t) =19 cost—3sint, \dst§ <t <, (8.4.10)
3cost, t>w

(Figure 8.4.4).

Figure 8.4.4. The piecewise continuous function (8.4.10)

SovruTion In terms of step functions,
f(t) =sint 4+ u(t — 7/2)(cost — 4sint) + u(t — m)(2cost + 3sint).
Now Theorem 8.4.1 implies that

L(f) = L(sint)+e L (cos(t+ ) —4sin(t+ %)) (8.4.11)
[3pt] +e ™ L (2cos(t + m) + 3sin(t + 7)) .

Since

T . ™ .
cos (t—{— E) — 4sin (t—{- 5) = —sint —4cost
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8 Laplace Transforms

and
2cos(t + ) + 3sin(¢ + m) = —2cost — 3sint,
we see from (8.4.11) that

L(f) = L(sint) — e ™2 L(sint + 4cost) — e ™ L(2cost + 3sint)

1 _zg (1+4s s 3+ 2s
:—82+1—e 2 (—32—1—1)_6 <—82+1).\bbox

The Second Shifting Theorem

Replacing g(t) by g(t — 7) in Theorem 8.4.1 yields the next theorem.

THEOREM 8.4.2

If - >0 and £(g) exists for s > sy then £ (u(t — 7)g(t — 7)) exists for s > s and
L(u(t —7)g(t — 7)) = e " L(g(t)),
or, equivalently,

if g(t) > G(s), then u(t —1)g(t — 1) <> e " G(s). (8.4.12)

REMARK

Recall that the First Shifting Theorem (Theorem 8.1.3 states that multiplying a function by e
corresponds to shifting the argument of its transform by a units. Theorem 8.4.2 states that
multiplying a Laplace transform by the exponential e-™ corresponds to shifting the argument of the
inverse transform by r units.

ExampLE 8.4.6
Use (8.4.12) to find
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ExampLE 8.4.7

Find the inverse Laplace transform h of
1 1 2 4 1
H(s) =7 —¢" (_2+‘> i (‘3*‘) !

and find distinct formulas for » on appropriate intervals.

SoruTion Let

Then

go(t) =t, g1(t) =t +2, go(t) = 2t + 1.

Hence, (8.4.12) and the linearity of £~! imply that

h(t) = £ (Go(s)) — £ (e*G1(s)) + £ (e"“Gg(s))
=t—u(t—1)[(t—1)+2] +ut—4) [2(t —4)* + 1]
=t—u(t—1)(t+1)+u(t—4)(2t> — 16t + 33),

which can also be written as
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8 Laplace Transforms

t, 0<t<l,
h(t) = —1, 1<t<4, \bbox
2t2 — 16t + 32, t>4.

ExampLE 8.4.8

Find the inverse transform of

(s) = 2s _e,%s3s+l+e,ﬂs s+1
C s244 s2+9 s2+6s+10°
SovruTion Let
2s (3s+1)
Gols) = s2 44’ Ga(s) 2497
and
1 3)—2
Ga(s) = G ECAL) :
s2+6s+10 (s+3)2+1
Then
1.
go(t) = 2cos2t, g1(t) = —3cos3t— 3 sin 3t,
and

ga(t) = e % (cost — 2sint).

Therefore (8.4.12) and the linearity of £~ imply that

h(t) =2cos2t —u(t — m/2) [3cos3(t —7/2) + % sin 3 (t — g)}

+ u(t — m)e 3™ [cos(t — 7) — 2sin(t — )] .

Using the trigonometric identities (8.4.8) and (8.4.9), we can rewrite this as
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8 Laplace Transforms

h(t) = 2cos2t+ u(t—m/2) (3sin3t— % cos 3t)
(8.4.13)
—u(t —m)e 3" (cost — 2sint)

(Figure 8.4.5).

Figure 8.4.5. The piecewise continouous function (8.4.13)

8.4 Exercises

In Exercises 1-6 find the Laplace transform by the method of Example 8.4.1. Then express the given
function f in terms of unit step functions as in Eqgn. (8.4.6), and use Theorem 8.4.1 to find £(f). Where

indicated by , graph f.

1, 0<t<4,
1. \dstf(t) =

, t>4

6, 0<t<1,
2. \dstf(t) =

1, t>1.

Show answer

2t—1, 0<t<2,

w

CIG J\dstf(t) = {

t, t>2.
1, 0<t<l1,
4. \dst f(t) =
t+2, t>1.

Show answer

t—1, 0<t<2,
5. \dstf(t) =

4, t>2.

t2, 0<t<l,
6. \dstf(t) =

0, t>1.

Show answer
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8 Laplace Transforms

In Exercises 7-18 express the given function f in terms of unit step functions and use Theorem 8.4.1 to
find £(f). Where indicated by , graph f.
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8 Laplace Transforms

0, 0<t <2,

7. \dstf(t):{
t2+3t, t>2.
{t2+2, 0<t<l1,
8. \dstf(t) =
t, t>1.
te!, 0<t<l1,
9. \dstf(t) =
{ e, t>1.
et 0<t<1,
10. \dstf(t) =
{e2t, t> 1.
—t, 0<t<2,
11. \dstf(t) =<4 t—4, 2<t<3,
1, t>3.
0, 0<t<1,
12, \dstf(t)=1< ¢, 1<t<2,
0, t>2.
t, 0<t<1,
13. \dstf(t) =< 3, 1<t<?2,
0, t>2.
t, 0<t<,
14. \dstf(t)=< 2—t, 1<t<2,
6, t>2.

Show answer
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8 Laplace Transforms

sint, 0<t<\dstg,
15. [cIG ] \dstf(t) =

2sint, \dstf <t <,

cost, t>m.

Show answer

3, t>3.

Show answer

3, 0<t<2,

17. £(t) = \dst

t+2, 2<t<4,

2, 0<t<l,
16. [CIG] f(t) = \dstd —2t+2, 1<t<3,

4, t>4.

18. \dstf(t) = {

In Exercises 19—28 use Theorem 8.4.2 to express the inverse transforms in terms of step functions,
and then find distinct formulas the for inverse transforms on the appropriate intervals, as in
Example 8.4.7. Where indicated by , graph the inverse transform.

(t+1)? 0<t<]l,

(t+2)2 t>1.
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19.

20.

21.

22,

23.

24,

25.

26.

27.

28.

29.

8 Laplace Transforms

-2

Py

\dstH(s) = <

S—

L]

Show answer

\dstH(s) = R%T

Show answer

CIG \dstH(s) = 2;35 + o

52

Show answer

16 ) \asti(s) = (24 )+ (2= ) +e ¥

Show answer

\dstH(s)=(%_51_2>+e—3s(§+12)+@

3
@

Show answer

e~ TS

—

1—2s)

\dstH(s) = s

Show answer

CIG | \dstH(s) = (L - sz—il) 4% (3571)

S s24+1

Show answer

9 3(s—3) +1
\dstH(s) =e [(s+1)(572) - (sfi)(sfm]

Show answer

+

\ISH(s) = L + &t (44 2) 4% (44 2)

S

Show answer

\dstH(s) = + — 2

|
+
@
)
w
—~
»|w
|

Show answer

Find £ (u(t — 7)).

Show answer
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30. Let {t,,}°_, be a sequence of points such that ty = 0, ty,1 > ty, @and lim,,_, ¢, = co. FOr each
nonnegative integer m, let f,, be continuous on [t,,, c0), and let f be defined on [0, ) by

FE) = fn(t), tm <t <tme1 (m=0,1,..).

Show that f is piecewise continuous on [0, co0) and that it has the step function representation
F) = fo(t) + D ult —twm) (fn(t) = fm1(t)), 0 < t < o0.
m=1

How do we know that the series on the right converges for all ¢ in [0, 00)?

Show answer
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31. In addition to the assumptions of Exercise 30, assume that

|fm(t)] < Me™, t > t),, m = 0,1, ..., (A)
and that the series
Z e Plm (B)
m=0

converges for some p > 0. Using the steps listed below, show that £(f) is defined for s > s, and

L(f) = () + 3 e L(gm) (©)

m=1
for s > so + p, where

gm(t) = fm(t + tm) - fm—l(t + tm)~
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a. Use (A) and Theorem 8.1.6 to show that

is defined for s > sq.

b. Show that (D) can be rewritten as

£(f) i ([w e fm(2) dt—ﬁ:: e fm(2) dt). (E)

c. Use (A), the assumed convergence of (B), and the comparison test to show that the series

Z/ e st fn(t)dt and Z/ e St fn(t) dt
m=0" tm m=0" tm+1

both converge (absolutely) if s > s + p.

d. Show that (E) can be rewritten as

if s > s0+p.

e. Complete the proof of (C).
32. Suppose {t.,}>_, and {f,.}5_, satisfy the assumptions of Exercises 30 and 31, and there’s a
positive constant K such that ¢,, > Km for m sufficiently large. Show that the series (B) of

Exercise 31 converges for any p > 0, and conclude from this that (C) of Exercise 31 holds for s
> Sp.

In Exercises 33-36 find the step function representation of f and use the result of Exercise 32 to find
L(f). Hint: You will need formulas related to the formula for the sum of a geometric series.
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33.

~

B)=m+1l,m<t<m+1(m=0,1,2,..)

Show answer

34.

~

t)=(-)", m<t<m+1(m=0,1,2,..)

Show answer

35.

~

t)=(m+1)%m<t<m+1(m=0,1,2,..)

Show answer

36.

~

t)=(-1)"™m,m<t<m+1(m=0,12..)

Show answer

8.5 Constant Coeefficient Equations with Piecewise
Continuous Forcing Functions

We'll now consider initial value problems of the form
ay” +by +cy=f(t), y(0)=ko, ¢ (0)=k, (8.5.1)

where a, b, and ¢ are constants (a # 0) and f is piecewise continuous on [0, co). Problems of this kind
occur in situations where the input to a physical system undergoes instantaneous changes, as when a
switch is turned on or off or the forces acting on the system change abruptly.

It can be shown (Exercises 23 and 24) that the differential equation in (8.5.1) has no solutions on an
open interval that contains a jump discontinuity of f. Therefore we must define what we mean by a
solution of (8.5.1) on [0, c0) in the case where f has jump discontinuities. The next theorem motivates
our definition. We omit the proof.

THEOREM 8.5.1

Suppose a, b, and ¢ are constants (a # 0), and f is piecewise continuous on [0, co). with jump
discontinuities at ¢4, ..., t,, where

0<ty < <ty

Let k, and &, be arbitrary real numbers. Then there is a unique function y defined on [0, co) with
these properties:

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 64 of 130
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a. y(0) = ko and y’(0) = k.
b. y and y’ are continuous on [0, co).

c. y” is defined on every open subinterval of [0, c0) that does not contain any of the points ¢,,
., tn, @and

ay” + by +cy = f(2)

on every such subinterval.

d. v” has limits from the right and left at ¢4, ..., t,.

We define the function y of Theorem 8.5.1 to be the solution of the initial value problem (8.5.1).

We begin by considering initial value problems of the form

"+by +ey= ol6), st<h 0)=k "(0) =k (8.5.2)
a c , , .5.
Y Y Y A, t>t, Y 0, Y 1

where the forcing function has a single jump discontinuity at ¢;.

We can solve (8.5.2) by the these steps:

Step 1. Find the solution y, of the initial value problem
ay” + by’ +cy = fo(t), y(0)=ko, y'(0)= ki

Step 2. Compute ¢ = yo(t1) and ¢; = y((t1).

Step 3. Find the solution y; of the initial value problem
ay” +by" +ey=fi(t), ylt1) =co, Y'(t1)=cu
Step 4. Obtain the solution y of (8.5.2) as

yo(t), 0<t<ty
y:
yi(t), t>ti.

It is shown in Exercise 23 that y’ exists and is continuous at ¢;. The next example illustrates this
procedure.
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ExampLE 8.5.1

Solve the initial value problem

Yy +y=f@1), y0) =2 y(0)=-1, (8.5.3)
where
1, 0<t< g
f(t) = Lo
D)

We leave it to you to verify that its solution is
Yo = 1+ cost —sint.
Doing Step 2 yields y,(7/2) = 0 and y,(r/2) = —1, so the second initial value problem is
We leave it to you to verify that the solution of this problem is
y1 = —1+cost + sint.
Hence, the solution of (8.5.3) is

14+ cost—sint, 0<t< %,
y= (8.5.4)

—1 +cost+sint, t> %

(Figure:8.5.1).
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8 Laplace Transforms

Figure 8.5.1. Graph of (8.5.4)
If fo and f; are defined on [0, c0), we can rewrite (8.5.2) as
ay” +by +cy = fo(t) +ult —t1) (f1(t) — fo(t)), v(0)=ko, ¢(0)= ki,

and apply the method of Laplace transforms. We’'ll now solve the problem considered in Example 8.5.1
by this method.

ExampLE 8.5.2

Use the Laplace transform to solve the initial value problem
Y +y=ft), w0)=2 y(0)=-1, (8.5.5)
where

1, 0<t<\dst%,
-1, t>\dst3.

SoLuTioN Here

1—2e ™2
L) = ——
Therefore, transforming (8.5.5) yields
) 1— 2677T8/2
(s"+1)Y(s) = — 14 2s,

SO
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8 Laplace Transforms

2s —1
Y(s)=(1—2e ™G —_— 8.5.6
(5) = (1=2¢™)G(s) + 5 (85.6)
with
1
@)=
The form for the partial fraction expansion of G is
1 A Bs+C
- - == ) 8.5.7
s(s?2+1) s+s2+1 ( )

Multiplying through by s(s? + 1) yields

A(s*+ 1)+ (Bs+O)s =1,

or

(A+B)s* +Cs+ A=1.

Equating coefficients of like powers of s on the two sides of this equation shows that A=1, B=-A4= -1
and C = 0. Hence, from (8.5.7),

G B 1 s
&=5 =T
Therefore

g(t) =1 — cost.

From this, (8.5.6), and Theorem 8.4.2,
y=1—cost—2u (t— %) (1 — cos (t— %)) + 2cost —sint.

Simplifying this (recalling that cos(t — 7/2) = sint) yields
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™
y=1+cost—sint — 2u (t— 5) (1 —sint),

or

1+cost—sint, 0<t<\dstZ,
Y —1+cost+sint, t > \dstg,

which is the result obtained in Example 8.5.1.

REMARK

It isn’t obvious that using the Laplace transform to solve (8.5.2) as we did in Example 8.5.2 yields a
function y with the properties stated in Theorem 8.5.1; that is, such that y and 3" are continuous on
[0,00) and y” has limits from the right and left at ¢,. However, this is true if f, and f; are continuous
and of exponential order on [0, 00). A proof is sketched in Exercises 8.6. 11-8.6.13.

ExampLE 8.5.3

Solve the initial value problem
y' —y=f(t), y0)=-1,y(0)=2, (8.5.8)

where

SoLuTioN Here

Ft) = t—u(t —1)(t 1),

SO
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8 Laplace Transforms

£f) = £(6) — £ (ult — 1)t — 1)
= L(t) — e *L(t) (from Theorem ?777)
1 e’
= -

S S

Since transforming (8.5.8) yields

(8 —1)Y(s) = £(H) +2 -5,

we see that
Y(s) = (1— e *)H(s) + o, (8.5.9)
s2—1
where
H(s) = 82(821 e —
therefore
h(t) = sinht — t. (8.5.10)
Since
£t (ﬂ> = 2sinht — cosh t,
s2—1
we conclude from (8.5.9), (8.5.10), and Theorem 8.4.1 that
y =sinht —t —u(t — 1) (sinh(t — 1) —t + 1) + 2sinh ¢ — cosh ,
or
y = 3sinht — cosht —t — u(t — 1) (sinh(t — 1) — ¢t + 1) (8.5.11)

We leave it to you to verify that y and y’ are continuous and y” has limits from the right and left at ¢; = 1.

ExampPLE 8.5.4
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Solve the initial value problem

v +y=f(t), y(0)=0,y'(0)=0, (8.5.12)

where

0, 0<t<\dstZ,
f(t) =< cos2t, \dstf <t<m,

0, t>m.

SoLuTion Here

f(t) = u(t — m/4) cos 2t — u(t — ) cos 2t,

SO

L (u(t — m/4) cos 2t) — £ (u(t — ) cos 2t)

=e ™/ (cos2(t + m/4)) — e ™ L (cos2(t + 7))
= — e ™/ £(sin2t) — e ™ L(cos 2t)

2¢ /4 se™ ™

244 244

£(f)

Since transforming (8.5.12) yields
(s> + 1)Y(s) = £(f),
we see that
Y(s) = e ™/ Hy(s) + e ™ Hy(s), (8.5.13)

where

2 s

Hl(S):—m and HQ(S) :—m

(8.5.14)

To simplify the required partial fraction expansions, we first write
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1 ;_;]
(x+1D)(x+4) 3lz+1 z+4]°
Setting = = s? and substituting the result in (8.5.14) yields

1 1 1 s S
31 sra) M) =-

2
H,(s) =—§
The inverse transforms are
h (t)—*2 sint + L sin2t and h (t)—fl cost + L cos 2t
1) =—3 in 3 in n 2(t) = —3 3 .

From (8.5.13) and Theorem 8.4.2,

y=U(tf1) hq (t—z) +u(t — m)ha(t — 7).

4 4
Since
2 1
h1 (t—%) = —gsin(t—%)ﬁ-gsirﬁ(t—%)
1
= —?(Sintfcost)fgcos%
and

1 1
ho(t—m) = — Ecos(t—w) + gCOSQ(t—ﬂ')

_1 t—l—l 2t
—3cos 3cos ,

(8.5.15) can be rewritten as
1 T . 1
y=——u (t — —) (\/§(smt — cost) + cos 2t) + gu(t — m)(cost + cos 2t)

3 4

or
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8 Laplace Transforms

0, 0<t<\dstZ,
y= —\dst%(sint —cost) — \dstg cos2t, \dstZ <t <, (8.5.16)
—\dst% sint + \dst% cost, t>m.

We leave it to you to verify that y and 3 are continuous and y” has limits from the right and left at ¢,
=n/4 and t, = = (Figure 8.5.2).

Figure 8.5.2. Graph of (8.5.16),

8.5 Exercises

In Exercises 1-20 use the Laplace transform to solve the initial value problem. Where indicated by

, graph the solution.
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, 0<t<m,

[

. \dsty” +y =

—
(=} w
<
N
(=)
=
|
o
te\
—
(=)
~—
|
)

, t2m,

Show answer

2. \dsty” +y=

3, 0<t<4, ,
{ y(0)=1, y'(0)=0

32t —5, t>4,

Show answer

4, 0<t<1,
3. \dsty” — 2y’ = y(0)=—6, y'(0)=1
6, t>1,
e, 0<t<?2,
4, \dsty” —y = y(0)=3, ¢ (0)=-1
1, t>2
0, 0<t<l,
5. \dsty” — 3y’ + 2y = 1, 1<t<2, y(0)=-3, 3 (0)=1
1, t>2
[sint|, 0<t< 2m,
6. \dsty” +4y = y(0)=-3, ¥'(0)=1
0, t > 2m,
1, 0<t<1
7. \dsty” =5y +4y=< -1, 1<t<2, y(0)=3, ¢'(0)=-5
0, t>2,
cost, 0<t< \dst3—2”,
8. \dsty” +9y = y(0) =0, y'(0) =0

. 3
sint, t>\dst,

Show answer

t, 0<t<\dstg,
CIG |\dsty” + 4y = y(0)=0, y'(0)=0
m, t>\dstZ,

©

Show answer
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

\dsty” +y =

—

Show answer

\dsty” — 3y’ + 2y = {

Show answer

\dsty” +y =

—N

Show answer

Show answer

\dsty” —4y’ + 3y = {

Show answer

\dsty” +2y" +y = { ¢

Show answer

\dsty” +2y" +y = {

Show answer

\dsty” + 3y’ + 2y = {

Show answer

\dsty” — 4y’ + 4y = { o2

Show answer

CIG | \dsty” =

Show answer

CIG |\dsty” + 3y’ + 2y = {

8 Laplace Transforms

0, 0<t<2,
2%—4, t>2, ’

t, 0<t<2m,

0)=1, y(0)=2
ot t>om y(0) y'(0)

Loost<2, o
1 tso y(0) =0, y'(0) =

-1, 0<t<1, o

L t>1, (0)=0, y'(0)=0

et, 0<t«1,
e —1

4et, 0<t <1,
0, t>1,

et 0<t<1,
0, t>1,

2, 0<t<l,
—t, 1<t<?2, y0)=1¢(0)=0
t+1, t>2,
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1, 0<t<2m,
20. \dsty” + 2y’ +2y = t, 2r<t<3m y(0)=2, 3'(0)=-1
1, t>3m,

Show answer

21. Solve the initial value problem

where

fO)=m+1, m<t<m+1l, m=012 ...

Show answer
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22. Solve the given initial value problem and find a formula that does not involve step functions and
represents y on each interval of continuity of f.

a.y’ +y=f(t), y0) =0, y(0)=0;
fO)=m+1, mr<t<(m+lmr, m=0,1,2,...
b.y" +y=f(t), y0)=0, ¢ (0)=0;

f@)=m+1t, 2mr<t<2(m+1)m, m=0,1,2,..Hint: You'll need the formula

1
1+2+...+mzw.
C.y"+y=f(t), y0)=0, y'(0)=0;
f&)=(=1)" mr<t<(m+lm, m=0,1,2,...
d.y"—y=f(t), y0)=0, y'(0)=0;
f&y=m+1, m<t<(m+1), m=012,...
HinT
You will need the formula
_Tm+1
1 mo_ 1
+r+o+r T (r#1)

ey +2y +2y=f(t), y0)=0, y(0)=0;
F(t) = (m+1)(sint + 2cost), 2mr<t<2m+1)m, m=0,1,2, ...
(See the hintin (d).)

foy" =3y +2y=f(t), y(0)=0, y(0)=0;
f)=m+1, m<t<m+1l, m=012 ...

(See the hints in (b) and (d).)

Show answer
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23.

24,

8 Laplace Transforms

. Let g be continuous on («, 8) and differentiable on the («, ty) and (¢y, ). Suppose A

= lim; ,, ¢’(t) and B = lim;_.;,, ¢’ (¢) both exist. Use the mean value theorem to show that

_og(t) —g(to) g(t) — g(to)
lim ——————==A and —_—
t—to— t—1to t—to+ t—1tp

=B.

. Conclude from (@) that ¢’(¢,) exists and ¢’ is continuous at ¢, if A = B.

. Conclude from (@) that if ¢ is differentiable on («, 3) then ¢’ can’t have a jump discontinuity

on (a, B).

. Let a, b, and ¢ be constants, with a # 0. Let f be piecewise continuous on an interval («, 3),

with a single jump discontinuity at a point ¢, in («, 3). Suppose y and y’ are continuous on
(a, B) @and y” on (a, to) and (to, B). Suppose also that

ay” +by" +cy = f(t) (A)

on (a,tg) and (tq, 8). Show that

(tot) (1) = LD IO o

. Use (a) and Exercise 23(c) to show that (A) does not have solutions on any interval («, 3)

that contains a jump discontinuity of f.

25. Suppose Py, P, and P, are continuous and P, has no zeros on an open interval (a,b), and that F

has a jump discontinuity at a point ¢, in (a,b). Show that the differential equation

Py(t)y” + Pi(t)y + Pa(t)y = F(t)

has no solutions on (a,b).Hint: Generalize the result of Exercise ?7?? and use Exercise ???\partc.
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26. Let0=1t; <t < <t,. Suppose f,, is continuous on [t,,,co) for m =1,...,n. Let

] (@), tm <t <tmpy, m=1,..,n—1,
f(t)_{ fa(t), t >t

Show that the solution of
ay” + by’ +ecy = f(t), y(0)=ko, y'(0)= ki,
as defined following Theorem 8.5.1, is given by

Zo(t), 0§t<t1,
zo(t)—i-zl(t), 1 <t <ty

2o+ F 2p (), tn <t <ty
ZO++2n(t)7 tZtn,

where z, is the solution of
az” +b2" +cz= fo(t), =2(0)=ko, 2(0)=k
and z,, is the solution of
az” +bz" +cz= fr(t) — fm-1(t), 2z(tm) =0, 2'(tn) =0

form=1,..,n.

8.6 Convolution

In this section we consider the problem of finding the inverse Laplace transform of a product H(s)
= F(s)G(s), where F and G are the Laplace transforms of known functions f and ¢g. To motivate our
interest in this problem, consider the initial value problem

ay” + by +ecy= f(t), y(0)=0, y(0)=0.
Taking Laplace transforms yields

(as® +bs + )Y (s) = F(s),

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 79 of 130



8 Laplace Transforms

SO
Y(s) = F(s)G(s), (8.6.1)
where
G-t

Until now wen't been interested in the factorization indicated in (8.6.1), since we dealt only with
differential equations with specific forcing functions. Hence, we could simply do the indicated
multiplication in (8.6.1) and use the table of Laplace transforms to find y = £71(Y)). However, this isn't
possible if we want a formula for y in terms of f, which may be unspecified.

To motivate the formula for £71(FG), consider the initial value problem
Y —ay=f(t), y(0)=0, (86.2)

which we first solve without using the Laplace transform. The solution of the differential equation in
(8.6.2) is of the form y = ues where

u =e "f(t).

Integrating this from 0 to ¢ and imposing the initial condition «(0) = y(0) = 0 yields

u= /Ote‘”f(T) dr.

Therefore
t t
y(t) = e“t/ e f(r)dr = / e f(7) dr. (8.6.3)
0 0

Now we'll use the Laplace transform to solve (8.6.2) and compare the result to (8.6.3). Taking Laplace
transforms in (8.6.2) yields

SO
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which implies that

If we now let g(t) = e*, so that

8 Laplace Transforms

s—a

then (8.6.3) and (8.6.4) can be written as

and

respectively. Therefore

in this case.

This motivates the next definition.

DeriniTion 8.6.1

u(t) = /0 f(r)g(t —7) dr

y= £7l(FG)7

£UFG) = / f(r)glt 1) dr

The convolution f * g of two functions f and g is defined by

(f*g)(t) = /o f(r)g(t —7)dr.

It can be shown (Exercise 6) that f* g = g f; that is,
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8 Laplace Transforms

/0 f(t —7)g(r) dr = / f(r)g(t —7) dr.

Eqn. (8.6.5) shows that £-1(FG) = f * g in the special case where g(t) = e®. This next theorem states
that this is true in general.

THEOREM 8.6.2

If £(f)=F and £(g) = G, then

£(f *g) = FG.

A complete proof of the convolution theorem is beyond the scope of this book. However, we’ll assume
that f * g has a Laplace transform and verify the conclusion of the theorem in a purely computational
way. By the definition of the Laplace transform,

L(f*g) :/000 eiSt(f*g)(t) dtz/ooo eiStA f(r)g(t — 1) drdt.

This iterated integral equals a double integral over the region shown in Figure 8.6.1. Reversing the
order of integration yields

L(f*g)= / f(T)/ e *tg(t — ) dtdr. (8.6.6)
0 T
However, the substitution z = ¢t — r shows that

/ e Slg(t —71)dt = / e @) g(z) dx
T 0

= e_ST/ e *g(x)dr = e ""G(s).
0

Substituting this into (8.6.6) and noting that G(s) is independent of 7 yields

[o¢]

a(rea) = [ e rnG)ar
=G(s) /000 e f(r)dr = F(s)G(s).
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Figure 8.6.1.

ExampLE 8.6.1
Let

f)=e and g(t) =e" (a #b).

Verify that £(f x g) = £(f)£(g), as implied by the convolution theorem.

SoruTion We first compute

(fxg)(t) = \dst fot eaebt-7) dr = \dstel fot ela=b7dr
e |? et [ela—br_
= \dstebt% = \dst%
0

at__ bt
= \dst =
Since

and e” <

eat<_> _
s—a s—b

it follows that

g =— [ -]

a—bls—a s—0D
-t
(s—a)(s—0b)
= L(e™)L(e") = £(f) £(g).

A Formula for the Solution of an Initial Value Problem

The convolution theorem provides a formula for the solution of an initial value problem for a linear
constant coefficient second order equation with an unspecified. The next three examples illustrate this.

ExampLE 8.6.2
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Find a formula for the solution of the initial value problem

y' =2 +y=f@1t), y0)=ko, ¥'(0)=k. (8.6.7)

SovruTion Taking Laplace transforms in (8.6.7) yields
(s> =25 +1)Y(s) = F(s) + (k1 + kos) — 2kq.

Therefore

1 k‘1+k05—2k0
(s —1)
1 k ki—k
0 + 1 O'
s—1  (s—1)2

From the table of Laplace transforms,

1 ( ko k1 — ko

1 (51)2> = ¢’ (ko + (k1 = ko)t).

Since

e <> te! and  F(s) < f(t),

the convolution theorem implies that

£ <(S—11)2F(s)> = At re" f(t — 1) dr.

Therefore the solution of (8.6.7) is

t

y(t) = e (ko + (k1 — ko)t) + /0 Te’ f(t — 7)dT.

ExampLE 8.6.3

Find a formula for the solution of the initial value problem
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Y +4y=f(t), y(0)=ko, ¥ (0)=ki. (8.6.8)

SoruTion Taking Laplace transforms in (8.6.8) yields
(s2 4+ 4)Y(s) = F(s) + k1 + kos.

Therefore

From the table of Laplace transforms,

£71 ( kl —+ koS

k
T ) = kgcos2t + 718111275.

Since

1

1 .
WHESIH% and F(s) + f(¢),

the convolution theorem implies that
£t ;F() —l/tf(t— ) sin 27 d
(82—‘r4) S —2 o T)SIN 2T AT.
Therefore the solution of (8.6.8) is

k 1 [t
y(t):kocos2t+7lsin2t+5/ f(t —7)sin27dr.
0

ExampLE 8.6.4

Find a formula for the solution of the initial value problem

v +2y" +2y=f(t), y(0)=ko, ¢ (0)=k. (8.6.9)
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SoruTtion Taking Laplace transforms in (8.6.9) yields

(s + 25 +2)Y(s) = F(s) + k1 + kos + 2k.

Therefore

1 k1 + kos + 2k
Y T e—— ——
(s) (s+1)2+1 )+ (s+1)2+1
1 k1 + ko) + ko(s+1
S S Gl DRI Chky
(s+1)2+1 (s+1)2+1

From the table of Laplace transforms,

1 ( (k)l + ko) + ]{)0(8 + 1)

(s+1)2+1 ) = e " ((k1 4 ko) sint + kg cost) .

Since

1

—t .
[PESIEE e 'sint and F(s) < f(t),

the convolution theorem implies that
. 1 K .
L (mF(S)) :/0 f(t*T)e sin T dr.
Therefore the solution of (8.6.9) is
t
y(t) = et ((ky + ko) sint + kg cost) + / ft—7)e "sinTdr. (8.6.10)
0

Evaluating Convolution Integrals

We'll say that an integral of the form [, u(r)u(t — 7) dr is a convolution integral. The convolution theorem
provides a convenient way to evaluate convolution integrals.

ExampLE 8.6.5

Evaluate the convolution integral
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Socrution We could evaluate this integral by expanding (¢t — 7)° in powers of  and then integrating.
However, the convolution theorem provides an easier way. The integral is the convolution of f(t) = ¢°
and g¢(t) = t". Since

5 7!
e — and ¢ & —,
56 s8

the convolution theorem implies that

5170 5I7! 13

o) & S = 137 o

where we have written the second equality because

13! 13
sj .
Hence,
517!
h(t) = — t'3.
(*) 13!

ExavpLE 8.6.6

Use the convolution theorem and a partial fraction expansion to evaluate the convolution integral

h(t) :/0 sina(t — 7)cosbrdr (|a|] # |b]).

SoLruTion Since

and cosbt <

sinat < _
s2 4+ a? s2+ b2’
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the convolution theorem implies that

a S

H(s) = 2 ta2 2402

Expanding this in a partial fraction expansion yields

a s s
H(s) = — .
() b2 —a? [s24+a?2 s240b2
Therefore
a
h(t) = "o (cos at — cos bt) .

Volterra Integral Equations

An equation of the form
t
y(t) = f(¥) +/ k(t —7)y(r)dr (8.6.11)
0

is a Volterra integral equation (http://www-history.mes.st-and.ac.uk/Mathematicians/Volterra.html). Here f and k are

given functions and y is unknown. Since the integral on the right is a convolution integral, the
convolution theorem provides a convenient formula for solving (8.6.11). Taking Laplace transforms in
(8.6.11) yields

and solving this for Y (s) yields

We then obtain the solution of (8.6.11) as y = £ (V).

ExampLE 8.6.7

Solve the integral equation
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t

y(t) =1+2 /0 e 2y (7) dr. (8.6.12)

SovruTion Taking Laplace transforms in (8.6.12) yields

Y(s)=< +-5Y0)
and solving this for Y (s) yields
Y(s) = % + =
Hence,
y(t) =1+ 2t.

Transfer Functions
The next theorem presents a formula for the solution of the general initial value problem
ay” +by +ecy=f(t), y(0)=ko, y'(0)= ki,

where we assume for simplicity that f is continuous on [0, 00) and that £(f) exists. In Exercises 11-14
it's shown that the formula is valid under much weaker conditions on f.

THEOREM 8.6.3

Suppose f is continuous on [0, c0) and has a Laplace transform. Then the solution of the initial
value problem

ay” + by +cy=f(t), y0)=ko, % (0)=k, (8.6.13)

t

y(t) = koyr(t) + kry2(t) + /O w(r) f(t —7)dr, (8.6.14)
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where y; and y, satisfy

ayy +byy +eyr =0, y1(0)=1, 3;(0)=0,

and

ayy +bys +cya =0, y2(0) =0, y5(0) =1,

and

w(t) = —ya(t).

Proor Taking Laplace transforms in (8.6.13) yields

p(s)Y(s) = F(s) + a(k1 + kos) + bk,

where
p(s) = as® +bs +c.
Hence,
Y(s) = W(s)F(s) + V(s)
with
W) = p(IS)
and

V(S) _ (l(kl +Ii€((:‘;) + bk .

Taking Laplace transforms in (8.6.15) and (8.6.16) shows that
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8 Laplace Transforms

p(s)Y1(s) =as+b and p(s)Ys(s) =a.

Therefore
as+b
e =)
and
Ya(s) = ——. (8.6.21)
p(s)

Hence, (8.6.20) can be rewritten as
V(s) = koYi(s) + k1Ya(s).
Substituting this into (8.6.18) yields
Y(s) = koYi(s) + k1 Ya(s) + %YQ(S)F(S)‘

Taking inverse transforms and invoking the convolution theorem yields (8.6.14). Finally, (8.6.19) and
(8.6.21) imply (8.6.17). [

It is useful to note from (8.6.14) that y is of the form
y=v+h,
where
v(t) = koy1(t) + k1ya(t)

depends on the initial conditions and is independent of the forcing function, while
t
h(t) = / w(T)f(t —7)dr
0

depends on the forcing function and is independent of the initial conditions. If the zeros of the
characteristic polynomial
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p(s) = as®> +bs+c

of the complementary equation have negative real parts, then y; and y, both approach zero as ¢ — o,
S0 lim,;,, v(t) = 0 for any choice of initial conditions. Moreover, the value of h(t) is essentially
independent of the values of f(t — ) for large r, since lim, ., w(7) = 0. In this case we say that v and h
are transient and steady state components, respectively, of the solution y of (8.6.13). These definitions
apply to the initial value problem of Example 8.6.4, where the zeros of

ps)=s2+2s+2=(s+1)2+1

are —1 +4. From (8.6.10), we see that the solution of the general initial value problem of Example 8.6.4
iSy=v+ h, where

v(t) = e " ((k1 + ko) sint + ko cost)

is the transient component of the solution and
t
h(t) = / ft—7)e "sinTdr
0

is the steady state component. The definitions don’t apply to the initial value problems considered in
Examples 8.6.2 and 8.6.3, since the zeros of the characteristic polynomials in these two examples don’t
have negative real parts.

In physical applications where the input f and the output y of a device are related by (8.6.13), the zeros
of the characteristic polynomial usually do have negative real parts. Then W = £(w) is called the
transfer function of the device. Since

we see that

is the ratio of the transform of the steady state output to the transform of the input.

Because of the form of
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h(t):/o w(T) f(t — 7) dr,

w IS sometimes called the weighting function of the device, since it assigns weights to past values of the
input £. It is also called the impulse response of the device, for reasons discussed in the next section.

Formula (8.6.14) is given in more detail in Exercises 8—10 for the three possible cases where the zeros
of p(s) are real and distinct, real and repeated, or complex conjugates, respectively.
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8.6 Exercises

1. Express the inverse transform as an integral.

(a) \dst—=—=— T 2+4 (b) \dsts+2—2+9)

(c) \dst rp ey (d) \dst——*~ s
(&) \dst sy () \dst sy

(9) \dstm (h) \dstw
(i) \dst sy () \dst s

(K) \dst e (1) \dst sy

(m) \dst 55 (n) \dst b

Show answer

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 94 of 130



2. Find the Laplace transform.

8 Laplace Transforms

(a) \dstfg sinar cosb(t — 1) dr

(b) \dstfot eTsina(t—71)dr

(c) \dstfg sinh arcosha(t — 1) dr

(d) \dst fy

(t — 7)sinwrcosw(t — 7) dr

(e) \dste? fg sin wr cosw(t — 7) dr

(f) \dstet T2(t — 7)€" dr

(g) \dste fg e "rcosw(t —7)dT

(h) \dste! fot e’ sinh(t — 7) d7

(i) \dstfot Te? sin 2(t — 1) dT

@) \dstfot (t—7)3"dr

(k) \dstft S~ sin 3(t — 7) dr

t—T dr

() \dst [ 7 0T

(m) \dstfot (t—7)7e Tsin2rdr

(n) \dstfot (t —7)*sin27dr

Show answer

3. Find a formula for the solution of the initial value problem.

@y +3y" +y=f(t), y0)=0, y'(0)=0
(b) y" +4y = f(t), y(0)=0, y(0)=0

© vy +2 +y=ft), y0)=0, y'(0)=0
(d) y" + k= f(t), y0)=1, y'(0)=-1

(€) y" +6y" +9y=f(t), »(0)=0, y'(0)=-2
By —4y=£t), y0)=0, y'(0)=3

(@) y" -5y +6y=f(t), y(0)=1, y'(0)=3
(h) y" +w’y = f(t), y(0)=ko, ¥'(0)=F:

Show answer
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4. Solve the integral equation.

(@) \dsty(t) =t — fg(t —7)y(7) dr

(b) \dsty(t) = sint — 2 fot cos(t — 7)y(7) dr

(c) \dsty(t) =1+2 fot y(7) cos(t — 1) dr

(d) \dsty(t) =t + fot y(r)e 7 dr

(€) \dsty'(t) =t + [, y(r) cos(t — 7) dr, y(0) = 4

(f) \dsty(t) = cost —sint + fot y(r)sin(t — 1) dr

[2]

5. Use the convolution theorem to evaluate the integral.

(a) \dstf; (t—7)"r8dr

(b) \dstf; (t—7)877dr

(c) \dstf; (t—7)077dr

(d) \dstfot e "sin(t —7)dr

(e) \dstfot sinTcos2(t —7)dr

[2]

6. Show that

/0 F(t —7)g(r) dr = / f(r)g(t —7) dr

by introducing the new variable of integration = = ¢ — 7 in the first integral.

7. Use the convolution theorem to show that if f(¢) +» F(s) then

/Otf(f)dT<—>

Flo).
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10.

8 Laplace Transforms

Show that if p(s) = as® + bs + ¢ has distinct real zeros r; and r, then the solution of

ay” + by +cy=f(t), y(0)=ko y'(0)=k

,,,.Qerlt _ ,r.le’rzt erzt _ eTlt
y(t) = ko + k1
ro—T1 ro—T
1 t
-l-—/ e —e"T)f(t—T)dr.
a1 /s ( )f(t—7)

Show that if p(s) = as? + bs + ¢ has a repeated real zero r; then the solution of

ay’ + by’ +cy=f(t), y(0)=ko, y(0)=k

1 t
y(t) = ko(1 —rit)e"" + kyte' + — / " f(t — 7) dT.
aJo

Show that if p(s) = as® + bs + ¢ has complex conjugate zeros \ + iw then the solution of

ay” + by’ +cy=f(t), y(0)=ko, y(0)=k

A k
y(t) = eM {ko(cos wt — —sinwt) + — sinwt
w w

1 t
— / eMf(t — 1) sinwr dr.
W Jo
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11. Let

S
as?+bs+c/)’

where a,b, and ¢ are constants and a # 0.

a. Show that w is the solution of
aw” +bw’ +cw=0, w0)=0 w'(0)= %.
b. Let f be continuous on [0, c0) and define
t
h(t) = / w(t — 1) f(7) dr.
0

Use Leibniz’s rule (hitp://www-history.mcs.st-and.ac.uk/Mathematicians/Leibniz.html) for differentiating an

integral with respect to a parameter to show that A is the solution of

ah” +bh" +ch=f, h(0)=0, h'(0)=0.

c. Show that the function y in Eqn. (8.6.14) is the solution of Eqn. (8.6.13) provided that f is
continuous on [0, 0o); thus, it's not necessary to assume that f has a Laplace transform.
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8 Laplace Transforms

12. Consider the initial value problem
ay” +by’ +ey=f(t), y(0)=0, y(0)=0,

where a,b, and ¢ are constants, « # 0, and

f(t):{ folt), 0<t<ty,
filt),  t>t.

Assume that f, is continuous and of exponential order on [0,c0) and f; is continuous and of
exponential order on [t;, 00). Let

p(s) = as® + bs +c.
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. Show that the Laplace transform of the solution of (A) is

Fo(s) + e *"G(s)
p(s)

Y(s) =

where g(t) = fi(t +t1) — fo(t + t1).

. Let w be as in Exercise 11. Use Theorem 8.4.2 and the convolution theorem to show that
the solution of (A) is

t—t1

u(t) = / wlt — 1) folr) dr +u(t — t1) / wlt —t1 — T)g(r) dr

0

for ¢t > 0.

. Henceforth, assume only that fy is continuous on [0, c0) and fi is continuous on [t1, c0). Use
Exercise 11 (a) and (b) to show that

t—t1

y’(t>=/0 w’(t—f)fo(r)dr+u(t—t1>/ w'(t—t, —7)g(r)dr

0

for ¢ > 0, and

t—t1

1, / Wt — 7)ol dr - ult — 1) / w”(t —ty —7)g(r) dr

a

y'(t) =
for0 <t < t; and t > t;. Also, show y satisfies the differential equation in (A) on(0,t;) and

(tl,OO).

. Show that y and y’ are continuous on [0, co).
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8 Laplace Transforms

13. Suppose

fO(t)a 0St<t1,

fi(®), t1 <t <ty

fim1(t), tr1 <t <ty,
(), t>ty,

where f,, is continuous on [t,,, o) for m =0, ...,k (let ¢, = 0), and define

gn(t) = f(t+tm) — foa(t+tn), m=1,... k.

Extend the results of Exercise 12 to show that the solution of

ay” + by +cy= f(t), y(0)=0, ' (0)=0
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14. Let {t,,}>_, be a sequence of points such that ¢, = 0, t,,41 > ¢, and lim,, , t,, = co. For each
nonegative integer m let f,, be continuous on [t,,, 00), and let f be defined on [0, c0) by

f@&) = fu®), tm<t<tpmyg m=0,1,2...
Let
Gn(t) = fu(t+tn) — fra(t+tm), m=1,..,k
Extend the results of Exercise 13 to show that the solution of

ay” +by +cy=f(t), y0)=0, y'(0)=0

Hint: See Exercise30.

8.7 Constant Coefficient Equations with Impulses

So far in this chapter, we've considered initial value problems for the constant coefficient equation
ay” + by’ +cy = f(t),

where f is continuous or piecewise continuous on [0, oo). In this section we consider initial value
problems where f represents a force that's very large for a short time and zero otherwise. We say that
such forces are impulsive. Impulsive forces occur, for example, when two objects collide. Since it isn’t
feasible to represent such forces as continuous or piecewise continuous functions, we must construct a
different mathematical model to deal with them.

If fis an integrable function and f(¢) = 0 for ¢ outside of the interval [to, to + 4], then ffo‘)*h f(t)dt is called
the total impulse of f. We're interested in the idealized situation where h is so small that the total
impulse can be assumed to be applied instantaneously at ¢t = t,. We say in this case that f is an
impulse function. In particular, we denote by (¢t — t¢) the impulse function with total impulse equal to
one, applied at t = t,. (The impulse function §(¢) obtained by setting ¢, = 0 is the Dirac §_function (htip://ww
w-history.mes.st-and.ac.uk/Mathematicians/Dirac.html).) It must be understood, however, that 6(t —t,) isn’'t a

function in the standard sense, since our “definition” implies that 6(t — to) = 0 if ¢ # ¢, while
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8 Laplace Transforms

to
/ 5(t—to)dt = 1.
to

From calculus we know that no function can have these properties; nevertheless, there’s a branch of
mathematics known as the theory of distributions where the definition can be made rigorous. Since the
theory of distributions is beyond the scope of this book, we’ll take an intuitive approach to impulse

functions.

Our first task is to define what we mean by the solution of the initial value problem
ay” +by’ +cy=46(t—to), y(0)=0, y'(0)=0,

where t, is a fixed nonnegative number. The next theorem will motivate our definition.

THEOREM 8.7.1

Suppose t, > 0. For each positive number b, let y;, be the solution of the initial value problem

ayy + by +cyn = fu(t), yn(0) =0, y(0)=0, (8.7.1)
where
0, 0<t<tg,
fn(t) = 1/h, to <t<ty+h, (8.7.2)
0, t>to+h,

so f;, has unit total impulse equal to the area of the shaded rectangle in Figure ???. Then

hlir& yn(t) = u(t — to)w(t —to), (8.7.3)

where

ST
as?+bs+c
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Figure 8.7.1. y = f,(t)

Proor Taking Laplace transforms in (8.7.1) vields
(as? 4+ bs + c)Yy(s) = Fy(s),

SO

The convolution theorem implies that

Therefore, (8.7.2) implies that

0, 0<t< to,
un(t) =4 \dstg [Lw(t—7)dr, to<t<to+h,

\dst [ w(t —7)dr, t>to+h.

Since y;,(t) = 0 for all A if 0 <t < t, it follows that

lim y,(¢) =0 if 0<t<t.
h—0+

We'll now show that

lim yp(t) =w(t—to) if t>to.
h—0+

Suppose t is fixed and ¢t > ty. From (8.7.4),

to+h
/ wit—7)dr if h<t—tp.

to

it = 3

Since
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to+h
1 / dr =1, (8.7.8)
h /4,

we can write
’LU(t — t()) =

From this and (8.7.7),

Therefore
to+h
lyn(t) — w(t — to)| < / lw(t — 1) — w(t — to)| dr. (8.7.9)
to

Now let M), be the maximum value of |w(t — 7) — w(t — t)| @s = varies over the interval [to, to + h].
(Remember that ¢ and ¢, are fixed.) Then (8.7.8) and (8.7.9) imply that

1 to+h
(® —wit—t0) < M [ dr =M. (8.7.10)

to

But lim;,_,o; M}, = 0, Ssince w is continuous. Therefore (8.7.10) implies (8.7.6). This and (8.7.5) imply
(8.7.3). ]

Theorem 8.7.1 motivates the next definition.

DeriniTiON 8.7.2

If ¢, > 0, then the solution of the initial value problem
ay” +by +cy=0(t—ty), y(0)=0, ¢ (0)=0, (8.7.11)
is defined to be

y = u(t —to)w(t —to),
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where

w:£’1<—1 )
as?2+bs+c

In physical applications where the input f and the output y of a device are related by the differential
eguation

ay” + by’ +cy = f(),

w is called the impulse response of the device. Note that w is the solution of the initial value problem
aw” +bw’ +cw=0, w(0)=0, w'(0)=1/a, (8.7.12)

as can be seen by using the Laplace transform to solve this problem. (Verify.) On the other hand, we
can solve (8.7.12) by the methods of Section 5.2 and show that w is defined on (—oo, 00) by

e’!‘zt _ e’r‘lt . 1 \
=— w=-—te', or w=—ce" sinwt, (8.7.13)
a(re —r1) a aw

depending upon whether the polynomial p(r) = ar? + br + ¢ has distinct real zeros r, and r,, a repeated
zero rq, or complex conjugate zeros X + iw. (INn most physical applications, the zeros of the characteristic
polynomial have negative real parts, S0 lim; .., w(t) = 0.) This means that y = u(t — to)w(t — t,) is defined
on (—oo, c0) and has the following properties:

ay” +by’ +cy=0 on (—oco,tg) and (tg,0),
and
Yy (to) =0, ¢(to) =1/a (8.7.14)

(remember that ¢’ (¢,) and v’ (to) are derivatives from the right and left, respectively) and y'(t,) does not
exist. Thus, even though we defined y = u(t — to)w(t — to) to be the solution of (8.7.11), this function
doesn't satisfy the differential equation in (8.7.11) at ¢,, since it isn’t differentiable there; in fact (8.7.14)
indicates that an impulse causes a jump discontinuity in velocity. (To see that this is reasonable, think of
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what happens when you hit a ball with a bat.) This means that the initial value problem (8.7.11) doesn’t
make sense if t, = 0, since y’(0) doesn’t exist in this case. However y = u(t)w(t) can be defined to be the
solution of the modified initial value problem

ay” + by’ +cy=06(t), y0)=0, 3 (0)=0,

where the condition on the derivative at ¢ = 0 has been replaced by a condition on the derivative from
the left.

Figure 8.7.2 illustrates Theorem 8.7.1 for the case where the impulse response w is the first expression
in (8.7.13) and r; and r, are distinct and both negative. The solid curve in the figure is the graph of w.
The dashed curves are solutions of (8.7.1) for various values of k. As h decreases the graph of y,,
moves to the left toward the graph of w.

Figure 8.7.2. An illustration of Theorem 8.7.1
ExampLE 8.7.1
Find the solution of the initial value problem
y' =2y +y=20(t—1to), y(0)=0, ¥ (0)=0, (8.7.15)

where t, > 0. Then interpret the solution for the case where ¢, = 0.

SoruTion Here

w= L1 (—1 ) =Lt L =tet,
s2—2s+1 (s —1)2

so Definition 8.7.2 yields
y = u(t —to)(t — tg)e 1)

as the solution of (8.7.15) if ¢, > 0. If t, = 0, then (8.7.15) doesn’t have a solution; however, y = u(t)te
(which we would usually write simply as y = te™) is the solution of the modified initial value problem

Yy’ —2y +y=46(t), y0)=0, y (0)=0.
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The graph of y = u(t — to)(t — to)e~*") is shown in Figure 8.7.3
Figure 8.7.3. y = u(t — ty)(t — tg)e~ (%)

Definition 8.7.2 and the principle of superposition motivate the next definition.

DeriniTion 8.7.3

Suppose « is a nonzero constant and f is piecewise continuous on [0, oo). If ¢, > 0, then the
solution of the initial value problem

ay” +by’ +cy=f(t)+ ad(t —to), y(0)=ky, y'(0)=Fk

is defined to be

y(t) = 9(t) + au(t — to)w(t — to),

where § is the solution of

ay” + by’ +cy=f(t), y(0)==ko, y'(0)=k.

This definition also applies if ¢, = 0, provided that the initial condition y’(0) = k; is replaced by ¢ (0)

= k.

ExampLE 8.7.2

Solve the initial value problem

y” + 6y +5y=3e"2+25(t—1), y(0)=-3, ¢ (0)=2. (8.7.16)

SoruTtion We leave it to you to show that the solution of

y" + 6y +5y =3¢ y(0)=-3,y(0)=2
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1
§=—e2 1 Eefm _ Ee—t.
Since
_ 1 1 _ -1 1
w(t) - £ (\dSt s2+65+5 ) = 4 (\dSt (s+1)(s+5) )
= \dstict (541-1 — S}F5) = \dst&=t—,

the solution of (8.7.16) is

e—(t-1) _ o—5(t-1)

- (8.7.17)

5
y=—e 24 _e 0 — Ee_t +u(t—1)

(Figure 8.7.4). [

Figure 8.7.4. Graph of (8.7.17)

Figure 8.7.5. Graph of (8.7.19),

Definition 8.7.3 can be extended in the obvious way to cover the case where the forcing function
contains more than one impulse.

ExampLE 8.7.3

Solve the initial value problem

Y +y=1+26(t—m) —38(t—2r), y(0)=—1,y'(0) =2 (8.7.18)

Sorution We leave it to you to show that

y=1—2cost+ 2sint

is the solution of
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8 Laplace Transforms

Since

the solution of (8.7.18) is

y=1—2cost+ 2sint + 2u(t — m) sin(t — 7) — 3u(t — 27) sin(t — 2m)
=1—2cost+2sint — 2u(t — m)sint — 3u(t — 2m) sint,

or
1—2cost+ 2sint, 0<t<m,
y= 1 —2cost, <t <2m,

1—2cost—3sint, t> 27

(Figure 8.7.5).

8.7 Exercises

(8.7.19)

In Exercises 1-20 solve the initial value problem. Where indicated by , graph the solution.
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10.

11.

12.

13.

8 Laplace Transforms

Y’ 43y +2y=6e*+25(t—1), y0)=2, 3 (0)=—6

Show answer

CIG |y +4/ —2y=—10e~t +56(t — 1), y(0) =7, 1(0)=—9

Show answer

Show answer

Ly —dy=2e"+55(t—1), y0)=-1, 3 (0)=2

ClG|y”" +y=sin3t+25(t—7/2), y(0)=1, ¢'(0)=-1

Show answer

y' +4y=4+94

Show answer

y' —y=8+26

Show answer

—~

—~

t— 37[-)7 y(O) = Oa y/(O) =1

t— 2)’ y(O) =—1, Z/(O) =1

Yy +y =€ +35(t—6), y0)=-1, y'(0)=4

Show answer

Show answer

Yy +Ay =8+ 65(t—7/2), y0)=8, 3 (0)=0

CIG|y"+3y +2y=1+6(t—1), y0)=1, y(0)=-1

Show answer

Yy +2 +y=e€+26(t—2), y0)=-1, y'(0)=2

Show answer

CIG |y” + 4y =sint + §(t —n/2), y(0)=0, ¢’ (0)=2

Show answer

y' 4+ 2y +2y=06(t—m) —36(t—2m), y(0)=-1, y'(0)=2

Show answer

Y + 4y + 13y =(t —n/6) +25(t —7/3), y(0)=1, ¢'(0)=2

Show answer

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 111 of 130



14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

DN

Show answer

8 Laplace Transforms

y =3y —2y=1+0(t—2), y(0)=-1, ¢'(0)=2

dy” — 4y’ + by =4sint —4cost+6(t —n/2) —é(t —m), y(0)=1, 3 (0)=1

Show answer

y' +y=cos2t+26(t—m/2)—36(t—m), y(0)=0, 3 (0)=-1

Show answer

CIG |y —y=4de ' —55(t—1)+35(t—2), y(0)=0, 3 (0)=0

Show answer

v +2y +y=e —6(t—1)+25(t—2), y(0)=0, y'(0)=-1

Show answer

y' +y=f(t)+d(t—2mr), y0)=0, ¥ (0)=1,and

1(t) = \dst{

Show answer

sin2t, 0<t<m,

0, t>m.

Y’ + 4y = f(t) + 6(t — ) — 36(t — 31/2), y(0)=1, 3/ (0)=—1,and

—_

~

(t)

Il
—
oL
®n
+

Show answer

Il\?

Yy +y=104(t),

Show answer

y” —dy = 36(t),

Show answer

y' 43y +2y=

Show answer

Y +y +dy =

Show answer

0<t<m/2,
t>7/2

y(0)=-1, y.(0)=7

—56(t), y(0)=0, 3 (0)=0

—6(t), y(0)=1, ¢y (0)=5
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8 Laplace Transforms

25. 4y” +4y +y=36), y0)=1, y (0)=—6

In Exercises 26-28, solve the initial value problem

0, 0<t<t,,
ay, + by, +cyn =< 1/h, to<t<to+h, yu(0)=0,
07 t2t0+h7

where t, > 0 and h > 0. Then find

1
< (errmre)
w as? +bs+c

and verify Theorem 8.7.1 by graphing w and y; on the same axes, for small positive values of h.
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26

27

28

29.

30.

8 Laplace Transforms

Yy +2y +2y=fr(t), y(0)=0, 3'(0)=0
y”+2y’+y= fu(t), y(0)=0, ¥'(0)=0
Yy +3y +2y=fu(t), y(0)=0, y'(0)=0

Recall from Section 6.2 that the displacement of an object of mass m in a spring—mass system in
free damped oscillation is

my” +cy’ +ky=0, y(0)=yo, y(0)=vp,
and that y can be written as
y = Re~/?™ cos(wit — )

if the motion is underdamped. Suppose y(r) = 0. Find the impulse that would have to be applied to
the object at t = 7 to put it in equilibrium.

Show answer

Solve the initial value problem. Find a formula that does not involve step functions and represents
y on each subinterval of [0, 00) on which the forcing function is zero.

(a) \dsty” —y =372, 0t — k), 5(0)=0, y'(0)=1

(b) \dsty” +y = 3532, 6(t — 2km),  y(0) =0, y'(0)=1

(€) \dsty” — 3y’ +2y =332, 8(t— k), »(0)=0, y(0)=1
(d) \dsty” +y =352 8(t —km),  y(0) =0, y'(0)=0

Show answer

8.8 A Brief Table of Laplace Transforms
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8 Laplace Transforms

f@®) F(s)
1
1 " (s>0)
n!
" prsy (s>0)
(n = integer > 0)
I'p+1)
P, p>—1 oD (s>0)
1
at
e p— (s>a)
|
tn at —n‘ ( O)
€ (s —a)"1 s>
(n = integer > 0)
s
coswt 21 P (s>0)
w
sin wt 21 o2 (s>0)
s—A
e cos wt NIt (s>A)
w
eM sin wt TSN (s >X\)
s
cosh bt 212 (s> 1))
b
sinh bt o (s> 1b])
52 — w?
t coswt (s2+—w2)2 (s>0)
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8 Laplace Transforms

) 2ws
tsin wt [ (s>0)
W3
sin wt — wt cos wt (Szi-—w2)2 (s>0)
. w3
wt — sinwt m (s >0)
1 sin wt arctan (%) (s >0)
e f(t) F(s—a)
thf(t) (—1)FF®(s)
flwt) %F (%) , w>0
u(t — 1) e_: (s> 0)
uw(t—T7)ft—7)(r>0) e ™F(s)
[ttt —rar F(s)- G(5)
§(t—a) e " (s >0)
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8 Laplace Transforms

Chapter 8 Laplace Transforms

8.1 Introduction to the Laplace Transform

1 (a) \dst= (b) \dst 757 (€) \dst 75 (d) \dst= ‘2” -~ 7 (€) \dst%

Jrl 2 b2

g (a) \dstm (b) \dSt 5 +4 (C) \dSt s(z 1?6 (d) \dstm

(e)
\dst
®

\dst ==
(9)
\dst % 352111
(h)

\dst W
0

\d 3 53+252+45+32
(s2+4)(s7+16)

4s
-7

5244

4 (a) \dstf(3—) = —1, f(3) = f(3+) =1 (b) \dstf(1—) =3, f(1) =4, f(1+) =1

(c) (d) \dstf(1-) =1, f(1) =2, f(1+) = 1, f(2—) =0, f(2) =3, f(2+) =6
\dstf(§—) =1 f(5) =F(5+) =2, f(r—) =0, f(m) = f(m+)

5 (a) \dst% + s:;) (b) \dst+ +e* (& + 2) (€) \dst1=5— (d) \dst 1(5 T

2w(s—\)

(s 2?2 —w? Py _ __2wls—A)
7 \dstL(eMcoswt) = L(eMsinwt) = Py

(s—A)2+w?)®

15 (a) \dsttan™' £, 5> 0 (b) \dst§ In ﬁ%’ s >0 (c) \dstln £, s > max(a,b)

(d)
\dst 4 In %, s>1
(e)

\dstdln £, s> 2

18 (a) \dst 4 tanh £ (b) \dst< tanh £ (€) \dst—t+ coth 2= (d) \dstul—ﬁ)
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8 Laplace Transforms

8.2 The Inverse Laplace Transform

1) \dst% (b) 2¢% cos 3t (€) \dst ef sindt (d) \dstZsin3t (€) tcost

(f)
\dst eTﬂ sinh 2¢
(9)
\dst 2% sin 9t
(h)
\dst 2?:( sinh 3t
0

eXtcost

2 (a) \dstt?e™ 4+ Lte™ (b) \dste* (£1° 4+ +t* + 55t°) (€) \dste ' (cos 3t + 2 sin 3t)

(d) (h) \dste’ (2cos2t + 3 sin2t) (i) 1 —cost (j) 3cosht+ 4sinht (K) \dst3e’ + 4 cos 3t + 4 sin 3¢
\dst2 cos 3t + 4 sin 3t
(e) 1
— t)msup

()

\dstcosh 3t + + sinh 3¢

(9)

\dst(1—t—1t*— $t*) e’

M
3te 2
— 2cos 2t
— 3sin 2t

3 (@) \dst%e% — ie’% —et (b) \dst%e"“ — %et + 5e3 (c) \dst—%em — }—367% — %em

(d)
\dst—%e“lt — %et
(e)
\dstgre? — 3Le 2 + Lef 4 Be 3
()

\dst%et+ %e3t+ 12035 ot _ %th
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8 Laplace Transforms

4 (a)\dstde ? —te ' — 3 cost+ 15 sint (b) \dstZsint+ £ cost+ Le 'sint — Le ' cost

(c) (€) \dst3te! + ge' +te ™ — e (f) \dst—e' + 2te! + cost — 5 sint
\dst e — Fetcos2t + gre ' sin2t
(d)

\dstyte’ + sef +e 7% — e

5 (@) \dst2 cos2t+ +sin2t — 2 cos3t — & sin3t (b) \dst—<t cost + - sint + <& cos 4t — o sin 4¢

(c) (€) \dstx cos + — == sin + — 1= cos 4t + 5 sindt (f) \dst2 cos & — 2 sin+ — 2 cos 5 + = sin +
\dst 2 cost + sint — = cos 2t — + sin 2t

(d)

1 t 2 st 1 1
\dst—% cos 5 + 5 sin 5 + 5 cost — 5 sint

6 (@) \dste(cos2t +sin2t) —e " (cos 3t + 5 sin3t) (b) \dste® (—cos2t + £ sin2t) + e (cos 2t + 4 sin 2t)

(c) (€) \dste’ (1 cost + Zsint) —e ' (£ cos2t + Zsin2t) (f)
\dste 2 (\-@M@—}{Tmﬂ#}l——séﬁ(% 603335/2—@?%1%3% sint)
(d)
\dste? (cost + % sint) — e* (cos 2t — 1 sin 2t)
7 (@) 1 —cost (b) \dste—é(l —cos4t) (C) \dstge? + Zetsin3t — getcos 3t (d)
\dst3e!/2 — Letsin 2t — 3e! cos 2t

(e)

\dste* — +e " cos 2t

)

\dstge Le¥ — Letcos3t + %e’t sin 3¢

9
8 (@) \dst—2ysint+ 2cost — et + e (b) \dst—2e 'sint + +e ' cost — e + Sret
(c) (€) \dst2 + {5 e* + fretsin2t — 2t cos 2t () \dst—ge? cos 3t + e sin 3t — Se2 + e
\dst—-efsint — Let cost + et 4 1e¥

(d)

\dst—1 et + 1706 t—%cos2t+%sin2t

9 \dstlewf (L)
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8 Laplace Transforms

8.3 Solution of Initial Value Problems

1y=\dstte! — Je '+ e

2y

1, 8 3ty 4,2
\dst—3 + qre’ + Te

3y

423 92t 1.t 1.3
\dst—fze = + ze' + ze

4y= \dst—%e% + %e—% + %e3t

5 y=\dstite  + fe' + {He¥

6 y=ct+2c2%—2et

7y= \dSt% sint — % sin 2t

8 y=4el —4e¥ 4+ e

9y= \dst—%e% + 1_§>et + %e4t
10 y = \dstoe! —4e? 4 Le¥
1 4= \dst%et — 2t + %e—%
12 y=2—e 2 4 ¢!
13 y = \dstl —cos2t + 5 sin2¢
14 y = \dst—% + 1—8563t + %6—215
15 y = \dstge! — 2 % + Lt
16 y=—1+e'+e!

17 y = cos2t —sin2t +sint

18 y=\dst+ — se ' + ge

20 y=t+sint
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8 Laplace Transforms

21 y=1t—6sint + cost + sin 2t
E Y= 67t+4€72t—4673t
23 y=—3cost—2sint+ e (2 + 5t)

|N
I

y= —sint —2cost+ 3e3 + et

&

y=(3t+4)sint — (2t + 6) cost

[

y=—(2t+2) cos 2t +sin2t + 3cost

3t

|N
N

y=e'(cost — 3sint) +e

N

28 y=—1+t+e *(3cost—5sint)

29 y=4cost—3sint — e’ (3cost — 8sint)

30 y=et—2e! + e ?%(cos 3t — 11/3 sin 3t)

|00
[y

y=e '(sint — cost) + e *(cost + 4sint)
32 y= \dst%e% — %et + %e’m

33 y=\dstleX — Zel/2 + Lt/

34 y = \dste /2(5cos(t/2) —sin(t/2)) + 2t — 4

35 y = \dst{- (12cost + 20sint — 3e/?(4cost + sint)).

36 y = \dst< (5t + 26) — +(3cost +sint)

37 y=\dstois (3€ — €"/3(3 + 310t))
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8 Laplace Transforms

8.4 The Unit Step Function

11+ut—4)(t—1); \dstt+e ™ (F+2)

s

2 t+u(t—1)(1—t); \dstl=—
32t—1—u(t—2)(t—1); \dst(F — <) —e 2 (F+12)
A 14u(t—1)(t+1); \dst: +e (L +2)
S5t—1+u(t—2)5-1t); \dsth — L2 —e (L —3)
6 2(1—u(t—1); \dstF—e*(F+3F+1)

7 u(t—2)(t2 +3t); \dste > (& + L +12)

8 +2+ut—1)(t—t2-2); \dstZ+2 e (Z+L+2)

. D)
9 tel +u(t —1)(ef — te?); \dst 1(;1)2
10 ' ult = (e —e) ; \dstAir + Sy

11—t 4 2u(t —2)(t—2) —u(t—3)(t — 5); \dst—% + 225 4 e85 (2 _ 1)

12 [u(t —1) —u(t —2)]t; \dste™ (& + 1) —e> (L + 2)

3 t+u(t—1)(E2—t) —u(t—2)t% \dstm +e* (F+ %) —e > (F+ 5 +3)
14 t+u(t—1)(2—2t) +u(t—2)(d+1); \dst — 25 +e 2 (H + %)

15 \dstsint + u(t — 7/2) sint + u(t — 7)(cost — 2sint); \dst%

16 \dst2 — 2u(t — 1)t +u(t —3)(5t —2); \dst2 —e* (Z+ 2) +e ¥ (Z +L2)

52 s

17 \dst3 +u(t —2)(3t — 1) +u(t —4)(t—2); \dst2 +e 2 (L +2)+e®(H+2

18 \dst(t+1)* +u(t—1)(2t+3); \dstZ + F + L +e* (& +2)

0, 0<t <2,

19 u(t —2)e2+2 = \dst{

22 ¢ > 2.
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8 Laplace Transforms

0, 0<t<1,
20 u(t—1)(1—e ) =\dst
l—e D) ¢t>1.

)

0, 0<t<1,
(t-1)? _ (t-1?
21 \dstu(t — 1)~—— +u(t — 2)(t — 2) = \dstq \dst-—5—, 1<t<2,

\dst£2, ¢ > 2.

244, 0<t<l,
22 2+t+u(t—1)(4—1¢t) +u(t—3)(t—2) = \dst 6, 1<t<3,

t+4, t>3.

5—t, 0<t<3,
23 \dstb —t + u(t — 3)(7t — 15) + Su(t — 6)(t — 6)* = \dst 6t — 10, 3<t<6,
44— 12t + 3t2, t>6.
0, 0<t<m,

24 u(t —7)e 2" (2cost — 5sint) = \dst
e 2t=™(2cost — Hsint), t> .

1—cost, 0<t<\dst,
25 \dstl — cost + u(t — 7/2)(3sint + cost) = \dst
1+ 3sint, t>\dstZ.

0, 0<t<2,
26 \dstu(t —2) (de~ 72 — 42 4 2¢(7D)) = \dst
4e~ (172 _ 4e2(72) 4 9(-2) ¢ > 9,

t+1, 0<t<l,
27 \dstl+t+u(t—1)(2t+1) +u(t—3)(3t —5) = \dst{ 3t+2, 1<t<3,
6t—3, t>3.
1—1¢2, 0<t<?2
28 \dst1 — 2 +u(t—2) (—4 +2t+1) +u(t —4)(t—4) = \dst< —\dst¥ +2t+2, 2<t <4,

—\dst3 43t —2, t>4.

TS

29 \dst <

S

30 For each ¢t only finitely many terms are nonzero.

33 \dstl+ 3o ut —m); sy

34 \dst1+23%, (—D)™u(t —m); 1 17
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8 Laplace Transforms

35 \dst1+ 5%, (2m + Du(t —m); S

36 \dstoo, (—1)™(2m — Du(t —m); + =
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8 Laplace Transforms

8.5 Constant Coeefficient Equations with Piecewise
Continuous Forcing_Functions

1 y=3(1—cost) — 3u(t—m)(1 + cost)
2y=3—2cost+2u(t—4)(t—4—sin(t —4))
3y=\dst—2 + 3% -2t + @(62@_1) —2t+1)
4 9= \dst%et + %e’t + %e% +u(t—2) (-1+ %6“2 + %e*(t%) + %6”2 — %e’(t’@ — %6%)
5 y=\dst—7e' +4e* +u(t —1) (3 — et + Fe2 V) —2u(t — 2) (5 — €' 2 + 3272
6 y=\dst+sin2t —3cos2t + 5 sint — 2u(t — ) (3 sint + ¢ sin2¢) +u(t — 27) (+sint — ¢ sin 2t)
7y= \dst% — %e‘“ + 1—??et +u(t—1) (%et’l — %64“’1) — %) +u(t—2) (% + %64“’2) — %et’z)
8y= \dst% (cost — cos 3t) — %u (t— 3—2”) (sint — cost + sin 3t — % cos 3t)
9 y=\dsts — 5 sin2t + su(t — 5) (wcos 2t — sin 2t + 27 — 2t)
10 y = \dstt —sint — 2u(t — 7)(¢t + sint + 7 cost)
11 y = \dstu(t —2) (t -1+ # - 2et’2)
12 y = \dstt +sint + cost — u(t — 27)(3t — 3sint — 6w cost)
13 y=\dst+ + ge 2 —e ! +u(t —2) (2672 — 22 1)

14 y=\dst—L1 — Le% 4 Lot u(t— 1) (2 + Le3E-D — et )

g
15 y=\dstL (¢! + e~*(11 + 6t)) + u(t — 1)(te~=) — 1)

16 y=c' —et—2te ' —u(t—1)(e! —e 2 —2(t —1)e ?)
17 y=\dstte "+ e ¥ +u(t—1) (e 12 —t) —e D)

18 y=y= \dst% —te —u(t—2)(t —2)%*

19 y=\dstL +1— Lu(t — 1)(t* + 263 — 10t + 7) + Lu(t — 2)(2t3 + 3¢ — 36t + 44)
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8 Laplace Transforms

20 y = \dstde *(3cost +sint) + &

\dst—gu(t — 37) (e=*3" (3mcost + (37 + 1) sint) +t)
\dst—u(t — 2m) (e’“’?”) ((m—1)cost + 211 sin t)+1— %)

2 00 —m)2
21 y=\dstL + Y0 u(t —m)

22 (a) y = \dst{ 2m+1—cost, 2mr<t<(2m+1)m (m=0,1,..)
2m, 2m -1 <t<2mmr (m=12..)
(b) (©)y=(-1)"—(2m+1)cost, mr<t< (m+1m (m=0,1,..)
y=(m
+1)(¢
—sint
— mmcost),
2mm
<t
< (2m
+2)7
(m

=0,1,...)

e’"—1

(d) (e)y= \dst(m +1— (%) e’t) sint 2mr <t <2(m+1)r (m=0,1,...)

Y
:\dst%";—]%(et’m+e’t)fm—l, m<t<m+1(m=0,1..)

My
= \dstmTJr1 — et’m% + %ez(t’m) 62:;171 ,m<t<m+1l (m=0,1,..)

€
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8 Laplace Transforms

8.6 Convolution

1 (a) \dst+ fo 7sin2(t — 7) dr (b) \dstf0 2 cos3(t —7)dr

(c) (€) \dst [, e*"dr () \dste™* [, sin(t — 7) d7 (@) \dste  [; e sin(t — 7) dr
\dst 5 [y sin27cos3(t —7)dr or + [4sin37cos2(t —7)dr
(d)

\dstfot cosTsin(t — 7) dr

(h) (K) \dst g fg 4t —1)%3 dr (1) \dstg fg T2e7sin2(t — 1) dr
\dst & [ 72(t — 7)e¥ dr
0
\dst [4(t — 7)e” cos T dr
()

\dst [ e 37 cos T cos 2(t — 1) dr

(m)
\dst% fot 7(t — 7)2e27) dr
(n)
\dstﬁ fot (t —7)%e2t7) 0 dr
2 (a) \dst s

a? s-H)2

(b) \dst 5ty (€) \dst ="y (d) \ds T )

s2+w?)?

(e) (h) \dstw (l) \dstw (J) \dﬁt TP 1 (k) \dbt T Si?‘ V9]
\dst—)w

D4at)?
(f)

\dstw
(9)
s+1
\dst et ooy

0
\dst 12
(m)
\dst

(n)
\dst =77

53[(s+1)2+4]

° 2+4)
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8 Laplace Transforms

3 (a) \dsty = % fg f(t —7)e /2 sinh @dT (b) \dsty = %fg f(t —7)sin2rdr

(c) (€) \dsty = —2te 3 + [, 7e " f(t — ) dr (F) \dsty = 3 sinh 2t + & [} f(t — 7) sinh 27 d7
\dsty = fg Te Tf(t—71)dr
(d)

\dsty(t) = — sin kt + coskt + + fot ft—7)sinkrdr

(9)
\dsty = e¥ + [} (e — &) f(t — ) dr
(h)

\dsty = % sinwt + ko coswt + = fot ft —7)sinwrdr
4 (a) y=sint(b) y=te " (€)y=1+2te’ (d) \dsty=1¢+ %
(e)
\dsty = 4 + 3t* + 7t
()

\dsty=1—1¢

5 (@) \dstZert'® (b) \dst2r¢2! (c) \dst STt (d) \dst+ (et +sint —cost) (€) \dst4 (cost — cos2t)
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8 Laplace Transforms

8.7 Constant Coefficient Equations with Impulses

1 y=\dstFe* —de ™ + e 2 4 2u(t — 1)(e D — 7271
2 \dsty = 272 + 5et + Su(t —1)(elt=V) — e 2t7Y)

3 \dsty = ge? — et — Je X + Su(t — 1)sinh2(t — 1)

4 \dsty = £(8cost — 5sint — sin 3t) — 2u(t — 7/2) cost

5 \dsty = 1 — cos 2t + $sin 2t + Lu(t — 3m)sin 2t

6 \dsty = 4et + 3et — 8 + 2u(t — 2) sinh(t — 2)

7 \dsty = $e' — Tet + 2+ 3u(t—6)(1—e 9)

o] =

8 \dsty = ¥ + 7 cos 2t — sin 2t — u(t — 7/2) sin 2t
9 \dsty=2(1+e ) +u(t—1)(e ) — e 207D)

10 \dsty =

PN,

et + Te (2t —5) + 2u(t — 2)(t — 2)e~ (2
11 \dsty = ¢(2sint + 5sin2t) — su(t — 7/2) sin 2t

12 \dsty = e '(sint — cost) —e "™ sint — 3u(t — 2m)e” > sint

13 \dsty = e % (cos 3t + sin3t) — Tu(t — m/6)e 2""/%) cos 3t — Zu(t — m/3)e 2"/ sin 3t
14 \dsty = %em — %e_t/Q — % + %u(t —2)(e2t2) — e_(t_2>/2)

15 \dsty = 1-(12cost + 20sint) + gret/?(10cost — 11sint) — u(t — 7/2)e ™/ cost

+u(t

—m)e® ™ 2sint
16 \dsty = +(cost — cos 2t — 3sint) — 2u(t — 7/2) cost + 3u(t — ) sint
17 \dsty = €' — e (1 + 2t) — 5u(t — 1) sinh(t — 1) + 3u(t — 2) sinh(t — 2)
18 \dsty = L (! —e (1 +6t)) —u(t — 1)e~ (D) 4 2u(t — 2)e~ ()

19 \dsty = 2sint — 5sin2t + gu(t — 7)(sin 2t + 2sint) + u(t — 27) sint
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8 Laplace Transforms

20 \dsty = 3cos2t — +sin2t + + + fu(t — 7/2)(1 + cos2t) + +u(t — m)sin2¢t + 3u(t — 37/2)sin 2t
21 y = cost—sint

22 \dsty = (8% —12¢7%)

23 \dsty =5(c * —¢ ™)

24 y=c %(1+6t)

25 \dsty = Te t/2(4 —19¢t)

29 \dsty = (—1)*mw; Re="/?"§(t — 1) if wiT — ¢ = (2k + 1)7/2 (k = integer)

E(a)\dsty:w#, m<t<m+1,(m=0,1,...)

(b) (€) \dsty = 2t L _etm L i <t <m+1 (m=0,1, ...)
y=(m
+ 1)sint,
2mm
<t
< 2(m
+ 1),
(m=0,

1.
(d)

Y
_ { 0, 2mr <t < (2m+ 1)m,
© \—sint, 2m+ )7 <t < (2m+ 2),

(m
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