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IN THIS CHAPTER we study a class of second order differential equations that occur in many
applications, but can’t be solved in closed form in terms of elementary functions. Here are some
examples:

(1) Bessel's equation
22y +ay + (2 — vy =0,

which occurs in problems displaying cylindrical symmetry, such as diffraction of light through a circular
aperture, propagation of electromagnetic radiation through a coaxial cable, and vibrations of a circular
drum head.

(2) Airy’s equation (http://www-history.mcs.st-and.ac.uk/Mathematicians/Airy.html),

Yy —ay=0,

which occurs in astronomy and quantum physics.

(3) Legendre’s equation

(1 -2y’ — 22y’ +ala+1)y=0,

which occurs in problems displaying spherical symmetry, particularly in electromagnetism.

These equations and others considered in this chapter can be written in the form

Py(z)y” + Pi(x)y’ + Py(x)y =0, (A)

where P,, Py, and P, are polynomials with no common factor. For most equations that occur in
applications, these polynomials are of degree two or less. We'll impose this restriction, although the
methods that we’ll develop can be extended to the case where the coefficient functions are polynomials
of arbitrary degree, or even power series that converge in some circle around the origin in the complex
plane.
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Since (A) does not in general have closed form solutions, we seek series representations for solutions.
We'll see that if Py(0) # 0 then solutions of (A) can be written as power series

o0
y= E apz"
n=0

that converge in an open interval centered at z = 0.
305
SECTION 7.1 reviews the properties of power series.

SECTIONS 7.2 AND 7.3 are devoted to finding power series solutions of (A) in the case where P (0)
# 0. The situation is more complicated if P,(0) = 0; however, if P, and P, satisfy assumptions that apply
to most equations of interest, then we’re able to use a modified series method to obtain solutions of (A).

SECTION 7.4 introduces the appropriate assumptions on P; and P, in the case where P,(0) = 0, and
deals with Euler’s equation

az’y” +bxy + cy =0,

where q, b, and c are constants. This is the simplest equation that satisfies these assumptions.

SECTIONS 7.5 —7.7 deal with three distinct cases satisfying the assumptions introduced in Section 7.4.
In all three cases, (A) has at least one solution of the form

o0
=z E anz",
n=0

where r need not be an integer. The problem is that there are three possibilities — each requiring a
different approach — for the form of a second solution y2 such that {y1,y2} is a fundamental pair of
solutions of (A).

Answers to selected exercises in this chapter

7.1 Review of Power Series

Many applications give rise to differential equations with solutions that can’'t be expressed in terms of
elementary functions such as polynomials, rational functions, exponential and logarithmic functions,
and trigonometric functions. The solutions of some of the most important of these equations can be
expressed in terms of power series. We'll study such equations in this chapter. In this section we review
relevant properties of power series. We’ll omit proofs, which can be found in any standard calculus text.
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DeriniTion 7.1.1

An infinite series of the form
Zan(x—xg)", (7.1.1)
where z, and ay, ay, ..., a,, ... are constants, is called a power series in z — z,. We say that the

power series (7.1.1) converges for a given z if the limit

N

lim Zan(x —xo)"
N—o00 e

exists; otherwise, we say that the power series diverges for the given z.

A power series in z — o must converge if z = z, since the positive powers of = — z, are all zero in this
case. This may be the only value of z for which the power series converges. However, the next theorem
shows that if the power series converges for some z + x, then the set of all values of = for which it
converges forms an interval.

THEOREM 7.1.2

For any power series

exactly one of the these statements is true:

i. The power series converges only for z = z,.
ii. The power series converges for all values of z.

iii. There’s a positive number R such that the power series converges if |z — z,| < R and
diverges if |z — x| > R.

In case (iii) we say that R is the radius of convergence of the power series. For convenience, we
include the other two cases in this definition by defining R = 0 in case (i) and R = « in case (ii). We
define the open interval of convergence of > a,(z — ()" to be
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(xo—R,z0+R) if O0<R<o0, or (—oo0,00) if R=o0.

If R is finite, no general statement can be made concerning convergence at the endpoints z = zo + R of
the open interval of convergence; the series may converge at one or both points, or diverge at both.

Recall from calculus that a series of constants >~ «,, is said to converge absolutely if the series of
absolute values )" |a,| converges. It can be shown that a power series >~ ja,(z — zo)" with a
positive radius of convergence R converges absolutely in its open interval of convergence; that is, the
series

o0
Z lan||lz — 0|
n=0

of absolute values converges if |z — z¢| < R. However, if R < oo, the series may fail to converge
absolutely at an endpoint z, + R, even if it converges there.

The next theorem provides a useful method for determining the radius of convergence of a power
series. It's derived in calculus by applying the ratio test to the corresponding series of absolute values.
For related theorems see Exercises 2 and 4.

THeEOREM 7.1.3

Suppose there’s an integer N such that a,, # 0 if n > N and

Q41
Qn

lim

n—o0

=L

)

where 0 < L < . Then the radius of convergence of >>° a,(z — zo)" is R = 1/L, which should be
interpreted to mean that R=01if L =00, 0r R=cc if L = 0.

ExampLE 7.1.1

Find the radius of convergence of the series:

o0

(a) in!x” (b) Z(_l)”% (c) i2nn2(a)—l)".
n=0 : n=0

n=10

SoruTion (A) Here a,, = n!, soO
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n+1)!
im u = lim (n+1) = oo.
n—00 n! n—00

An+1

lim
n—oo

Qan

Hence, R = 0.

SoLuTion (B) Here a, = (1)"/n! for n > N = 10, S0

n! 1
n—oo (n 4+ 1)! n—oo n + 1

. An+1
lim

n—oo | @,

0.

Hence, R = .

SoLuTion (c) Here a, = 2"n?, SO

‘ An+t1

2n+1 +12 1 2
i e T, (1+—) =9
an n

n—00 2”77,2 n—0o00

n—00
Hence, R=1/2.

Taylor Series

If a function f has derivatives of all orders at a point = = z, then the Taylor series of f about (htip:/www-hi

story.mes.st-and.ac.uk/Mathematicians/Taylor.html) xo iS defined by

Z f—<°)<x — z0)"™.

|
=0 n!

In the special case where z, = 0, this series is also called the Maclaurin series of (http://www-history.mcs.st-a

nd.ac.uk/Mathematicians/Maclaurin.html), f.

Taylor series for most of the common elementary functions converge to the functions on their open
intervals of convergence. For example, you are probably familiar with the following Maclaurin series:

s8] n
x z
e’ = ZOE, —00 < T < 00, (7.1.2)
Z ) m2n+1 )
sinx = (—1)'———, —oo<z < o0, (7.1.3
—~ (2n+1)!
o 2132"
cosx = (=" , —oo <z <09, (7.1.4)
HZ% (2n)!
1 =
l—x:;x , —l<z<l. (7.1.5)
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Differentiation of Power Series

A power series with a positive radius of convergence defines a function
flx) = Zan(x — )"
n=0

on its open interval of convergence. We say that the series represents f on the open interval of
convergence. A function f represented by a power series may be a familiar elementary function as in

The next theorem shows that a function represented by a power series has derivatives of all orders on
the open interval of convergence of the power series, and provides power series representations of the
derivatives.

THeorREM 7.1.4

A power series

with positive radius of convergence R has derivatives of all orders in its open interval of
convergence, and successive derivatives can be obtained by repeatedly differentiating term by
term; that is,

£/(x) =\dst)_nan(x —z0)" ", (7.1.6)
n=1

f(z) = \dsti n(n — 1)a,(x — x0)" 2, (7.1.7)

O (z) = \dstfj n(n—1)(n—k+ Day(z — z0)" " (7.1.8)
n=k

Moreover, all of these series have the same radius of convergence R.

ExampLE 7.1.2
Let f(z) = sinz. From (7.1.3),
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x2n+1

f(z) :Z(*l)"m-

n=0

From (7.1.6),

, S " d l‘2"+1 S " x2n
f'(z) = nzzo(_l) Iz [m] = Z(_l) I

which is the series (7.1.4) for cosz.

Unigueness of Power Series

The next theorem shows that if f is defined by a power series in = — z, with a positive radius of
convergence, then the power series is the Taylor series of f about xy.

THeEOREM 7.1.5

If the power series

f@) = au(e —zo)"
n=0
has a positive radius of convergence, then
f<")($o)

; (7.1.9)

that is, >°°  an(z — zo)" is the Taylor series of f about z.

This result can be obtained by setting = = z, in (7.1.8), which yields

F®(zg) = k(k—1)--1-ap = Klay.

This implies that
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Except for notation, this is the same as (7.1.9).

The next theorem lists two important properties of power series that follow from Theorem 7.1.5.

THEOREM 7.1.6

a. If

o0 [oe]
E (x —zo)" g bn(x — )"
n=0 n=0

for all z in an open interval that contains zg, then a,, = b, forn=0, 1, 2, ....

b. If

ian(m —xz0)" =0

n=0

for all z in an open interval that contains z, thena, =0forn=0,1, 2, ....

To obtain (a) we observe that the two series represent the same function f on the open interval; hence,
Theorem 7.1.5 implies that

ap = by = , n=0,1,2,...

(b) can be obtained from (a) by taking b, =0forn =0, 1, 2, ....

Taylor Polynomials

If f has N derivatives at a point z,, we say that

N n)
TN(.’[: = Z f $ — Zl,‘(])n
n=0

is the N-th Taylor polynomial of f about x_(http://www-history.mcs.st-and.ac.uk/Mathematicians/Taylor.html). This
definition and Theorem 7.1.5 imply that if

@) =3 an( — z0)",

n=0
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7 Series Solutions of Linear Second Order Equations

where the power series has a positive radius of convergence, then the Taylor polynomials of f about =z
are given by

N
Tn(z) = Zan(x —zo)".
n=0

In numerical applications, we use the Taylor polynomials to approximate f on subintervals of the open
interval of convergence of the power series. For example, (7.1.2) implies that the Taylor polynomial T
of f(z) =e® is

N z"
TN(.’E :Z—

|
n=0 n

The solid curve in Figure 7.1.1 is the graph of y = e® on the interval [0, 5]. The dotted curves in

Figure 7.1.1 are the graphs of the Taylor polynomials Ty, ..., Ts of y = e* about z, = 0. From this figure,
we conclude that the accuracy of the approximation of y = e* by its Taylor polynomial Ty improves as N
increases.

Figure 7.1.1. Approximation of y = e* by Taylor polynomials about x = 0

Shifting the Summation Index

In Definition 7.1.1 of a power series in x — x,, the n-th term is a constant muItipIe of (z — :(;O)" This isn’t
(x —xz0)™ 2, and (a: — xo)" k, respectlvely. However, these series can all be rewritten so that their n-th
terms are constant multiples of (z — x¢)". For example, letting n = k¥ + 1 in the series in (7.1.6) yields

= (k+ Dagp(z — zo)F, (7.1.10)
k=0

where we start the new summation index k& from zero so that the first term in (7.1.10) (obtained by
setting k = 0) is the same as the first term in (7.1.6) (obtained by setting » = 1). However, the sum of a
series is independent of the symbol used to denote the summation index, just as the value of a definite
integral is independent of the symbol used to denote the variable of integration. Therefore we can
replace k by n in (7.1.10) to obtain

o0

f/(@) = (n+1an(z— o), (7.1.11)

n=0
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where the general term is a constant multiple of (z — z)™.

Itisn't really necessary to introduce the intermediate summation index k. We can obtain (7.1.11) directly
from (7.1.6) by replacing n by »n + 1 in the general term of (7.1.6) and subtracting 1 from the lower limit
of (7.1.6). More generally, we use the following procedure for shifting indices.

Shifting the Summation Index in a Power Series

For any integer &, the power series

can be rewritten as

§ bn+k xr — IO ;

n=ny—

that is, replacing n by n + k in the general term and subtracting & from the lower limit of summation
leaves the series unchanged.

ExampLE 7.1.3

Rewrite the following power series from (7.1.7) and (7.1.8) so that the general term in each is a
constant multiple of (z — zo)™:

(a)z (n—1)an(z — z0)" 2 (b)z (n—1)(n—k+1)a,(z—z)" "

n=2

SoruTion (A) Replacing » by n + 2 in the general term and subtracting 2 from the lower limit of
summation yields

o0 o0
Znn—lanm—wo"Z Zn+2 (n+ Dapio(x — x0)™.
n=2 n=0

SoLuTion (B) Replacing »n by n + & in the general term and subtracting £ from the lower limit of
summation yields
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Zn(nfl) “(n—k+ Day(z—z0)" (m+k)(n+k—1)(n+ Dapk(z—z)".
=0

n=k n

ExavpLE 7.1.4

Given that

write the function zf” as a power series in which the general term is a constant multiple of z™.

SoruTtion From Theorem 7.1.4 with z, = 0,

o0

f(z) = Zn(n —1a,z" 2.

n=2

Therefore

Replacing »n by n + 1 in the general term and subtracting 1 from the lower limit of summation yields

o0

zf”(z) = Z(n + Dnayp1z™.

n=1
We can also write this as

o0
g n+ 1nay1z”,
n=0

since the first term in this last series is zero. (We'll see later that sometimes it's useful to include zero
terms at the beginning of a series.)
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Linear Combinations of Power Series

If a power series is multiplied by a constant, then the constant can be placed inside the summation; that
is,

oo
cg n(x —x0)" E can(x — xo)"
n=0

Two power series

o0

f(z) = Zan(x - ‘TO)n and g(z by (z — 1'0
=0

n=0 n

with positive radii of convergence can be added term by term at points common to their open intervals
of convergence; thus, if the first series converges for |z — z¢| < R; and the second converges for |z — x|
< Ry, then

o0
(an +by)(z —x0)"
n=0

for |z — z¢| < R, where R is the smaller of R; and R,. More generally, linear combinations of power series
can be formed term by term; for example,

c1f(z) + cof(z) = i(clan + c2bn) (x — )"
n=0

ExampLE 7.1.5

Find the Maclaurin series for cosh z as a linear combination of the Maclaurin series for ez and e—=.

SocuTion By definition,
1 _
coshzx = —e” 4+ —e

2 2

Since
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e :ZOF and e —ZO(*].) F,
it follows that
h il[lﬂ 1)"]35" (7.1.12)
coshz = — )" —. 1.
=2 n!

Since

1 1 if n =2m, an even integer,

EPISIOES S ven integ

2 0 if n=2m+ 1, an odd integer,

we can rewrite (7.1.12) more simply as

w?m

o0
coshx = .
2

This result is valid on (—oo, 00), since this is the open interval of convergence of the Maclaurin series for
er and e—=,

ExampLE 7.1.6

Suppose

S
Il
=}

on an open interval I that contains the origin.
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a. Express

(2—=z)y" +2y

as a power series in z on 1.

b. Use the result of (a) to find necessary and sufficient conditions on the coefficients {a,} for y
to be a solution of the homogeneous equation

2—-a)y" +2y=0 (7.1.13)

on I.

SovruTion (A) From (7.1.7) with zy = 0,

V4

I
Mg

n(n —1)az""

3
||
)

Therefore

2—z)y" +2y = 2y —xy’ +2

Bpt] = \dstd o7, 2n(n—1)apz™ 2 =37 ,n(n—1)az™t+ > 2a,z". (7.1.14)
To combine the three series we shift indices in the first two to make their general terms constant
multiples of z"; thus,
i?n(n—l Yanx Y 2(n+2)(n+ 1)apoz” (7.1.15)
n=2 n=0
and
in(n —Dapz™™ Z(n + Dnapz” = i(n + Dnapz”, (7.1.16)
n= n=0

where we added a zero term in the last series so that when we substitute from (7.1.15) and (7.1.16) into
(7.1.14) all three series will start with n = 0; thus,
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2—z)y" +2y=) [2(n+2)(n+ Danss — (n + nan + 2a,]z". (7.1.17)
n=0
SoruTion (B) From (7.1.17) we see that y satisfies (7.1.13) on I if
2(n+2)(n+ 1apy2 — (n+ Dnapy1 + 2a, =0, n=0,1,2,.... (7.1.18)

Conversely, Theorem 7.1.6 (b) implies that if y = >~ a,2" satisfies (7.1.13) on I, then (7.1.18) holds.

ExavpLE 7.1.7

Suppose

y= Zan(a: -1
n=0

on an open interval I that contains z, = 1. Express the function
(1+x)y” +2(z—1)% +3y (7.1.19)

as a power seriesinz—1o0n I.

SovruTion Since we want a power series in z — 1, we rewrite the coefficient of y” in (7.1.19) as 1 + = = 2
+ (z—1), so (7.1.19) becomes

2y” + (z—1)y” +2(z — 1)%y’ + 3y.

From (7.1.6) and (7.1.7) with 2y = 1,

na,(z—1)""' and ¢y’ = Zn(n —Dan(z—1)"2

@\
I
(¢

3
I
—
3
U
)

Therefore
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2y" = Z 2n(n — 1)ay(z —1)" 2,
n=2

(@—1)y" =Y n(n—Day(—1)"",
n=2
2(x —1)%y = Z 2na,(x — 1),
n=1
3y = Z?;an(a: —n"

3
Il
o

Before adding these four series we shift indices in the first three so that their general terms become
constant multiples of (z — 1)”. This yields

&
I
NgE

2(n+2)(n+ Dapi2(z — 1), (7.1.20)

3
Il
o

(n+ Dnapii(z—1)", (7.1.21)

£}

|
=
Qd\

I
(7

3
Il
o

2(n—1)ap—1(z—1)", (7.1.22)

[\~
S
|
=
no
Qﬁ\
I
(7

3
Il
—

&
I
hgE

3an(z —1)", (7.1.23)

3
Il
o

where we added initial zero terms to the series in (7.1.21) and (7.1.22). Adding (7.1.20)—(7.1.23) yields

(I4+z)y" +2(x—1)% +3y=2y"+ (z — 1)y" +2(z —1)%y' + 3y
o0
= an(l' - 1)na
n=0
where

by = 4as + 3ay, (7.1.24)
b, =2(n+2)(n+ 1)api2 + (n+ Dnapy1 +2(n — 1)ap—1 + 3a,, n > 1. (7.1.25)

The formula (7.1.24) for b, can’t be obtained by setting » = 0 in (7.1.25), since the summation in (7.1.22)
begins with n = 1, while those in (7.1.20), (7.1.21), and (7.1.23) begin with n = 0.
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7.1 Exercises

1. For each power series use Theorem 7.1.3 to find the radius of convergence R. If R > 0, find the
open interval of convergence.

(@) \dstd> >, 2" ( -1 (b) \dst> 2, 2"n(z —2)"
(€) \dstdp2, st (d) \dst3 0, 2l (2 — 2)
() \dst>>, (— ) xn (f) \dst> -2, ! 7;+1) (x+7)"

Show answer

2. Suppose there’s an integer M such that b,, # 0 for m > M, and

where 0 < L < co. Show that the radius of convergence of

f: b (T — x0)*™
m=0

is R = 1/v'L, which is interpreted to mean that R = 0 if L = oo or R = o if L = 0. Hint: Apply
Theorem 777 to the series Y% b,,z™ and then let z = (z — z)*

3. For each power series, use the result of Exercise 2 to find the radius of convergence R. If R > 0,
find the open interval of convergence.

(@) \dst32_ (—1)™(3m + 1)z — 1)2m+1 (b) \dst 0 (—1)m 22 (i 4 2)2m
(€) \dst Yoy iy (@ — 1) (d) \dst 5 (—1)™ 2 ( + 8)2
(€) \dst 3250 (—1)m gl gt () \dst % (x — 1)2m

Show answer
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4. Suppose there’s an integer M such that b,, # 0 for m > M, and

where 0 < L < co. Let k be a positive integer. Show that the radius of convergence of

o0
E b ( a:—a:o
m=0

is R =1/¥/L, which is interpreted to mean that R = 0 if L = co or R = o if L = 0. Hint: Apply
Theorem 777 to the series y_>>_, b,,z™ and then let z = (z — z)*.

5. For each power series use the result of Exercise 4 to find the radius of convergence R. If R > 0,
find the open interval of convergence.

(@) \dst Yy (e (@ — 3)2 (b) \dst¥o 45

o0 9'”m 1 m 00 m m m
(c) \dst>>, (m+;)>(m—3)4 +2 (d) \dst Y2, (—1)™ 2 gt
(€) \dstYo5ng ik (@ + 1)+ (F) \dst Y55 sy (@ — 1)

Show answer

6. Graph y = sinz and the Taylor polynomial

M Jrgp et
Topra (2 Z 2n+ 0

n=

on the interval (—2x, 27) for M = 1, 2, 3, ..., until you find a value of M for which there’s no
perceptible difference between the two graphs.

7. Graph y = cos z and the Taylor polynomial

M n2n

Tom(z Z

n=

on the interval (—2r,2r) for M =1, 2, 3, ..., until you find a value of M for which there’s no
perceptible difference between the two graphs.
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8. Graph y =1/(1 — z) and the Taylor polynomial

N
Tn(z) = Zw"
n=0

on the interval [0, .95] for N =1, 2, 3, ..., until you find a value of N for which there’s no perceptible
difference between the two graphs. Choose the scale on the y-axis so that 0 < y < 20.

9. Graph y = cosh z and the Taylor polynomial

2n

M
Ton( Z i o)

n=0

on the interval (—5,5) for M =1, 2, 3, ..., until you find a value of M for which there’s no perceptible
difference between the two graphs. Choose the scale on the y-axis so that 0 < y < 75.

10. Graph y = sinh z and the Taylor polynomial

M 2n+1
Topra (2 Z Gnt 1)

on the interval (—5,5) for M =0, 1, 2, ..., until you find a value of M for which there’s no perceptible
difference between the two graphs. Choose the scale on the y-axis so that —75 < y < 75.

In Exercises 11-15 find a power series solution y(z) = %" a,z".
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—~

. \vspace * —5pt(2 + z)y” + xy’ + 3y

Show answer

H
—~

14 3z2)y” + 322y’ — 2y

Show answer

1+22%)y” + (2—3z)y +4y

.
—~

Show answer

1+ +2—x)y +3y

.
—~

Show answer

1+ 32%)y” — 2zy’ + 4y

.
—~

Show answer

. Suppose y(z) = Y2, an(z + 1)" on an open interval that contains z, = — 1. Find a power series in
z + 1 for

zy” + (44 22)y + (2+ 2)y.

Show answer

. Suppose y(z) = > .7, an(z — 2)" on an open interval that contains z, = 2. Find a power series in =
—2 for

:L“?y” + 2zy’ — 3xy.

Show answer

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 20 of 177
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18. Do the following experiment for various choices of real numbers a, and a;.

a. Use differential equations software to solve the initial value problem
2—=z)y" +2y=0, y(0)=ao, ¥'(0)=a,

numerically on (—1.95,1.95). Choose the most accurate method your software package
provides. (See Section 10.1 for a brief discussion of one such method.)

b. For N =2, 3, 4, ..., compute as, ..., ay from Eqn.(7.1.18) and graph
N
Tn(z) = Zanw”
n=0

and the solution obtained in (a) on the same axes. Continue increasing N until it's obvious
that there’s no point in continuing. (This sounds vague, but you’ll know when to stop.)

19. Follow the directions of Exercise 18 for the initial value problem
1+ m)y” +2(z — l)zy/ +3y=0, y(1)=a,, y'(l) =a,

on the interval (0,2). Use Eqgns. (7.1.24) and (7.1.25) to compute {a,}.

20. Suppose the series }_°  a,z"™ converges on an open interval (—R, R), let r be an arbitrary real
number, and define

o0 [ee]
y(z) =" E anz" = g anz™t"
n=0 n=0

n (0, R). Use Theorem 7.1.4 and the rule for differentiating the product of two functions to show
that

y/ (z) = \dStZ(n + T)an:L‘THril,
n=0
o)
() = \dstY_(n+r)(n+r - a2,
n=0
y® () =\dst> (n+r)(n+r—1)-(n+r—kaz"F
n=0

on (0, R)
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In Exercises 21-26 let y be as defined in Exercise 20, and write the given expression in the form

x" Y bpx”.
21. 22(1—2)y”" +z(d+2)y + (2— 1)y

Show answer

22. 22(1+2)y” +z(1+2z)y — (4+62)y

Show answer

23. 22(1+z)y” —z(1 — 6z — 22y + (1 + 6z + z?)y

Show answer

24, 22(1+3x)y” +x(2+ 12z + 2%y’ +22(3 + 1)y

Show answer

25. z2(1+22%)y” + z(4+ 222)y’ + 2(1 — 22)y

Show answer

26. z2(2+2%)y" +22(5+ 2y +2(3—2%)y

Show answer

7.2 Series Solutions Near an Ordinary Point |

Many physical applications give rise to second order homogeneous linear differential equations of the
form

Py(z)y” + Py(x)y’ + Py(x)y =0, (7.2.1)

where P,, P;, and P, are polynomials. Usually the solutions of these equations can’t be expressed in
terms of familiar elementary functions. Therefore we’ll consider the problem of representing solutions of
(7.2.1) with series.

We assume throughout that Py, P, and P, have no common factors. Then we say that z, is an ordinary
point of (7.2.1) if Py(zo) # 0, or a singular point if Py(zo) = 0. For Legendre’s equation,

(1—2%)y” — 22y + a(a+1)y=0, (7.2.2)
xo = 1 and z, = —1 are singular points and all other points are ordinary points. For Bessel’'s equation,

2y +zy + (a2 — vy =0,
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7 Series Solutions of Linear Second Order Equations

zo = 0 is a singular point and all other points are ordinary points. If P, is a nonzero constant as in Airy’s
equation,

y —axy=0, (7.2.3)

then every point is an ordinary point.

Since polynomials are continuous everywhere, P;/P, and P,/P, are continuous at any point z, that isn’'t
a zero of P,. Therefore, if 2o is an ordinary point of (7.2.1) and a, and a; are arbitrary real numbers, then
the initial value problem

Py(z)y" + Pi(x)y + Po(z)y =0, y(zo) =ao, y'(z0) =a (7.2.4)

has a unique solution on the largest open interval that contains z, and does not contain any zeros of P,.
To see this, we rewrite the differential equation in (7.2.4) as

” Pl(x) / Pg(l')
R@ " " Poa)

y=0

and apply Theorem 5.1.1 with p = P, /P, and ¢ = P»/P,. In this section and the next we consider the
problem of representing solutions of (7.2.1) by power series that converge for values of z near an
ordinary point z.

We state the next theorem without proof.

THeEOREM 7.2.1

Suppose Py, P, and P, are polynomials with no common factor and P, isn’t identically zero. Let z
be a point such that Py(z,) # 0, and let p be the distance from z, to the nearest zero of P, in the
complex plane. (If P, is constant, then p = co.) Then every solution of

Py(z)y” + Pi(z)y + P(z)y =0 (7.2.5)

can be represented by a power series

y= ian(x—xo)” (7.2.6)

3
I
o
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that converges at least on the open interval (zo — p, z¢ + p). ( If P, is nonconstant, so that p is
necessarily finite, then the open interval of convergence of (???) may be larger than (zo — p, zo + p).
If P, is constant then p = co and (zo — p, o + p) = (—00,0).)

We call (7.2.6) a power series solution in z — z, of (7.2.5). We’'ll now develop a method for finding power
series solutions of (7.2.5). For this purpose we write (7.2.5) as Ly = 0, where

Ly = ng” + Ply/ + Pyy. (727)

Theorem 7.2.1 implies that every solution of Ly = 0 on (z¢ — p, ¢ + p) can be written as

00
E CL'—.TO

n=0

Setting = = z, in this series and in the series

o0
E na,(r — )"t

shows that y(z¢) = ap and y’(z¢) = a;. Since every initial value problem (7.2.4) has a unique solution, this
means that a(, and a; can be chosen arbitrarily, and as, a3, ... are uniquely determined by them.

To find ay, a3, ..., we write Py, P;, and P, in powers of z — z4, substitute

00
E m—xo )

n=0

Z n(z—x0)"

Zn n—1a,(z —x9)" 2
n=2
into (7.2.7), and collect the coefficients of like powers of x — x,. This yields

Ly= an(x—xg)", (7.2.8)
n=0
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7 Series Solutions of Linear Second Order Equations

where {bg, by, ..., b,, ...} are expressed in terms of {ag, a1, ..., a,, ...} and the coefficients of P,, P;, and P,
written in powers of z — z,. Since (7.2.8) and (a) of Theorem 7.1.6 imply that Ly = 0 if and only if b, =0
for n > 0, all power series solutions in z — z, of Ly = 0 can be obtained by choosing a¢ and a; arbitrarily
and computing as, as, ..., successively so that b, = 0 for n > 0. For simplicity, we call the power series
obtained this way the power series in = — z, for the general solution of Ly = 0, without explicitly
identifying the open interval of convergence of the series.

ExampLE 7.2.1

Let 2z be an arbitrary real number. Find the power series in = — z, for the general solution of

y" +y=0. (7.2.9)

SoruTion Here

Ly=vy"+uy.

If
T WAL
then
y’ = 2n(n —Day(z —20)" 2,
SO

o0

Ly = Zn(n —Day(z —20)" 2 + zoo:an(x — zo)".

n=2 n=0

To collect coefficients of like powers of z — z, we shift the summation index in the first sum. This yields

o0 o0 o0

Ly:Z(n+2)(n+1)an+2(x—x0)”+z (x —zo)" bp(x — )",
=0

n=0 n=0 n

with
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bp=m+2)(n+1)agi2 + ay.
Therefore Ly = 0 if and only if

_n n>0, (7.2.10)

T iy ymry T

where a, and a; are arbitrary. Since the indices on the left and right sides of (7.2.10) differ by two, we
write (7.2.10) separately for n even (n = 2m) and n odd (n = 2m + 1). This yields

Missing dimension or its units for \hspace

Computing the coefficients of the even powers of z — z, from (7.2.11) yields

ap
ay = — ——
2 2.1
a9 1 ( ao) ag
a4:— = — — = s
4.3 4.3\ 2.1 4.3.2-1
a4 1 ( ag ) ao
ag = — = — - 7 @
6 6-5 6-5\4-3.2-1 6-5-4-3.2-1°
and, in general,
Q
g = (—1)" — m > 0. (7.2.13)

Computing the coefficients of the odd powers of z — z, from (7.2.12) yields

a _7_(11
BT 32
B as 1 a1 )_ ay
a5_75.4_*5.4(*3-2 ~5.4.3.2
= — as _ 1 ( ai ):_L
7 7-6 7-6 \5-4-3-2 7-6-5-4-3.2’
and, in general,
(=1)™ay
= > 0. 2.14
a2m+1 (2m + 1>' m >0 (7 )

Thus, the general solution of (7.2.9) can be written as
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0] o0
y= Z agm (T — 0)*" + Z agm1(x — z0)™™*,

m=0 m=0

or, from (7.2.13) and (7.2.14), as

0 )2m )2m+1

y= aomz_o(—l)m% +a17§)(—1)m(:'3(2_n53—11)!. (7.2.15)
If we recall from calculus that
; (1)m<‘”(2—§3>!2m — cos(z —zo) and g (1)m(””(2mﬂ”—i)?;!+l — sin(z — z),
then (7.2.15) becomes
y = ag cos(z — T) + a; sin(z — z),
which should look familiar. [

Equations like (7.2.10), (7.2.11), and (7.2.12), which define a given coefficient in the sequence {a,} in
terms of one or more coefficients with lesser indices are called recurrence relations. When we use a

recurrence relation to compute terms of a sequence we’'re computing recursively.

In the remainder of this section we consider the problem of finding power series solutions in z — z, for
equations of the form

(1+a(z—=20)?)y” + Bz — z0)y’ + vy =0. (7.2.16)

Many important equations that arise in applications are of this form with z, = 0, including Legendre’s
equation (7.2.2), Airy’s equation (7.2.3), Chebyshev’s equation (http://iwww-history.mcs.st-and.ac.uk/Mathematicia
ns/Chebyshev.html),

(1—2?)y" —ay +a’y =0,

and Hermite's equation (http://www-history.mcs.st-and.ac.uk/Mathematicians/Hermite.html),

y” —2zy’ + 20y = 0.

Since
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7 Series Solutions of Linear Second Order Equations

Py(z) =1+ a(z —x0)?

in (7.2.16), the point z, is an ordinary point of (7.2.16), and Theorem 7.2.1 implies that the solutions of
(7.2.16) can be written as power series in z — z, that converge on the interval (zo — 1/+/]al, zo + 1/+/]e|)
if « # 0, Or on (—o0,00) if a = 0. We’'ll see that the coefficients in these power series can be obtained by
methods similar to the one used in Example 7.2.1.

To simplify finding the coefficients, we introduce some notation for products:

Hbj =bbyy1+b, if s>
j=r

Thus,
7
110 = babsbabsbebr,
j=2
4
[12i+1) = (1)E)5)(7)(9) = 945,
=0
and
2
[[/=2"=4
j=2
We define

no matter what the form of ;.

ExampLE 7.2.2

Find the power series in z for the general solution of
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(1+ 2m2)y” + 62y + 2y = 0.

SoLuTioN Here

Ly = (14 2z?)y” + 6xy’ + 2.

If
o0
y=> aa"
n=0
then
o0 o0
y = Znanx ' and ¢ = Zn(n —Dayz™ 2,
n=1 n=2
SO

Ly = (14 22?%) in n—1)a,z"" 2+6xZnana)” 1—1—22%3:

n=2 n=1 n=0

n=2

= Zn(n —Dazz" 2+ Z 2n(n—1) +6n+ 2] a,z”
n=0

in n—1)a,z 724—22(71—1—1)2(1”:0”.
n=2

n=0

To collect coefficients of z", we shift the summation index in the first sum. This yields

o0 o0
Zn—l—Q )(n+ 1)anroz™ +QZ (n+1)2%a,z" an:r",
n=0 n=0 .

with

by = (n+2)(n+ Dan2 +2(n+1)%a,, n>0.

(7.2.17)

To obtain solutions of (7.2.17), we set b, = 0 for n > 0. This is equivalent to the recurrence relation
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n—+1
An,
n+2

Qpio = —2 n > 0. (7.2.18)

Since the indices on the left and right differ by two, we write (7.2.18) separately for n = 2m and n = 2m
+1, as in Example 7.2.1. This yields

Missing dimension or its units for \hspace

Computing the coefficients of even powers of z from (7.2.19) yields

1

(12—_TCLO:

3 3 1 1-3
ay = *502 = ( 5) (*T) ap = ﬁaoy
a@—*éa4=*é(l—3)ao=*l.3.5ao,

3 3\1-2 1-2-3

7 7 1-3-5 1-3.5-7
“8__2‘16:_2(_1-2-3)“0:1-2-3~4“°'

In general,
a2m=(f1)mMao, m > 0. (7.2.21)

m!

(Note that (7.2.21) is correct for m = 0 because we defined 1'[2:1 b; =1 for any b;.)

Computing the coefficients of odd powers of z from (7.2.20) yields

asg = —4%&1,

as = —4§a3:—4§ (—4%) al :42%(11,

ar = 74%115—74%(42%)a1—743;:§:§a1,

ayg = —4%@72—4%(43;:?3)(11: 4%@.

In general,

(—1)™4™m!

-————a;, m2>0. (7.2.22)
[T (25 +1)

A2m+1 =
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From (7.2.21) and (7.2.22),

> [T5%(25 - 1) > 4mm)
— —1)™ J 2m + m 2m+1
Yy=ao n;] (1) . T ai mZ:O (—1) —;L(?j 1)

is the power series in x for the general solution of (7.2.17). Since Py(x) = 1+ 2x2 has no real zeros,
Theorem 5.1.1 implies that every solution of (7.2.17) is defined on (—oo, o0). However, since Py(+i/v/2)
=0, Theorem 7.2.1 implies only that the power series converges in (—1/+/2,1/+/2) for any choice of a,
and a;.

The results in Examples 7.2.1 and 7.2.2 are consequences of the following general theorem.

THEOREM 7.2.2

The coefficients {a.} in any solution y = Y, an(z — z0)" Of
(1+ a(z —20)?)y” + Bl —z0)y’ +7y =0 (7.2.23)

satisfy the recurrence relation

B p(n)
Apy2 = —man, n >0, (7.2.24)
where
p(n) =an(n—1)+ fn+1. (7.2.25)

Moreover, the coefficients of the even and odd powers of 2z — z, can be computed separately as

Missing dimension or its units for \hspace

where a, and a; are arbitrary.

Proor Here

Ly=(1+a(z—0)*)y + Bz — o)y +v.
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00
E .'1?*.’1?0 )

then

Hence,

Ly

\dst3Zo2, n(n — Dan(z —0)" 2 + 3202 [an(n — 1) + Bn + 9] an(z — 20)"

\dstS2, n(n — Dan(@ — 20)" 2 + Y20 p(n)an (@ — xo)",

from (7.2.25). To collect coefficients of powers of = — z,, we shift the summation index in the first sum.
This yields

o0

Z (n+2)(n+ Dayse + p(n)ay] (. — z)".
n=0

Thus, Ly = 0 if and only if
(n+2)(n+ Daps2 +p(n)a, =0, n>0,

which is equivalent to (7.2.24). Writing (7.2.24) separately for the cases where n =2m and n =2m + 1
yields (7.2.26) and (7.2.27).

ExampPLE 7.2.3

Find the power series in z — 1 for the general solution of

(24 4z —22%)y” —12(z — 1)y’ — 12y =0. (7.2.28)

Socrution We must first write the coefficient Py(z) = 2 + 4z — z? in powers of z — 1. To do this, we write z
= (z—1) +1in Py(z) and then expand the terms, collecting powers of =z — 1; thus,

244z — 22" =24 4[(z—1)+1] —2[(z —1) +1]°
=4—2(x—1)>2
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Therefore we can rewrite (7.2.28) as

(4—2(z—1)%)y" —12(z— 1)y — 12y =0,
or, equivalently,

(1 - %(x - 1)2) Yy —3(x—1)y —3y=0.

This is of the form (7.2.23) with o = —1/2, 8 = —3, and v = —3. Therefore, from (7.2.25),

A=l o (20

p(n) = ——— 5

Hence, Theorem 7.2.2 implies that

Missing dimension or its units for \hspace

We leave it to you to show that

2m +1 m+1

Aom = om ap and agm41 = om

a;, m>0,

which implies that the power series in z — 1 for the general solution of (7.2.28) is

Extension "bbox" failed to load

In the examples considered so far we were able to obtain closed formulas for coefficients in the power
series solutions. In some cases this is impossible, and we must settle for computing a finite number of
terms in the series. The next example illustrates this with an initial value problem.

ExampLE 7.2.4

Compute ay, a1, ..., a7 in the series solution y = Y>°  a,z" of the initial value problem

(14 2z%)y” +10zy’ +8y =10, y(0)=2, ¢ (0)=—3. (7.2.29)

SoruTion Since a =2, =10, and v = 8 in (7.2.29),
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p(n) =2n(n—1)+10n + 8 = 2(n + 2)%

Therefore

) (n+2)? n+2
—_ —an:—
(n+2)(n+1) n+1

Apt2 = ()

Writing this equation separately for n = 2m and n = 2m + 1 yields
Missing dimension or its units for \hspace
Starting with a¢ = y(0) = 2, we compute as, a4, and ag from (7.2.30):

1
a9 = —4—2:—8,

1
2 64
— 4 (-8) = —
ay 3( ) 3
a __4§(6_4>__ﬁ
6= 5\ 3) 5 °

Starting with a1 = 3’(0) = —3, we compute as3,as and a7 from (7.2.31):

3
as = — T(_g) = 97
59 45
B TYYE T
_ 7 45) _ 105
am= Ty (* 2 )~ 2
Therefore the solution of (7.2.29) is
64 45 256
y=2—3z—8z? + 923 + ?x‘l—?xs— Twa—l—

UsING TECHNOLOGY

105 7.
2

Computing coefficients recursively as in Example 7.2.4 is tedious. We recommend that you do this kind
of computation by writing a short program to implement the appropriate recurrence relation on a

calculator or computer. You may wish to do this in verifying examples and doing exercises (identified by
the symbol ) in this chapter that call for numerical computation of the coefficients in series solutions.
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We obtained the answers to these exercises by using software that can produce answers in the form of
rational numbers. However, it's perfectly acceptable - and more practical - to get your answers in
decimal form. You can always check them by converting our fractions to decimals.

If you're interested in actually using series to compute numerical approximations to solutions of a
differential equation, then whether or not there’s a simple closed form for the coefficents is essentially
irrelevant. For computational purposes it's usually more efficient to start with the given coefficients a,
= y(xo) and a; = y'(zo), COMpuUte a,, ..., ay recursively, and then compute approximate values of the
solution from the Taylor polynomial

The trick is to decide how to choose N so the approximation y(z) ~ T (z) is sufficiently accurate on the
subinterval of the interval of convergence that you're interested in. In the computational exercises in
this and the next two sections, you will often be asked to obtain the solution of a given problem by
numerical integration with software of your choice (see Section 10.1 for a brief discussion of one such
method), and to compare the solution obtained in this way with the approximations obtained with T for
various values of N. This is a typical textbook kind of exercise, designed to give you insight into how the
accuracy of the approximation y(z) ~ T (z) behaves as a function of N and the interval that you're
working on. In real life, you would choose one or the other of the two methods (numerical integration or
series solution). If you choose the method of series solution, then a practical procedure for determining
a suitable value of N is to continue increasing N until the maximum of |Ty — Tx_;| on the interval of
interest is within the margin of error that you're willing to accept.

In doing computational problems that call for numerical solution of differential equations you should
choose the most accurate numerical integration procedure your software supports, and experiment with
the step size until you're confident that the numerical results are sufficiently accurate for the problem at
hand.

7.2 Exercises

In Exercises 1 —8 find the power series in z for the general solution.
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1+2%)y” +6xy +6y=0

5
—~

Show answer

H
—~

1+ 22)y” +2zy —2y=0

Show answer

1+2%)y” —8xy’ +20y =0

B
—~

Show answer

1—2%y” —8zy —12y=0

.
—~

Show answer

1+22%)y" +Tzy’ +2y=0

.
—~

Show answer

< \dst(1+2?)y” + 22y + Ty =0

Show answer

1—2%y” —bxy —4y=0

.
—~

Show answer

1+2%y” —10zy’ +28y=0

.
—~

Show answer
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9.
a. Find the power series in x for the general solution of y” + zy’ + 2y = 0.

b. For several choices of aq and a1, use differential equations software to solve the initial value
problem

Y +ay +2y=0, y(0)=ao, ¥(0)=a, (A)
numerically on (-5, 5).
c. For fixed r in {1,2,3,4,5} graph

N
Tn(z) = Z anz"
n=0

and the solution obtained in (a) on (—r,r). Continue increasing N until there’s no perceptible
difference between the two graphs.

Show answer

10. Follow the directions of Exercise 9 for the differential equation

y” +2xy" +3y=0.

Show answer

In Exercises 11 —13 find ay, ..., ay for N at least 7 in the power series solution y = %°° , a,z™ of the initial
value problem.
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11.

12.

13

14

7 Series Solutions of Linear Second Order Equations

Cll+2%)y +zy +y=0, y0)=2, ' (0)=-1

Show answer

Cl(1+22%)y” —9zy’ — 6y =0, y(0)=1, 7' (0)=-1

Show answer

(S a+8ay +2y=0, y0)=2, y(©0)=-1

Show answer

. Do the next experiment for various choices of real numbers a, a;, and r, with 0 < » < 1/v/2.

a. Use differential equations software to solve the initial value problem
(1-22%y" —ay' +3y=0, y(0)=as, 3 (0)=a, (A)

numerically on (—r,r).
b. For N =2, 3, 4, ..., compute ay, ..., ay in the power series solution y = ">°  a,z" of (A), and
graph

N
Tn(z) = Z anz"
n=0

and the solution obtained in (a) on (—r,r). Continue increasing N until there’s no perceptible
difference between the two graphs.
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15. Do (a) and (b) for several values of r in (0,1):

a. Use differential equations software to solve the initial value problem
(1+z%)y” +10zy’ + 14y =0, y(0)=5, ¢ (0)=1, (A)

numerically on (—r,r).

b. For N =2, 3, 4, ..., compute ay, ..., ay in the power series solution y ="  a,z" of (A) , and
graph

N
Tn(z) = Z anz"
n=0

and the solution obtained in (a) on (—r,r). Continue increasing N until there’s no perceptible
difference between the two graphs. What happens to the required N as r — 1?

c. Try (@) and (b) with » = 1.2. Explain your results.

In Exercises 16 —20 find the power series in z — x, for the general solution.

16. v —y=0; z9=3

Show answer

17. v —(z—3)y —y=0; zy=3

Show answer

18. (1 -4z +22%)y” +10(x — 1)y’ +6y=0; zp=1

—~

Show answer

19.

—~

11 — 8z + 222)y” —16(x — 2)y’ + 36y =0; =x¢ =2

Show answer

20.

—~

5462 +3z2)y” +9(x+ 1)y +3y=0; zo=—1

Show answer

In Exercises 21 —26 find ay, ..., ay for N at least 7 in the power series y = > a,(z — zo)" for the
solution of the initial value problem. Take =z, to be the point where the initial conditions are imposed.
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Cl(@*—4)y" —zy —3y=0, y(0)=-1, y'(0)=2

Show answer

ﬂl

y//+(x_3

~~—

Y +3y=0, y3)=-2, y'(3)=3

Show answer

Cl(p—6x+32%)y" +(x— 1y +12y=0, y(1)=-1, y'(1)=1

Show answer

C|(4a? — 24z 4+ 37)y" +y=0, y(3)=4, v (3)=—6

Show answer

ﬂl

(22— 8v+ 14)y" —8(z —4)y +20y =0, y(4)=3, ¢ (4)=—4

Show answer

CJ(2z% + 4z +5)y” —20(x + 1)y’ +60y =0, y(—1)=3, y'(-1)=-3

Show answer

a. Find a power series in z for the general solution of
(14 z?)y” +4zy’ + 2y = 0. (A)
b. Use (a) and the formula

1
—— = ltrtr b e ((1<r <)

for the sum of a geometric series to find a closed form expression for the general solution of
(A)on (—1,1).

c. Show that the expression obtained in (b) is actually the general solution of of (A) on

~~

(—00, 00

Show answer
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28. Use Theorem 7.2.2 to show that the power series in z for the general solution of

(14 az®)y” + Bxy’ + vy =0

29. Use Exercise 28 to show that all solutions of

(1+az®)y” + Bay +yy =0

are polynomials if and only if

an(n—1)+pfn+~v=a(n—2r)(n—2s—1),

where r and s are nonnegative integers.
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. Use Exercise 28 to show that the power series in z for the general solution of

(1—2%)y” —2bzy’ + a(a+2b—1)y =0

iS y = agy1 + a1y2, Where

Missing dimension or its units for \hspace

. Suppose 2b isn’'t a negative odd integer and & is a nonnegative integer. Show that y, is a

polynomial of degree 2k such that y;(—z) = yi1(z) if « = 2k, while y, is a polynomial of degree
2k + 1 such that ys(—z) = —y2(—z) if « = 2k + 1. Conclude that if » is a nonnegative integer,
then there’s a polynomial P, of degree n such that P,(—z) = (—1)"P,(z) and

(1—2?)P) —2bzP, +n(n+2b—1)P, = 0. (A)

. Show that (A) implies that

[(1—2%)°P)) = —n(n+20—1)(1—z>)"'P,,
and use this to show that if m and » are nonnegative integers, then

Missing dimension or its units for \hspace

. Now suppose b > 0. Use (B) and integration by parts to show that if m #+ n, then

/1 (1—2*)"1P,(z)P,(z)dz = 0.

-1

(We say that P,, and P, are orthogonal on (—1,1) with respect to the weighting function
(-2t
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7 Series Solutions of Linear Second Order Equations

. Use Exercise 28 to show that the power series in z for the general solution of Hermite’'s

equation

y" —2xy + 20y =10

iS y = apy1 + a1y1, Where

Missing dimension or its units for \hspace

. Suppose k is a nonnegative integer. Show that y; is a polynomial of degree 2k such that

y1(—z) = y1(z) If o = 2k, while y, is a polynomial of degree 2k + 1 such that y,(—z) = —ys(—=z) if
a =2k + 1. Conclude that if » is a nonnegative integer then there’s a polynomial P, of
degree » such that P,(—z) = (—1)"P,(z) and

P —2zP] + 2nP, = 0. (A)

. Show that (A) implies that

[e*P) = —2ne *'P,,

n

and use this to show that if m and » are nonnegative integers, then

’

e PPy — e P.]'P, =2(m —n)e * P,P,. (B)

. Use (B) and integration by parts to show that if m # n, then

(We say that P,, and P, are orthogonal on (—oo, 00) with respect to the weighting function

e")
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32. Consider the equation
(1 + ozx3) v + Bzy’ +yzy =0, (A)

and let p(n) = an(n — 1) + Bn +~. (The special case y” — zy = 0 of (A) is Airy’s equation.)

a. Modify the argument used to prove Theorem 7.2.2 to show that

o0
Y= Zanx"

n=0

is a solution of (A) if and only if a; = 0 and

p(n)
= > 0.
Gn+3 (n T 3)(n T 2) an, n2>0

b. Show from (a) that a, = 0 unless n = 3m or n = 3m + 1 for some nonnegative integer m, and
that

Missing dimension or its units for \hspace

where ao and a; may be specified arbitrarily.

c. Conclude from (b) that the power series in z for the general solution of (A) is

—1 397 3m
y = \dstao X200 (1) [IT7%' 525 ] 555

szJrl

00 m m—1 p(37+1
\dstar 05 (—1)™ [0 20 ] o

In Exercises 33 —37 use the method of Exercise 32 to find the power series in x for the general solution.
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33. v —xy=0

Show answer

34,

—~

1—223)y” — 1022y’ —8zy =0

Show answer

35. (1+ 2%y +72% + 92y =0

—~

Show answer

36. (1—2z%)y” +62%y +242y=0

—~

Show answer

37. (1—23)y” + 152%y — 632y =0

—~

Show answer
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38. Consider the equation
(1+ az®2)y” + Ba*ly’ + yzhy =0, (A)

where k is a positive integer, and let p(n) = an(n — 1) + Bn + 7.

a. Modify the argument used to prove Theorem 7.2.2 to show that
Y= Z anz"
n=0

is a solution of (A) if and only if a, =0 for2 <n <k+1and

p(n) a
n+k+2)(n+k+tl)

Antk+2 = —

b. Show from (a) that a,, = 0 unless n = (k + 2)m or n = (k + 2)m + 1 for some nonnegative
integer m, and that

Missing dimension or its units for \hspace

where ao and a; may be specified arbitrarily.

c. Conclude from (b) that the power series in z for the general solution of (A) is

(k+2)m

0 m p((k+2)7) T
Yy = ao\dst) -0 (—1) [H k+2 J+D— 1] F2)mml

m—1 p((k+2)j+1) 2k FDm1
[15pt]  +an\dst ey (—1)™ [T ety | s

In Exercises 39 —44 use the method of Exercise 38 to find the power series in x for the general solution.
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w
©

1+ 22°%)y” + 142ty + 102%y =0

Show answer

40. y" + 2%y =0

<

Show answer

41. " + 25y + 725y =0

Show answer

42. (1+2%)y” — 1627y’ + 7225 =0

—~

Show answer

43. (1—2%y” — 1225 — 30z%y =0

—~

Show answer

44. o + 2%y + 6ty =0

Show answer

7.3 Series Solutions Near an Ordinary Point Il

In this section we continue to find series solutions

o0
y= Zan(x — )"
n=0

of initial value problems
Po(z)y” + Pi(z)y + Pa(2)y =0, y(zo) =ao, ¥ (z0)=ai, (7.3.1)

where P,, P, and P, are polynomials and P,(z,) # 0, SO z, is an ordinary point of (7.3.1). However, here
we consider cases where the differential equation in (7.3.1) is not of the form

(1+ a(z—0)%)y" + Bz —z0)y’ +vy =0,

so Theorem 7.2.2 does not apply, and the computation of the coefficients {a,} is more complicated. For
the equations considered here it's difficult or impossible to obtain an explicit formula for a, in terms of n.
Nevertheless, we can calculate as many coefficients as we wish. The next three examples illustrate
this.
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ExampLE 7.3.1

Find the coefficients ao, ..., a7 in the series solution y = >>,°, anz™ of the initial value problem

1+z+22Y)y” + (1 +7x)y +2y=0, y(0)=-1, 3'(0)=—2. (7.3.2)

SovruTion Here
Ly=(1+xz+22%)y" + (1 +7x)y + 2.

The zeros (—1+iv7)/4 of Py(z) = 1+ = + 222 have absolute value 1/v/2, so Theorem 7.2.2 implies that
the series solution converges to the solution of (7.3.2) on (—1/v/2,1/v2). Since

o0 o0 o0
y= g a,x", Yy = E na,z” ' and 9y = E n(n—1a,z" 2,
n=0 n=1

n=2

o0 (oo} o0
Ly = E:Q n(n — 1)anxn_z + z; n(n — 1)anxn_l +2 Z n(n —1)anz"
n= n=

n=2

(o0} oo oo
+ E na,x™ 4+ 7 E na,x™ + 2 E apx™.
n=1 n=1 n=0

Shifting indices so the general term in each series is a constant multiple of z» yields

o0 00 o0
Ly= Z(n +2)(n+ 1)aroz™ + Z(n + Dnappz™ + 2 Z n(n —1)a,z"”
n=0 n=0 n=0
+ Z(n + Dagiz™ + 72 na,x" + 2 Z anz” = Z b,z",
n=0 n=0 n=0 n=0

where

by = (n42)(n+ Dapis + (n+1) a1+ (n+2)(2n + 1)a,.

Therefore y = 3"°  a,z" is a solution of Ly = 0 if and only if

n+1 2n+1
— G —
n+ 2 1 n+1

Apt2 = —
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7 Series Solutions of Linear Second Order Equations

From the initial conditions in (7.3.2), ap = y(0) = —1 and a; = y’(0) = —2. Setting n = 0 in (7.3.3) yields

1 1
ag = —5(11 —ag = —E(—Z) — (—1) =2
Setting n =1 in (7.3.3) yields
2 3 2 3 5
L L

We leave it to you to compute ay, as, ag, a7 from (7.3.3) and show that

5 55 3 61 443
y:—1—2x+2w2+—373——:1:4+Zx5+— 6 —

T
3 12 §% " Y T

We also leave it to you (Exercise 13) to verify numerically that the Taylor polynomials Ty (z) = S a,z"
converge to the solution of (7.3.2) on (—-1/v/2,1/v/2).

ExampLE 7.3.2

Find the coefficients ao, ..., a5 in the series solution
n=0

of the initial value problem

B+z)y" +(1+2z)y —2—2)y=0, y(-1)=2, 7 (-1)=-3. (7.3.4)

SoruTion Since the desired series is in powers of x + 1 we rewrite the differential equation in (7.3.4) as
Ly = 0, with

Ly=2+(z+1)y —(1-2(z+1)y —B—(z+1))y.

Since

o0

nan(z+1)"" and 1y’ = Zn(n —Dan(z+1)"72,

n=2

Qe\
I
(¢

y= ian(a: +1)",

3
I
S
3
Il
—_
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Ly:2Zn(n Dan(z+1)" —}-Znnflanz—{—l)

n=2

=
— Znan(as + 1) 4 2Znan(z +1)"

n=1 n=1
-3 Zan(x +1)"+ Z an(x+ 1)L

n=0 n=0

Shifting indices so that the general term in each series is a constant multiple of (z + 1) yields

Ly=2) (n+2)(n+ Dappa(z+1)" + > (n+ Dnap(z+1)"
n=0 n=0

— i(n + Dant1(z+1)" + i(Zn —3an(z+1)" + f: an—1(x +1)"

n=0 n=0 n=1
Z bp(z+1)"
n=0
where
bo = 4(12 —a; — 30,0
and
by, =2(n+2)(n+ Dayye + (n? — Day1 + (2n—3)a, +a,1, n>1

Therefore y = >~ a,(z +1)" is a solution of Ly = 0 if and only if

1
Z(al + 3a0)

a9 =
and

Opto = — (n2 —Dapt1 + (2n —3)a, + an,l] , n>1.

ﬂn+mm+n[

(7.3.5)

(7.3.6)

From the initial conditions in (7.3.4), ap = y(—1) = 2 and a; = y’(—1) = —3. We leave it to you to compute

as, ..., as With (7.3.5) and (7.3.6) and show that the solution of (7.3.4) is
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3 5 7 1
=—2— 1 1)2 — — 1 — 1 1)5 4 ---.
y 3(z+ )+4(:z:+ ) 12($+ )3 +48(3:+ )t — 60(a:+ )’ +

We also leave it to you (Exercise 14) to verify numerically that the Taylor polynomials Ty (z) = SV a,z”
converge to the solution of (7.3.4) on the interval of convergence of the power series solution.

ExampLE 7.3.3

Find the coefficients ay, ..., a5 in the series solution y = ", a,z" of the initial value problem

v +3zy’ + (4+22%)y =0, y0)=2, y'(0)=-3. (7.3.7)

SoLuTion Here

Ly=vy" +3zy + (44 22%)y.

Since

o0 o0 [ee]
= g apz™, Yy = E na,z™ ', and o’ E n(n —1a,z" 2,
n=0 n=1 n=2

o0

Ly = Zn(n—l " 2—|—3Znanx +4Zanx —1—22(1”&8

n=2 n=1 n=0

Shifting indices so that the general term in each series is a constant multiple of z" yields

o0 o0 o0 0]
Ly = Z(n +2)(n + L)aptoz™ + Z(Sn +4)apxz" + 2 Z Qpox™ = Z b,z"
n=0 n=0 n=2 n=0
where
bo = 2a2—|—4a0, b] :6a3—|—7a1,
and

b, =(n+2)(n+1)ayte + 3n+4)a, + 2a,-2, n>2.
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Therefore y = >~ ja,2" is a solution of Ly = 0 if and only if

7

ag = —2(10, az = —Eal, (738)
and
1
Upio = —m [((Bn+4)a, + 2a,-9], n>2. (7.3.9)

From the initial conditions in (7.3.7), ag = y(0) = 2 and a; = ¥’ (0) = —3. We leave it to you to compute a.,
.., a5 With (7.3.8) and (7.3.9) and show that the solution of (7.3.7) is

y:2—3x74x2+;x3+3x4—ﬁm5

We also leave it to you (Exercise 15) to verify numerically that the Taylor polynomials Ty (z) = 32N a,2"
converge to the solution of (7.3.9) on the interval of convergence of the power series solution.

7.3 Exercises

In Exercises 1-12 find the coefficients ay,..., ay for N at least 7 in the series solution y = >".° , a,z™ of
the initial value problem.
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=
(©)

Cl(1+3z)y”" +xy +2y=0, y0)=2, y(0)=-3

Show answer

n
-l

C)(1+a+202y" +(2+80)y +4y=0, y(0)=—1, y(0)=2

Show answer

w
nI

(1—222)y” +(2—62)y’ —2y=0, y0)=1, 3 (0)=0

Show answer

P
-I

Cl(1+z+3z%)y” +(2+15z)y’ + 12y =0, y(0)=0, y(0)=1

Show answer

o
-l

Cl2+z)y"+(1+=x)y +3y=0, y0)=4, 3 (0)=3

Show answer

(3+3z+2%)y" + (6+4z)y +2y=0, y0)=7, y'(0)=3

>
(2]

Show answer

~N
-I

Cla+z)y"+2+2)y' +2y=0, y(0)=2, y'(0)=5

Show answer

o
-I

Cl(2—3z+2z%)y” —(4—6z)y’ +2y=0, y(1)=1, y'(1)=-1

Show answer

©
nl

(Bz+22%)y”" +10(1+2)y' +8y=0, y(-1)=1, y'(-1)=-1

Show answer

10. (C|(1—z+ 2?2

~—

y' —(1—4z)y’ +2y=0, y(1)=2, ¢'(1)=-1

Show answer

11. [ Cj24+a2)y"+2+2)y +y=0, y-1)=-2, ¢y'(-1)=3

Show answer

12.

(2]

iy’ —(6—Tz)y +8y=0, y(1)=1, y'(1)=-2

Show answer

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 53 of 177



7 Series Solutions of Linear Second Order Equations

13. Do the following experiment for various choices of real numbers ag, a1, and r, with 0 < r < 1/\/5.

a. Use differential equations software to solve the initial value problem
(1+z+22%)y" + A +72)y +2y=0, y0)=ay, ¥ (0)=ai, (A)

numerically on (—r,r). (See Example 7.3.1.)

b. For N =2, 3, 4, ..., compute ay, ..., ay in the power series solution y = ">°  a,z" of (A), and
graph

N
Tn(z) = Z anz"
n=0

and the solution obtained in (a) on (—r,r). Continue increasing N until there’s no perceptible
difference between the two graphs.

14. Do the following experiment for various choices of real numbers ay, a1, and », with 0 < r < 2.

a. Use differential equations software to solve the initial value problem
B+a)y" +(1+22)y —(2-2)y=0, y(-1)=as, y(-1)=ua, (A)

numerically on (-1 —r,—1+r). (See Example 7.3.2. Why this interval?)

b. For N =2, 3, 4, ..., compute a,, ..., ay in the power series solution
n=0

of (A), and graph

N

Tn(z) =) an(z+1)"

n=0

and the solution obtained in (a) on (—1 —r,—1 + r). Continue increasing N until there’s no
perceptible difference between the two graphs.
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15. Do the following experiment for several choices of ag, a;, and r, with r > 0.

a. Use differential equations software to solve the initial value problem
y" +3zy + (4+22%)y =0, y0)=ay, y'(0)=a, (A)

numerically on (—r,r). (See Example 7.3.3.)

b. Find the coefficients ag, a1, ..., ay in the power series solution y ="  a,2™ of (A), and
graph

N
Tn(z) = Z anz"
n=0

and the solution obtained in (a) on (—r,r). Continue increasing N until there’s no perceptible
difference between the two graphs.

16. Do the following experiment for several choices of a¢ and a.

a. Use differential equations software to solve the initial value problem
1-2)y" —2—2)y +y=0, y(0)=as, ¥ (0)=a, (A)

numerically on (—r, ).

b. Find the coefficients ay, a1, ..., ay in the power series solution y = Zflvzo a,z" of (A), and
graph

N
Tn(z) = Z anz"

n=0

and the solution obtained in (a) on (—r,r). Continue increasing N until there’s no perceptible
difference between the two graphs. What happens as you let r — 1?

17. Follow the directions of Exercise 16 for the initial value problem
(1+2)y” +3y +32y=0, %(0)=ap, v (0)=a.
18. Follow the directions of Exercise 16 for the initial value problem

142y +y +2y=0, y0)=ay, % (0)=a.
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In Exercises 19-28 find the coefficients ay, ..., ay for N at least 7 in the series solution

o0
Y= Zan(a: — )"
n=0

of the initial value problem. Take z, to be the point where the initial conditions are imposed.
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19.

20.

21.

22,

23.

24,

25.

26.

27.

28.

29

7 Series Solutions of Linear Second Order Equations

Cl2+4r)y” —4y’ — (6+4z)y=0, y(0)=2, y'(0)=-7

Show answer

C)(1+20)y" — (1—2a)y — (3—2)y=0, y)=1, y(1)=-2

Show answer

Cl(+2z)y" —y' +(5+2)y=0, y(—2)=2, 3y (-2)=-1

Show answer

ClA+xz)y’ —(4+2x)y +(6+x)y=0, y(-3)=2, ¢ (-3)=-2

Show answer

Cl(2+3a)y” —ay' +22y=0, y(0)=-1, y'(0)=2

Show answer

Cl(B3+2x)y" +3y —xzy=0, y(-1)=2, ¢y (-1)=-3

Show answer

ClB+22)y" =3y —(2+xz)y=0, y(-2)=-2, y(-2)=3

Show answer

Cl(10—2z)y" + (1+2)y=0, y(2)=2, y(2)=—4

Show answer

nI

(T+z2)y+B8+22)y +(b+z)y=0, y(—4)=1, y'(—4) =2

Show answer

nI

(6 +4z)y” + (1+2x)y=0, y(-1)=-1, y(-1)=2

Show answer

. Show that the coefficients in the power series in z for the general solution of
(1+az+ fa)y” + (y+dz)y +ey=0

satisfy the recurrrence relation

v+ an Bn(n—1)+dn+e
nt2 T Ty 2)(n+ 1)

Ant+2 = — Q-
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. Let o and g be constants, with g+ 0. Show that y = >~ a,z" is a solution of

1+ azx+ ﬁazz)y” + (20 + 4Bzx)y" + 2By =0 (A)
if and only if
Ani2 + @i + Ba, =0, n>0. (B)

An equation of this form is called a second order homogeneous linear difference equation.
The polynomial p(r) = r* + ar + B is called the characteristic polynomial of (B). If ; and r,
are the zeros of p, then 1/r; and 1/r, are the zeros of

Py(z) =1+ az + Bz

. Suppose p(r) = (r—r1)(r — ro) Where r; and r, are real and distinct, and let p be the smaller

of the two numbers {1/|r1|,1/|rs|}. Show that if ¢; and ¢, are constants then the sequence
an=c1r7 +cory, n>0

satisfies (B). Conclude from this that any function of the form

oo

E clrl + 021"2

n=0

is a solution of (A) on (—p, p).

. Use (b) and the formula for the sum of a geometric series to show that the functions

1 1
and 1y =

Y11=

1—rix 1—rox

form a fundamental set of solutions of (A) on (—p, p).

. Show that {y1,y.} is a fundamental set of solutions of (A) on any interval that does’nt

contain either 1/r; or 1/r,.
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e. Suppose p(r) = (r —r1)?, and let p = 1/|r,|. Show that if ¢; and ¢, are constants then the
sequence

anp = (1 +ecan)ry, m>0

satisfies (B). Conclude from this that any function of the form

y= Z(Cl + CQ?’L)T‘?JJ”
n=0
is a solution of (A) on (—p, p).

f. Use (e) and the formula for the sum of a geometric series to show that the functions

1 d T
an =
b2 (1—rz)?

y1= 1—rizx

form a fundamental set of solutions of (A) on (—p, p).

g. Show that {y, .} is a fundamental set of solutions of (A) on any interval that does not
contain 1/r;.

31. Use the results of Exercise 30 to find the general solution of the given equation on any interval on
which polynomial multiplying y” has no zeros.

(@) (1+3z+22%)y” + (6+8z)y +4y=0
(b) (1 — 5z + 622)y” — (10 — 24x)y’ + 12y =0
(c) (1 — 4z +42?)y” — (8 — 16z)y’ + 8y =0
(d) 444z +2?)y” + (8+4z)y +2y=0

(e) (4+ 8z +3z%)y” + (16 + 12z)y’ + 6y = 0

In Exercises 32—-38 find the coefficients ay, ..., ay for N at least 7 in the series solution y =", a,z™ of
the initial value problem.
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32. Yy’ +2xy +(3+22%)y=0, y0)=1, 3 (0)=-2

Show answer

33.

(0]

y’ —3zy’ + (5+22%)y=0, y0)=1, ¢ (0)=-2

Show answer

34. [C)y" +5zy —(3—2")y=0, y(0)=6, y'(0)=-2

Show answer

35.

(]

Y’ —2zy — (2+32%)y=0, y(0)=2, y'(0)=-5

Show answer

36.

G}

v —3zy + (2+42%)y =0, y(0)=3, y(0)=6

Show answer

37. 2y” +5zy + (4+22%)y =0, y(0)=3, ' (0)=-2

(]

Show answer

38. [C3y" + 20y + (4— a2y =0, y(0)=-2, y(0)=3

Show answer

39. Find power series in z for the solutions y; and y, of

v + 4y’ + (2+ 42y =0

such that y,(0) = 1, ¥7(0) =0, 32(0) = 0, y5(0) = 1, and identify y; and y, in terms of familiar
elementary functions.

Show answer

In Exercises 40—49 find the coefficients ay, ..., ay for N at least 7 in the series solution

o0
Y= Zan(x —xo)"
n=0

of the initial value problem. Take z, to be the point where the initial conditions are imposed.
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40. (C|(1+a)y +2% +(1+2z)y=0, y0)—2, y'(0)=3

Show answer

41. [Cly’ + (1 +2e+a2)y +2y=0, y0)=2 (0)=3
42. (1+2%)y" + 2+2Y)y +2y=0, y0)=-3, ¥ (0)=5

Show answer

43. ([C|(1+2)y" +(1 -3z +22%)y — (z—4)y=0, y(1)=-2, y'(1)=3

Show answer

S
ﬂl

Y+ (1341204 302y + (5+20), y(-2)=2, ¢ (~2)=—-3

Show answer

45,

(]

(1+22+32%)y" + (2—2)y + (1 +2)y=0, y(0)=1, y(0)=-2

Show answer

46. |C|(B3+4x+2Y)y — (b+4z—2%)y — 24+ 2)y=0, y(-2)=2, ¢ (-2)=-1

Show answer

47. (S (1+2z+2?)y "+ (1—2)y=0, y0)=2, y'(0)=-1

Show answer

48. [C](z 202y’ + (1+30— 22y + 2+2)y=0, y)=1, ¥ (1)=0
49. (C) (16— 11z + 22%)y” + (10— 6z + %)y — (2— )y, y(3) =1, y/(3)=—2

Show answer

7.4 Reqgular Singular Points: Euler Equations

This section sets the stage for Sections 1.5, 1.6, and 1.7. If you're not interested in those sections,
but wish to learn about Euler equations, omit the introductory paragraphs and start reading at
Definition 7.4.2.

In the next three sections we’ll continue to study equations of the form
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Py(z)y” + Pi(z)y + Pa(z)y =0 (7.4.1)

where P,, P;, and P, are polynomials, but the emphasis will be different from that of Sections 7.2 and
7.3, where we obtained solutions of (7.4.1) near an ordinary point xz, in the form of power series in
—zg. If 2o IS @ singular point of (7.4.1) (that is, if P(x¢) = 0), the solutions can’t in general be represented
by power series in z — z,. Nevertheless, it's often necessary in physical applications to study the
behavior of solutions of (7.4.1) near a singular point. Although this can be difficult in the absence of
some sort of assumption on the nature of the singular point, equations that satisfy the requirements of
the next definition can be solved by series methods discussed in the next three sections. Fortunately,
many equations arising in applications satisfy these requirements.

DeriniTion 7.4.1

Let P, P, and P, be polynomials with no common factor and suppose Py(zy) = 0. Then z, is a
regular singular point of the equation

Py(z)y" + Pi(z)y’ + Pa(z)y =0 (7.4.2)

if (77?7) can be written as

(x — 20)2A(z)y” + (z — z0)B(z)y’ + C(z)y =0 (7.4.3)

where A, B, and C are polynomials and A(zo) # 0; otherwise, zo is an irregular singular point of
(7.4.2).

ExawvpLE 7.4.1

Bessel's equation,

2’y +zy + (2° — v}y =0, (7.4.4)

has the singular point z, = 0. Since this equation is of the form (7.4.3) with zy = 0, A(z) = 1, B(z)
=1, and C(z) = 2% — 2, it follows that z, = 0 is a regular singular point of (7.4.4).

ExampLE 7.4.2

Legendre’s equation,
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(1—2%)y" — 22y’ + a(a+ 1)y =0, (7.4.5)
has the singular points z, = +1. Mutiplying through by 1 — z yields
(z—1)*(z+1)y" +2z(z - 1)y —ala+1)(z - 1)y =0,

which is of the form (7.4.3) with zo = 1, A(z) =z + 1, B(z) = 2z, and C(z) = —a(a+ 1)(z — 1).
Therefore zy, = 1 is a regular singular point of (7.4.5). We leave it to you to show that zo = —1 is
also a regular singular point of (7.4.5).

ExawvpLE 7.4.3

The equation
2%y +ay +y=0

has an irregular singular point at z, = 0. (Verify.)

For convenience we restrict our attention to the case where z, = 0 is a regular singular point of (7.4.2).
This isn’t really a restriction, since if zy # 0 is a regular singular point of (7.4.2) then introducing the new
independent variable ¢t = z — z, and the new unknown Y'(t) = y(t + z,) leads to a differential equation
with polynomial coefficients that has a regular singular point at ¢, = 0. This is illustrated in Exercise 22
for Legendre’s equation, and in Exercise 23 for the general case.

Euler Equations

The simplest kind of equation with a regular singular point at z, = 0 is the Euler equation, defined as
follows.

DeFiniTion 7.4.2

An Euler equation (http://www-history.mes.st-and.ac.uk/Mathematicians/Euler.html) iS @an equation that can be

written in the form

az’y” +bxy + cy =0, (7.4.6)

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 63 of 177


http://www-history.mcs.st-and.ac.uk/Mathematicians/Euler.html

7 Series Solutions of Linear Second Order Equations

where a,b, and c are real constants and a # 0.

Theorem 5.1.1 implies that (7.4.6) has solutions defined on (0, 00) and (-0, 0), since (7.4.6) can be
rewritten as

b c
ay” + ;y’ + m—zy =0.

For convenience we'll restrict our attention to the interval (0, cc). (Exercise 19 deals with solutions of
(7.4.6) on (—0,0).) The key to finding solutions on (0, co) is that if z > 0 then z" is defined as a real-
valued function on (0, co) for all values of r, and substituting y = z" into (7.4.6) produces

az’(z")” +bx(z") +cx” = az’r(r—1)z" 2 +brra" ' + cx”
= Jar(r—1)4br+cz".

(7.4.7)
The polynomial

p(r)=ar(r—1)+br+c

is called the indicial polynomial of (7.4.6), and p(r) = 0 is its indicial equation. From (7.4.7) we can see
that y = =7 is a solution of (7.4.6) on (0, co) if and only if p(r) = 0. Therefore, if the indicial equation has
distinct real roots r; and r, then y;, = 2™ and y, = 2" form a fundamental set of solutions of (7.4.6) on
(0,00), SiNce yo/y; = x> IS nonconstant. In this case

y=ciz" + cox™

is the general solution of (7.4.6) on (0, o).

ExampLE 7.4.4

Find the general solution of
2y’ —xy —8y=0 (7.4.8)

on (0, co).

SocuTtion The indicial polynomial of (7.4.8) is
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p(r)=r(r—1)—r—8=(r—4)(r+2).
Therefore y, = z* and y, = =2 are solutions of (7.4.8) on (0, o), and its general solution on (0, o) is
Y= crzt + 0—22
x

ExavpLE 7.4.5

Find the general solution of
62%y” + bxy —y =0 (7.4.9)

on (0, co).

SocruTion The indicial polynomial of (7.4.9) is

p(r)=6r(r—1)4+5r—1=2r—1)(3r+1).

Therefore the general solution of (7.4.9) on (0, ) is

y=cz'? + 02x71/3.\bbox

If the indicial equation has a repeated root r;, then y; = z™ is a solution of

az’y” +bxy + cy =0, (7.4.10)

n (0,00), but (7.4.10) has no other solution of the form y = z. If the indicial equation has complex
conjugate zeros then (7.4.10) has no real-valued solutions of the form y = z*. Fortunately we can use
the results of Section 5.2 for constant coefficient equations to solve (7.4.10) in any case.

THEOREM 7.4.3

Suppose the roots of the indicial equation

ar(r—1)+br+c=0 (7.4.11)
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are r; and r,. Then the general solution of the Euler equation

az’y” +bxy +cy=0 (7.4.12)

on (0,00) IS

y=c12™ + cox™ if 1 and ry are distinct real numbers ;
y=z"(c1+colnzx)if ry =7y ;

y =z [c1cos (wlnz) + casin (wlnz)] if 71,72 = A + iw with w > 0.

Proor We first show that y = y(z) satisfies (7.4.12) on (0, co) if and only if Y(¢) = y(e') satisfies the
constant coefficient equation

d’Y dYy
aﬁ + (b—a)ﬁ +cY =0 (7413)

on (—oo, c0). To do this, it's convenient to write = = €, or, equivalently, ¢ = In z; thus, Y (¢) = y(z), where z
= et. From the chain rule,

_dyds
dt  dz dt
and, since
dr _ i _
da ~ 7
it follows that
dy dy
a2 7.4.14
at ~ dr ( )

Differentiating this with respect to + and using the chain rule again yields

e’y d (dY)_d ( dy)
a2 dt \at ) dt \"dz
_d_xﬁ d*y dx

T dt dr Va2 dt

—xﬂ—i—:ﬂﬁ (sinced—m—x>
- Vdzx da? a )
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From this and (7.4.14),

,d% &Y dY

Ta? T ar T a

Substituting this and (7.4.14) into (7.4.12) yields (7.4.13). Since (7.4.11) is the characteristic equation of
(7.4.13), Theorem 5.2.1 implies that the general solution of (7.4.13) on (—oo, ) iS

Y (t) = cie™ + coe™! if r; and ry are distinct real numbers;
Y(t) = e”t (Cl + Cgt) if ] =T9,
Y(t) = eM (c1coswt + cosinwt) if r1,79 = A + iw with w #£ 0.

Since Y (t) = y(e?), substituting t = In z in the last three equations shows that the general solution of
(7.4.12) on (0, ) has the form stated in the theorem.

ExampLE 7.4.6

Find the general solution of
z%y” —5zxy +9y =0 (7.4.15)

on (0, co).

SoruTion The indicial polynomial of (7.4.15) is

p(r) =r(r—1)—5r+9=(r—3)%

Therefore the general solution of (7.4.15) on (0, 00) is

y=12*(c; +cynz).

ExawvpLE 7.4.7

Find the general solution of

z*y” +3zy’ + 2y =0 (7.4.16)
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on (0, co).
SovruTion The indicial polynomial of (7.4.16) is
p(r)y=r(r—1)4+3r+2=(r+ 1)2—|—1.
The roots of the indicial equation are » = —1 + i and the general solution of (7.4.16) on (0,00) IS

1
y== [c1cos(Inz) + o sin(lnz)] .

7.4 Exercises

In Exercises 1-18 find the general solution of the given Euler equation on (0, ).
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10.

11.

12.

13.
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2y’ +Tey +8y=0

Show answer

x2y” —Txy’ + Ty =10

Show answer

ey’ —zy +y=

Show answer

0

z%y” +5zy +4y=0

Show answer

2.1

ey tay +y=

Show answer

0

z%y” —3zy +13y=0

Show answer

z%y” +3zy —3y=0

Show answer

122%y” — 5zy” + 6y =0

Show answer

4x2y” +8xy’ +y =10

Show answer

4

w

$2y

Show answer

[\~

Show answer

—zy +y=0

z2y” — 3zy’ +2y =0

x2y” +3xy +5y=0

Show answer

9z2y” + 15z’ +y=0

Show answer
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14.

15.

16.

17.

18.

19.

7 Series Solutions of Linear Second Order Equations

2y —zy +10y=0

8

Show answer

22y’ —6y=0

Show answer

222" +3zy —y=0

Show answer

2%y’ —3xy +4y=0

Show answer

22%y” +10zy’ + 9y =0

Show answer

a. Adapt the proof of Theorem 7.4.3 to show that y = y(z) satisfies the Euler equation
a:c2y” +bxy +ey=0
on (—oo,0) if and only if Y(t) = y(—et)

d’y

b v Y =0
W—i_( —a)%—l-c =0.

a

on (—oo, 00).

b. Use (a) to show that the general solution of (7.4.1) on (—o0,0) IS

y = c1|x|™ + co|z|™ if r1 and ry are distinct real numbers;
y=|z|"(c1 + c2ln|z|) if r1 = ro;
y = |z|* [e1 cos (win |z|) + cosin (wln |z])] if 71,79 = A 4 iw with w > 0.
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20. Use reduction of order to show that if

ar(r—1)+br+c=0

has a repeated root r; then y = 2" (¢; + ¢z Inz) is the general solution of

az’®y” +bxy +cy=0

on (0,0).

21. A nontrivial solution of

Po(z)y" + Pi(x)y’ + Py(z)y =0

is said to be oscillatory on an interval (a, b) if it has infinitely many zeros on (a,b). Otherwise y is
said to be nonoscillatory on (a,b). Show that the equation

z?y” +ky=0 (k= constant)

has oscillatory solutions on (0, o) if and only if k > 1/4.
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22. In Example 7.4.2 we saw that z, = 1 and z, = —1 are regular singular points of Legendre’s
equation

(1—2)y” — 22y’ + a(a+ 1)y = 0. (A)

a. Introduce the new variables t = z — 1 and Y (¢) = y(¢t + 1), and show that y is a solution of (A)
if and only if Y is a solution of

2

2+ t)ﬂ

dY
2l +t)— — 1)Y=0
w7 T2+ 1) — —ala+1)Y =0,

which has a regular singular point at ¢, = 0.

b. Introduce the new variables t = z + 1 and Y (t) = y(t — 1), and show that y is a solution of (A)
if and only if Y is a solution of

2

Y ay
t(2 — t)m + 2(1 7t>% + Oé(Oz + ].)Y = 0,

which has a regular singular point at ¢y = 0.

23. Let Py, P, and P, be polynomials with no common factor, and suppose z, # 0 is a singular point of
Py(z)y” + Pi(z)y + Py(z)y = 0. (A)

Lett=x—x¢and Y(t) = y(t + o).

a. Show that y is a solution of (A) if and only if Y is a solution of

&’y dy
RO(t)W + Ry (t)% + Rz(t)Y =0. (B)

where
Rz(t):Pl(t—}—aco), 220,1,2

b. Show that Ry, R;, and R, are polynomials in ¢ with no common factors, and Ry(0) = 0; thus,
to = 0 is a singular point of (B).

7.5 The Method of Frobenius |
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In this section we begin to study series solutions of a homogeneous linear second order differential
equation with a regular singular point at z, = 0, so it can be written as

> A(x)y” + zB(x)y’ + C(z)y =0, (7.5.1)

where A, B, C are polynomials and A4(0) # 0.

We'll see that (7.5.1) always has at least one solution of the form

where aq # 0 and r is a suitably chosen number. The method we will use to find solutions of this form
and other forms that we’ll encounter in the next two sections is called the method of Frobenius (http://www

-history.mcs.st-and.ac.uk/Mathematicians/Frobenius.html), and we’ll call them Erobenius solutions (http:/www-history.m

cs.st-and.ac.uk/Mathematicians/Frobenius.html).

It can be shown that the power series Y~ a,z™ in a Frobenius solution of (7.5.1) converges on some
open interval (—p, p), where 0 < p < co. However, since z" may be complex for negative = or undefined if
z = 0, we’'ll consider solutions defined for positive values of z. Easy modifications of our results yield
solutions defined for negative values of z. (Exercise 54).

We'll restrict our attention to the case where A, B, and C are polynomials of degree not greater than
two, so (7.5.1) becomes

xQ(ao + o1z + agac?)y” +x(Bo + Brz + ,32:62)y' + (yo + Mz + 72$2)y =0, (7.5.2)

where «;, 8;, and v; are real constants and «, # 0. Most equations that arise in applications can be
written this way. Some examples are

Extension "html" failed to load

where we would multiply the last equation through by = to put it in the form (7.5.2). However, the
method of Frobenius can be extended to the case where A, B, and C are functions that can be
represented by power series in z on some interval that contains zero, and A4,(0) # 0 (Exercises 57 and
58).

The next two theorems will enable us to develop systematic methods for finding Frobenius solutions of

(2.5.2).

THEOREM 7.5.1
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7 Series Solutions of Linear Second Order Equations

Let

Ly = z%(ap + a1z + a2z?)y” + 2(Bo + Biz + Bex2)y’ + (y0 + 1T + 1222y,

and define

po(r) = aor(r — 1) + Bor + 7o,
pi(r) = arr(r —1) + Bir + 71,
p2(r) = aor(r — 1) + Bar + 2.

Suppose the series

y=> apz"" (7.5.3)
n=0
converges on (0, p). Then
Ly = Z bzt (7.5.4)
n=0
on (0, p), where
bo = po(r)ao,
b1 = po(r+1)ai + pi(r)ao, (7.5.5)
bn = po(n+r)a, +pi(n+r—1an1+pan+r—2)a, 2 n>2.

Proor We begin by showing that if y is given by (7.5.3) and «, 8, and v are constants, then

az’y’ + Bry +yy =Y p(n+r)az""", (7.5.6)

n=0

where
p(r) =ar(r—1)+ pr+1.

Differentiating (3) twice yields
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=Y (n+r)ae™ (7.5.7)
n=0
and
o0
(n+r)(n+7r—1anz" "2 (7.5.8)
n=0

Multiplying (7.5.7) by = and (7.5.8) by z? yields

o0

zy = Z(n +r)a,z™t"

n=0

and
Zn—f—r Y(n+7r—1)a,z"t"
n=0

Therefore

o0

az’y’ + Bry’ +yy =Y [an+r)(n+r—1)+B(n+r)+]aa™t
n=0

o0

p(n+r) apx"™t
n=0

which proves (7.5.6).

Multiplying (7.5.6) by z yields

z(az®y” + Boy +yy) = Y p(n+r)a,z" T = pn+r—1amz". (7.5.9)
n=0

n=1

Multiplying (7.5.6) by z? yields
2 (azy” + Bxy’ +yy) = Zp n+r)a,z"E = Zp n4+r—2)a, o™ (7.5.10)

n=0 =2

To use these results, we rewrite
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Ly = z*(ap + a1z + a2z?)y” + z(Bo + Biz + B2z?)y’ + (y0 + M1z + Y222y

as

Ly = (ox?y” + Bozy’ +v0y) + z (12y” + Brzy’ + 1y)
(7.5.11)
+ 2% (a2z?y” + Bozy’ + Yoy) -

From (7.5.6) with p = p,,
o0
aony// + ﬂoxy' + oy = Zpo(n + r)anxnﬁ".
n=0

From (7.5.9) with p = p,,

z (arz’y” + Przy’ +my) = Zm(n +r—1ap, 12"
n=1
From (7.5.10) with p = ps,
o0
” (a2z®y” + Bozy’ +y2y) = Y pa(n+7—2)a, 92"
n=2
Therefore we can rewrite (7.5.11) as
Ly = Zpo(n + ra,z™t" + Zpl(n +r—1a,_12"*"
n=0 n=1
+ sz(n + 7 —2)a, ox™",
n=2

or
Ly = po(r)aoz” + [po(r + 1)a; + p1(r)ag) "+

+ Z [po(n+7)ay, +p1(n+7r—1)an_1 + pa(n +r—2)a, o] 2",

n=2

which implies (7.5.4) with {b,} defined as in (7.5.5).
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THEOREM 7.5.2

Let

Ly = z*(ap + a1z + a22”)y” + 2(Bo + frz + Baz”)y’ + (70 + nz + 1227y,

where «aq # 0, and define

po(r) = aor(r — 1) + Bor + Y0,
pi(r) = axr(r — 1) + Bir + 71,
p2(r) = aor(r — 1) + Baor + 2.

Suppose r is a real number such that py(n + r) is nonzero for all positive integers n. Define

ap(r) = 1,
_ pi(r)
ai(r) = —\dst3roy, (7.5.12)
n+r—1)an—1(r n+r—2)an—o(r
aa(r) = —\dst R Dot Yenstt) gy 5 p
Then the Frobenius series
y(z,r) =" Zan(r)x" (7.5.13)
n=0
converges and satisfies
Ly(z,r) = po(r)z" (7.5.14)

on the interval (0, p), where p is the distance from the origin to the nearest zero of A(z) = ag + auz
+ asz? in the complex plane. (If A is constant, then p = co.)

If {a,(r)} is determined by the recurrence relation (7.5.12) then substituting a,, = a,(r) into (7.5.5) yields
bo = po(r) and b,, = 0 for n > 1, so (7.5.4) reduces to (7.5.14). We omit the proof that the series (7.5.13)
converges on (0, p).

If a; = B; =; =0 fori=1, 2, then Ly = 0 reduces to the Euler equation

apz’y” + Boxy’ + oy = 0.
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Theorem 7.4.3 shows that the solutions of this equation are determined by the zeros of the indicial
polynomial

po(r) = apr(r — 1) + Bor + vo.

Since (7.5.14) implies that this is also true for the solutions of Ly = 0, we’ll also say that p, is the indicial
polynomial of (7.5.2), and that p,(r) = 0 is the indicial equation of Ly = 0. We’ll consider only cases
where the indicial equation has real roots r, and r,, with r; > 7.

THEOREM 7.5.3

Let L and {a,(r)} be as in Theorem ???, and suppose the indicial equation py(r) = 0 of Ly = 0 has
real roots r; and r,, where r; > r,. Then

o0

yi(@) = yla,r) =2 > an(r)e”

n=0

is a Frobenius solution of Ly = 0. Moreover, if r; — r, isn’t an integer then

is also a Frobenius solution of Ly = 0, and {y1,y-} is a fundamental set of solutions.

Proor Since r; and r, are roots of py(r) = 0, the indicial polynomial can be factored as

po(r) = ag(r —r1)(r —r2). (7.5.15)

Therefore

po(n+7r1) = nag(n + 71 —r2),

which is nonzero if n > 0, since r; — r, > 0. Therefore the assumptions of Theorem 7.5.2 hold with r = r,
and (7.5.14) implies that Ly; = po(r1)z™ = 0.

Now suppose r; — r, isn't an integer. From (7.5.15),

po(n+7r2) =nagn—r1+7r9) #0 if n=12-.
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7 Series Solutions of Linear Second Order Equations

Hence, the assumptions of Theorem 7.5.2 hold with r = ry, and (7.5.14) implies that Ly, = po(rs)z™ = 0.
We leave the proof that {y;, v} is a fundamental set of solutions as an exercise (Exercise 52). ]

It isn't always possible to obtain explicit formulas for the coefficients in Frobenius solutions. However,
we can always set up the recurrence relations and use them to compute as many coefficients as we
want. The next example illustrates this.

ExawvpLE 7.5.1

Find a fundamental set of Frobenius solutions of
2¢2(1 + z + 2°)y” + z(9 + 11z + 112°)y" + (6 + 10z + Tz*)y = 0. (7.5.16)

Compute just the first six coefficients ay,..., a5 in each solution.

SovruTion For the given equation, the polynomials defined in Theorem 7.5.2 are

po(r) = 2r(r—1)49r4+6 = (2r+3)(r+2),
p1(r) = 2r(r—1)+11r+10 = (2r+5)(r+2),
Bptlp2(r) = 2r(r—1)+11lr+7 = (2r+7)(r+1).

The zeros of the indicial polynomial p, are r; = —3/2 and ry = —2, SO r; — ro = 1/2. Therefore
Theorem 7.5.3 implies that

y =z /2 Z an(—3/2)z" and yy=x2 Z an(—2)z" (7.5.17)
n=0

form a fundamental set of Frobenius solutions of (7.5.16). To find the coefficients in these series, we
use the recurrence relation of Theorem 7.5.2; thus,

ao(r) =1,
- GO ) Gl ) R W )
ai(r) = _\dStm— \dst @ +5)(r13) = \d‘tr_i_?)’
— _\ds pi(n+r—1a,1+pr(n+7r—2)a,»
anlr) = s po(n + 1)

(n+r+1)2n+2r+3)ap_1(r)+ (n+r—1)2n+ 2r + 3)a,_a(r)
(n+r+2)(2n+2r+3)

— \dst

, (n+r+1Dap1(r)+ (n+7r—1)a,_o(r)

n > 2.
n+r+2

)
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Setting » = —3/2 in these equations yields

ao(—3/2) = 1,
a(=3/2) = -1/3, (7.5.18)
an(_3/2) _ —\dst (2n71)an71(73/22)7;(1271—5)(1,,,2(73/2) . n>2,
and setting r = —2 yields
CL()(-Q) = 1)
a(=2) =0, (7.5.19)
an(—2) = _\dst (nil)anfl(72)+<n73)an—2(72) n > 2.

Calculating with (7.5.18) and (7.5.19) and substituting the results into (7.5.17) yields the fundamental
set of Frobenius solutions

12 5 7 76
2yt 22 23 0 a4 0 5
=2 ( 3P Rt Ty T gs® Tt Tt )

1 1 1 1
2 (122 g3 gty b )
Yo =2 <+2:c 3x+8x+30m+

Special Cases With Two Term Recurrence Relations

For n > 2, the recurrence relation (7.5.12) of Theorem 7.5.2 involves the three coefficients a,(r), a,_1(r),
and a,_»(r). We’'ll now consider some special cases where (7.5.12) reduces to a two term recurrence
relation; that is, a relation involving only a,(r) and a,_;(r) or only a,(r) and a,_»(r). This simplification
often makes it possible to obtain explicit formulas for the coefficents of Frobenius solutions.

We first consider equations of the form
2 (o + a1z)y” + (o + b1z)y’ + (o + mz)y =0

with «q # 0. For this equation, a; = 82 = 2 = 0, SO p; = 0 and the recurrence relations in Theorem 7.5.2
simplify to

al) = 1 (7.5.20)

—\dst%:—;lr)anﬂ(r), n>1.

an(r)

ExampLE 7.5.2
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Find a fundamental set of Frobenius solutions of

223+ )y +5x(1+z)y — (1 —4x)y=0. (7.5.21)

Give explicit formulas for the coefficients in the solutions.

SovruTion For this equation, the polynomials defined in Theorem 7.5.2 are

po(r) = 3r(r—1)+5r—1 = @Br-—1)(r+1),
pi(r) = r(r—1)+5r+4 = (r+2)%
p2(r) = 0.

The zeros of the indicial polynomial p, are r; = 1/3 and r, = —1, SO r; — ry = 4/3. Therefore
Theorem 7.5.3 implies that

y =z Zan(1/3)x" and yy=2z"" Zan(—l)az”
n=0

form a fundamental set of Frobenius solutions of (7.5.21). To find the coefficients in these series, we
use the recurrence relationss (7.5.20); thus,

aO(T) = 13
an(r) = —\dstZitla i (r)
e (7.5.22)
= —\dst i an-1(7)
= —\dst 3Zig£1 ana(r), n=1.
Setting r = 1/3 in (7.5.22) yields
a0(1/3) = 1,
4
an(1/3) = — L 13), n>1.

By using the product notation introduced in Section 7.2 and proceeding as we did in the examples in
that section yields

(=D)"II;= (35 +4)
97n/!

a,(1/3) = , n>0.
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Therefore

_xl/gz H] 1(3J+4)

97!

x

is a Frobenius solution of (7.5.21).

Setting r = —1 in (7.5.22) yields

ao(—l) = 1,
n
an(—1)= — 320" 1(-1), n>1,
so
(—=1)"n!
an(—1) = =n o
( ) 3:1(3.7 - 4)
Therefore
71 = ( 1)nn' n
x
Z (37 —4)
is a Frobenius solution of (7.5.21), and {y;,-} is a fundamental set of solutions. [

We now consider equations of the form

2 (ap + az®)y” + z(Bo + Baz?)y’ + (y0 +7227)y =0 (7.5.23)

with «q # 0. For this equation, «; = 8; = 71 = 0, SO p; = 0 and the recurrence relations in Theorem 7.5.2
simplify to

ap(r) =1,

ay(r) =0,

an(r) = — \dstwa (r), n>2
n p()(n+’l") n—2 ) = “-

Since a,(r) = 0, the last equation implies that a,(r) = 0 if n is 0dd, so the Frobenius solutions are of the
form
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o0
y(z,r) =2" Z agm (r)z*™,
m=0

where

ap(r) = 1,
o (2mtr— 7.5.24
aom(r) = —\dstpp(iz—Magm_g(r), m > 1. ( )
ExampLE 7.5.3
Find a fundamental set of Frobenius solutions of
22— z?)y” —2(3 + 42y’ + (2 — 22y = 0. (7.5.25)
Give explicit formulas for the coefficients in the solutions.

SocuTion For this equation, the polynomials defined in Theorem 7.5.2 are

po(r) = 2r(r—1)—3r+2 = (r—2)(2r—1),
pi(r) = 0
po(r) = —[rr—1)+4r+2] = —(r+1)(r+2).

The zeros of the indicial polynomial p, are r; =2 and r, = 1/2, S0 r; — ro = 3/2. Therefore Theorem 7.5.3
implies that

y1=2") amm(1/3)a®™ and  yp =z aym(1/2)x™"
m=0

m=0

form a fundamental set of Frobenius solutions of (7.5.25). To find the coefficients in these series, we
use the recurrence relation (7.5.24); thus,

ap(r) = 1,

Ao (1) —\dst%agm,g(r)

(7.5.26)

\dSt (2m+r)(2m+r—1)

2m+r—2)(dm+2r—1 azm_g(’l“), m > 1.

Setting r = 2 in (7.5.26) yields
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a0(2) = 1,

aam(2) = \dst (m+1)(2m+1)

m(4m + 3)

a2m72(2); m 2 ]-,

SO

3

agm(Q) =

Therefore

is a Frobenius solution of (7.5.25).

Setting r = 1/2 in (7.5.26) yields

ap(1/2) =1,

aom (1/2) = \dst (dm —1)(4dm +1)

8m(4m — 3)

a2m72(1/2)7 m Z 13

SO

(45— 1)(45 + 1)
aom(1/2) = smm' H T3 )

Therefore

j=

<1 (45— 1)(45+ 1)
_ 1/2 2m
w3 (T2 )
is a Frobenius solution of (7.5.25) and {y;,y.} is a fundamental set of solutions.

REMARK

Thus far, we considered only the case where the indicial equation has real roots that don’t differ by
an integer, which allows us to apply Theorem 7.5.3. However, for equations of the form (7.5.23),
the sequence {as,,(r)} in (7.5.24) is defined for r = ry if r; — ro iSN’t @an even integer. It can be shown
(Exercise 56) that in this case
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o0 o0
y1=a" Z a2m(7°1)932m and  y; =" Z a2m(r2)x2m
m=0 m=0

form a fundamental set Frobenius solutions of (7.5.23)

UsING TECHNOLOGY

As we said at the end of Section 7.2, if you're interested in actually using series to compute numerical
approximations to solutions of a differential equation, then whether or not there’s a simple closed form
for the coefficents is essentially irrelevant; recursive computation is usually more efficient. Since it's
also laborious, we encourage you to write short programs to implement recurrence relations on a
calculator or computer, even in exercises where this is not specifically required.

In practical use of the method of Frobenius when z, = 0 is a regular singular point, we're interested in
how well the functions

approximate solutions to a given equation when r; is a zero of the indicial polynomial. In dealing with
the corresponding problem for the case where z, = 0 is an ordinary point, we used numerical integration
to solve the differential equation subject to initial conditions y(0) = ag, v’(0) = a1, and compared the
result with values of the Taylor polynomial

We can't do that here, since in general we can't prescribe arbitrary initial values for solutions of a
differential equation at a singular point. Therefore, motivated by Theorem 7.5.2 (specifically, (7.5.14)),
we suggest the following procedure.

Verification Procedure
Let L and Y, (z; r;) be defined by

Ly = 2*(ao + a1z + aoz?)y” + 2(Bo + Bz + Boz)y + (0 + yiz + y2a?)y

and
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where the coefficients {a,(r;)}\_, are computed as in (???), Theorem ???. Compute the error
En(z;ri) = " Lyy(z;7i) /g (7.5.27)

for various values of N and various values of z in the interval (0, p), with p as defined in Theorem ?77.

The multiplier z—7/a, on the right of (7.5.27) eliminates the effects of small or large values of z" near =
= 0, and of multiplication by an arbitrary constant. In some exercises you will be asked to estimate the

maximum value of Ey(z;r;) on an interval (0, 4] by computing Ey(z,,;7;) at the M points z,, = mé/M, m

=1, 2, ..., M, and finding the maximum of the absolute values:

on(6) = max{|Ex(Zm;7:)|, m=1,2,..., M}. (7.5.28)

(For simplicity, this notation ignores the dependence of the right side of the equation on i and M.)

To implement this procedure, you’'ll have to write a computer program to calculate {a,(r;)} from the
applicable recurrence relation, and to evaluate Ey(x;r;).

The next exercise set contains five exercises specifically identified by | L | that ask you to implement the
verification procedure. These particular exercises were chosen arbitrarily you can just as well formulate
such laboratory problems for any of the equations in any of the Exercises 1-10, 14-25, and 28-51

7.5 Exercises

This set contains exercises specifically identified by | L | that ask you to implement the verification
procedure. These particular exercises were chosen arbitrarily you can just as well formulate such
laboratory problems for any of the equations in Exercises 1-10, 14-25, and 28-51.

In Exercises 1-10 find a fundamental set of Frobenius solutions. Compute ag, a, ..., ay for N at least 7
in each solution.
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=
(©)

Cl2z?(14+z+2¥)y” +2(3+3zx+ 522y —y=0

Show answer

C|3z%y” + 2z

N
(0]

1+ z—22%)y + (22 —822)y=0

Show answer

w
nI

2*(3+ 3z + )y + x(5 + 8z + Ta?)y — (1 — 2z — 92°)y = 0

Show answer

P
nI

4z2y” + (T4 2z + 422)y — (1 — 4o —Tz2)y =0

Show answer

o
nl

122%(1 + z)y” + (11 + 35z + 32?)y’ — (1 — 10z — 52%)y =0

~—

Show answer

22(5+ 2 + 1022)y” + x(4 + 3z + 4822)y’ + (z + 362%)y =0

>
(2]

Show answer

~N
nI

8z%y” —22(3 —4x — 22y + 3+ 6x+22)y=0

—~

Show answer

o
ﬂI

1823 (1 + x)y” +3z(5+ 11z + 2y’ — (1 — 22 — 52%)y =0

~—

Show answer

©
nI

zB+z+z)y" +d+z—22)y +2y=0

Show answer

10. (C|102%(1 + 2 + 22%)y” + 2(13 + 132 + 662%)y’ — (1 + 4z + 1022)y =0

Show answer
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12.

13.
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The Frobenius solutions of
222(1 + x + 22)y” + 2(9 + 11z + 112?)y’ + (6 4+ 102 4 722)y = 0

obtained in Example 7.5.1 are defined on (0, p), where p is defined in Theorem 7.5.2. Find p. Then
do the following experiments for each Frobenius solution, with M = 20 and 6 = .5p, .7p, and .9p in
the verification procedure described at the end of this section.

a. Compute oy (0) (see Eqn. (7.5.28)) for N = 5, 10, 15,..., 50.
b. Find N such that oy (6) < 1075,

c. Find N such that oy (6) < 10710,

By Theorem 7.5.2 the Frobenius solutions of the equation in Exercise 4 are defined on (0, o).
Do experiments (a), (b), and (c) of Exercise 11 for each Frobenius solution, with M =20and 6 =1,
2, and 3 in the verification procedure described at the end of this section.

The Frobenius solutions of the equation in Exercise 6 are defined on (0, p), where p is defined
in Theorem 7.5.2. Find p and do experiments (a), (b), and (c) of Exercise 11 for each Frobenius
solution, with M = 20 and § = .3p, .4p, and .5p, in the verification procedure described at the end of
this section.

In Exercises 14-25 find a fundamental set of Frobenius solutions. Give explicit formulas for the

coefficients in each solution.
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14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.
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22%y" + x(3+2x)y — (1—z)y=0

Show answer

223+ 2)y” +x(5+4z)y — (1 —22)y=0

Show answer

22%y” +x(5+2)y — (2—3x)y=0

Show answer

3’y +x(1+2)y —y=0

Show answer

x2y” o a:y’ +

[\~
—

1—2z)y=0

Show answer

92%y” + 92y’ — (1 +3z)y =0

Show answer

322y +x(1+ )y — (1+32)y=0

Show answer

22%(3+z)y” + x(1+52)y + (1+z)y=0

Show answer

224+ x)y’ —x(1—3z)y’ +y=0

Show answer

22%y” +5zy’ + (1+ )y =0

Show answer

223 +4x)y” + 2(5+ 18z)y’ — (1 —12z)y =0

Show answer

62%y” +2(10 —x)y’ — (2+x)y=0

Show answer

By Theorem 7.5.2 the Frobenius solutions of the equation in Exercise 17 are defined on (0, co).
Do experiments (a), (b), and (c) of Exercise 11 for each Frobenius solution, with M =20 and ¢ = 3,
6, 9, and 12 in the verification procedure described at the end of this section.
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27. The Frobenius solutions of the equation in Exercise 22 are defined on (0, p), where p is defined
in Theorem 7.5.2. Find p and do experiments (a), (b), and (c) of Exercise 11 for each Frobenius
solution, with M = 20 and § = .25p, .5p, and .75p in the verification procedure described at the end
of this section.

In Exercises 28-32 find a fundamental set of Frobenius solutions. Compute coefficients aq, ..., ay for N
at least 7 in each solution.

28. |C|z’8+ )y +2(2+32)y’ + (1 +2)y=0

Show answer

29. (C|z?3+4z)y” + (11 +4x)y’ — (3 +4z)y=0

Show answer

30. |[C|22%(243z)y” +2(4+11z)y —(1—2)y=0

Show answer

31. |C|z2(2+z)y” +5x(1 —x)y’ — (2—8z)y

Show answer

32. (C|z*(6+2)y” +z(11+4z)y + (1 +22)y=0

Show answer

In Exercises 33—46 find a fundamental set of Frobenius solutions. Give explicit formulas for the
coefficients in each solution.
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34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

45,

7 Series Solutions of Linear Second Order Equations

8y +z(2+2*)y +y=0

Show answer

8z2(1 — z2)y” + 2z(1 — 1322)y’ + (1 — 922)y =0

Show answer

22(1+2%)y” —22(2— 22y +4y=0

Show answer

(3 +2%)y” +

—~

Show answer

2—2%)y —8zy=0

42%(1 — 2?)y” + 2(7—192%)y — (1 + 142?)y =0

Show answer

3222 —22)y” +x(1—11z?)y + (1 —52%)y =0

Show answer

2222+ 2%)y” —2(12 — T2y’ + (T+ 322)y =0

Show answer

2222+ 2%)y” + z(4+ 72?)y’ — (1 — 32}y =0

Show answer

222(1 + 222)y” + 5z(1 + 622)y’ — (2 —40z2)y =0

Show answer

3z2(1+ 22y’ +52(1+2%)y’ — (14 522y =0

Show answer

2(1+ a2y +

—~

Show answer

4+ T2y +8zy=0

2?2+ 2%y +2B+2%)y —y=0

Show answer

222(1 + 2%)y” + 2(3 + 8z2)y’ — (3 —42*)y =0

Show answer
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46. 92%y" +3x(3+22)y’ — (1 —5z2)y =0

In Exercises 47-51 find a fundamental set of Frobenius solutions. Compute the coefficients aq, ..., asy
for M at least 7 in each solution.

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 92 of 177



47

48.

49.

50.

51.

52
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. 6z%y” + z(1+ 622)y" + (1+92%)y =0

Show answer

nl

228+ z2)y” + Tx(2+ 22)y’ — (2—922)y =0

Show answer

ﬂI

92%(1 4+ 22)y” + 3z(3 + 132%)y’ — (1 — 252%)y =0

Show answer

C|422(1 4 22)y” + 42(1 + 622)y’ — (1 —252%)y =0

Show answer

CJ8z%(1+2z%)y” + 2z(5 + 342?)y’ — (1 — 302%)y =0

Show answer

. Suppose r; > 79, ag = by = 1, and the Frobenius series
o0 o0
yr=2a" Z a,z" and y; =™ Z b,z
n=0 n=0

both converge on an interval (0, p).

a. Show that y; and y, are linearly independent on (0, p).

HinT

Show that if ¢; and ¢, are constants such that c;y; + coy2 = 0 0n (0, p), then
crx’ " Z apx™ + co Z b, =0, 0<z<p.
n=0 n=0
Then let z — 0+ to conclude that ¢, = 0.

b. Use the result of (b) to complete the proof of Theorem 7.5.3.
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53. The equation

2y +ay + (2 — 1)y =0 (7.5.1)

is Bessel's equation of order v (http://mww-history.mes.st-and.ac.uk/Mathematicians/Bessel.html). (Here v is a
parameter, and this use of “order” should not be confused with its usual use as in “the order of the
equation.”) The solutions of (7.5.1) are Bessel functions of order (http://www-history.mcs.st-and.ac.uk/Math

ematicians/Bessel.html) v.

a. Assuming that » isn’t an integer, find a fundamental set of Frobenius solutions of (7.5.1).

b. If v = 1/2, the solutions of (7.5.1) reduce to familiar elementary functions. Identify these
functions.

Show answer

54, a. Verify that

2

— (al'") = (n )+ 7 = Dlalz"

d
T (Jz|"z™) = (n 4 r)|z|"z"" and

if z#0.

b. Let
Ly = 2*(ap + a1z + anz®)y” + z(Bo + iz + B2z®)y’ + (Y0 + iz + y222)y = 0.

Show that if 2"}~ a,z" is a solution of Ly = 0 on (0, p) then |z|" " a,z™ is a solution on
(_pa 0) and (07 p)
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55. a. Deduce from Eqgn. (7.5.20) that

an(r) = (—1)nﬁ putr—

i po(i+r)

b. Conclude that if py(r) = ao(r — r1)(r — ro) Where r; — r, is not an integer, then
Yy =z" Z an(ri)z" and yp =™ Z an(r2)T
n=0 n=0

form a fundamental set of Frobenius solutions of
2% (ap + a12)y” + 2(Bo + B12)y’ + (vo + 11x)y = 0.

c. Show that if p, satisfies the hypotheses of (b) then

||
Hﬁ

S
— n! [T 1]—{—7"1—7“2) e%)

and

ZOO (—1n" 7 \"
! [T (G +r2—r1) \ao

n=0
form a fundamental set of Frobenius solutions of

aoz’y” + Bozy’ + (v0 + M)y = 0.
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56. Let

Ly = z*(ao + cz®)y” + z(Bo + Baz®)y’ + (yo + 722y = 0

and define

po(r) =aor(r—1)+ Bor+v and  pa(r) = asr(r — 1) + Bor + 2.

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 96 of 177



7 Series Solutions of Linear Second Order Equations

a. Use Theorem 7.5.2 to show that if

ap(r) = 1,

7.5.1
po(2m + r)agy, (1) + p2(2m + 17 — 2)ag,o(r) = 0, m>1, ( )

then the Frobenius series y(z,r) = 2" Y.%_, asnz®™ satisfies Ly(z,r) = po(r)z".

b. Deduce from (7.5.1) that if po(2m + r) is nonzero for every positive integer m then

p2(2j+7—2)
a2m mH

=1 DPo (25+7)

c. Conclude that if py(r) = ag(r — r1)(r — r2) Where r; — ry is not an even integer, then
y1 =z Z asm(ry)z®™  and gy, = 2™ Z Ao (re) ™

form a fundamental set of Frobenius solutions of Ly = 0.

d. Show that if p, satisfies the hypotheses of (c) then

"y (=" (’72 )m 2
=" -] x™
& Z 2mm)! H 125+ —r2) Vo

and

00 —1)m m
ys = " m( ) ) (ﬁ) x2m

=6 2mm! [[21(27 +r2—71) \ o
form a fundamental set of Frobenius solutions of

aoz®y” + Bozy’ + (Y0 + 23%)y = 0.
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57. Let
Ly = z*q(2)y" + zq1(2)y’ + g2(2)y,
where
go(z) = i ae’,  qi(z) = iﬂjwj , @2(2) = iwfvj :
=0 =0 =0
and define

pi(r) =ajr(r—1)+Br+;, 7=0,1,....

Lety=az"> ", a,z". Show that
Ly=zx" Z bpz”,
n=0
where

b, = pi(n+1—j)an;.
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58. a. Let L be as in Exercise 57. Show that if

where

then

Ly(z,r) = po(r)z".

b. Conclude that if

po(r) = ag(r —r1)(r — o)

where r; — ry iSN’t an integer then y; = y(x,7;) and y, = y(x,r;) are solutions of Ly = 0.
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59. Let

Ly = z*(a + agz?)y” + (8o + Bez )y’ + (y0 + 7429y

where ¢ is a positive integer, and define

po(r) = aor(r—1) + Bor+v9 and  pg(r) = agr(r — 1) + Bgr + .
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a. Show that if
y(z,r) =z" Z Qg ()™
m=0

where

ap(r) = 1,

_\ dist Zelalm=1+)

(7.5.1)
po(gm—+) a’q(mfl) (’f‘),

Qg (T) m>1

then
Ly(z,r) = po(r)z".

b. Deduce from (7.5.1) that

i Dq (Q(] - 1) + r)

()= (=" || ———.
a7 = (1) JHl po(gj+1)

c. Conclude that if py(r) = ao(r — r1)(r — 7o) Where r; — ry is not an integer multiple of ¢, then

[ee] o0
y1=a" Y agn(r)z™ and  y; =2 Y agn(rs)z™
m=0 m=0

form a fundamental set of Frobenius solutions of Ly = 0.
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d. Show that if p, satisfies the hypotheses of (c) then

Y11=

" =" (ﬁ)’"mqm

= qmm! [ (g +r1—72) \ag

and

! qmm'H (@i +re—r1) \ao
form a fundamental set of Frobenius solutions of

aoz?y” + Bozy + (o + Y42ty = 0.
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. Suppose ag, a1, and a, are real numbers with o, # 0, and {a, }>°, is defined by

apal + arag =0

and
Qoay + 10,1 + @2a, 0 =0, n>2.
Show that
s
(o + a1z 4 agz?) Z a,z" = agpag,
n=0

and infer that

o0

n Qoagp
Z an® = P
= oo + 01T + Qx
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b. With oy, a1, and a4 as in (a), consider the equation

(o + a1z + apz?)y” + 2(Bo + Brz + Baz)y’ + (70 + 1z + Yez?)y = 0, (7.5.1)
and define
pj(r) =ayr(r—1)+ Br+v;, j=0,1,2.
Suppose
pi(r—1) _ o pa(r —2) _x
po(r) o’ po(r) a’
and

po(r) = ap(r —r1)(r —rea),

where r; > ry. Show that

" q z"
Y1 = an Y2 =
ag + a1 + agx?

oy + a1 + asx?

form a fundamental set of Frobenius solutions of (7.5.1) on any interval (0, p) on which o
+ a1z + asz? has no zeros.

In Exercises 61-68 use the method suggested by Exercise 60 to find the general solution on some
interval (0, p).
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61. 22°(1+2)y” —2(1—32)y +y=0

Show answer

62. 622(1+ 2z2)y” + z(1+ 50z2)y’ + (1 + 30z2)y =0

Show answer

63. 2822(1—3z)y” — Tx(5+9z)y’ +7(2+9z)y =0

Show answer

64. 9225+ z)y” +92(5+3z)y’ — (5—8z)y=0

Show answer

65. 8z%(2 — z?)y” + 2z(10 — 21z?)y’ — (2 + 352%)y =0

Show answer

66. 42%(1+3z+2?)y” —4z(1—3z—32Y)y +3(1—z+2%)y=0

Show answer

67. 322(1 4+ 2)%” —x(1— 10z — 112%)y’ + (1 4+ 523y =0

Show answer

68. 42?(3+ 2z + 2%)y” — (3 — 14z — 152y’ + 3+ 72?)y =0

Show answer

7.6 The Method of Frobenius Il

In this section we discuss a method for finding two linearly independent Frobenius solutions of a
homogeneous linear second order equation near a regular singular point in the case where the indicial
equation has a repeated real root. As in the preceding section, we consider equations that can be
written as

z*(ap + arz + az®)y” + (8o + iz + B2y’ + (o + Mz + ye2)y =0 (7.6.1)

where a4 # 0. We assume that the indicial equation py(r) = 0 has a repeated real root r,. In this case
Theorem 7.5.3 implies that (7.6.1) has one solution of the form

00
= z" E anxn,
n=0
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but does not provide a second solution y, such that {y;,y.} is a fundamental set of solutions. The
following extension of Theorem 7.5.2 provides a way to find a second solution.

THEOREM 7.6.1
Let

Ly = z*(ap + a1z + asz?)y” + z(Bo + Bz + Boz?)y’ + (v0 + iz + 722y, (7.6.2)

where o, # 0 and define

aor(r — 1) + Bor + Yo,

s
(=]
—
=
=
I

ayr(r—1) + Bir + 71,
p2(r) = agr(r — 1) + Bar + 2.

S
S
—
=
=
I

Suppose r is a real number such that py(n + r) is nonzero for all positive integers n, and define

ap(r) = 1,
al(r> = _\dSt pop(lr(_:)l) )
an(,,,) — —\dSt P1(n+r71)anq;gzl‘zjignJrrf?)a",g(r) . n>2
Then the Frobenius series
[o¢]
y(z,r) =2" Z an(r)z" (7.6.3)
n=0
satisfies
Ly(z,r) = po(r)z’. (7.6.4)
Moreover,
9y PNS o
E(a:, r)=y(z,r)lnz +z Z a,(r)z", (7.6.5)
n=1
and
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L (%(m, 7‘)) = po(r)z” + z"po(r) Inz. (7.6.6)

Proor Theorem 7.5.2 implies (7.6.4). Differentiating formally with respect to r in (7.6.3) yields

Oy IR - R
E(m,r) = \dst o (z )Zan(r)m +z ;an(r)x

n=0

o o0
= \dstz" Inz Z an(r)z™ + z" Z a, (r)z"
n=0 n=1

o0
=y(z,r)Inz + 2" Z a,(r)z",
n=1

which proves (7.6.5).

To prove that dy(z, r)/0r satisfies (7.6.6), we view y in (7.6.2) as a function y = y(z,r) of two variables,
where the prime indicates partial differentiation with respect to z; thus,

A4 _ay no__ N _a2y
y =y'(z,r)= oz (z,r) and y" =y"(z,7)= 2 (z,7).
With this notation we can use (7.6.2) to rewrite (7.6.4) as
0* 0
152(10(55)_?2/(337 T) + g1 (I)_y(ma T) + QZ(I)y(‘Tv T) = pO(T)xra (767)
Ox or

where

qo(z) = ag + a1z + asx?,
q1(z) = Bo + Bz + Baz?,

32(x) = y0 + Nz + 7202,
Differentiating both sides of (7.6.7) with respect to r yields

3y 0%y Oy
2 _ 7 r T
z qo(x) 8""8{[:2 (ZE, T') + qu (l‘) araw (ZL', T) + qZ (flf) 8T (l‘, T) - po(r)x + pO(T):L‘ anL'.

By changing the order of differentiation in the first two terms on the left we can rewrite this as
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9%y 9%y dy
2 — r T
QO( )61‘237‘ (x7r)+qu(x) axar (1’,7") +QQ(x) 87" (.’E,’)") pO(T)x +p0(’l").’17 hl.’E,
or
02 [0y o [0y oy
2 — T r
x qg(:c)—ax2 <_8r (x,r)) + zq1(z) o (_ax (a:,r)) + Q2(x)_6r (z,7) = py(r)z" + po(r)z” Inw,

which is equivalent to (7.6.6).

THEOREM 7.6.2

Let L be as in Theorem 7.6.1 and suppose the indicial equation py(r) = 0 has a repeated real root
r1. Then

and

G —
ya(z) = 8_?:(96’ r1) =yi(z) Inz + 2" Z a,(r1)z" (7.6.8)

n=1

form a fundamental set of solutions of Ly = 0.

Proor Since r; is a repeated root of py(r) = 0, the indicial polynomial can be factored as

po(r) = aog(r—r1)?,

SO

po(n+r1) = agn?,

which is nonzero if n > 0. Therefore the assumptions of Theorem 7.6.1 hold with » = r;, and (7.6.4)
implies that Ly; = po(r1)z™ = 0. Since

po(r) = 2a(r —71)
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it follows that p((r;) = 0, so (7.6.6) implies that

Lys = po(r1)z™ + x"'po(r1) Inz = 0.

This proves that y; and y, are both solutions of Ly = 0. We leave the proof that {y;,y.} is a fundamental
set as an exercise (Exercise 53).

ExampPLE 7.6.1

Find a fundamental set of solutions of

2?1 -2z + 2%y —z(3+z)y +(4+2)y=0. (7.6.9)

Compute just the terms involving =+, where 0 < n < 4 and r, is the root of the indicial equation.

SovruTion For the given equation, the polynomials defined in Theorem 7.6.1 are

po(r) = r(r—1)—3r+4 = (r—2)>2
pi(r) = =2rr—1)—r+1 = —(r—1(2r+1),
po(r) = r(r—1).

Since r, = 2 is a repeated root of the indicial polynomial p,, Theorem 7.6.2 implies that

Y =2’ Z a,(2)z" and yo=y1lnz+ x> Z a;(Z)a)" (7.6.10)
n=0 n=1

form a fundamental set of Frobenius solutions of (7.6.9). To find the coefficients in these series, we use
the recurrence formulas from Theorem 7.6.1:

ap(r) = 1,

r r—1)(2r+1 -
ai(r) = —\dst pf(lir)l) = —\ds‘c—< (ll)j) = \dst%,
an("') — —\dSt pi1(n+r—1)an_1(r)+p2(n+r—2)an o(r)

po(n+7) (7.6.11)

n+r—2)[(2n+2r—1)a,_1(r)—(n+r—3)a, o(r
— \dop e e, o) (rtr S o)

= \dst %an,l(r) — EZI:;; an—o(r),n > 2.
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Differentiating yields

— 3
ai (’f‘) = —\dSt W ,
an(r) = \dstZESLal (r) — 2=l (r) (7.6.12)

\dst—ﬁan_l(r) - man_g(T), n > 2.

Setting r =2in (7.6.11) and (7.6.12) yields

a0(2) = ]-7
2) = 5
a(2) ’ (7.6.13)
a,(2) = \dstZq, (2) - UG, 4(2), n>2
and
a1(2) = 73,
(7.6.14)
an(2) = \dstZZEa (2)— 2La) 5(2) — Fan1(2) — Fana(2), n>2.
Computing recursively with (7.6.13) and (7.6.14) yields
143 355
04](2) = ].7 (11(2) = 5, a2(2) = 17, a3(2) = T, 0,4(2) = T,
and
/ / 29 859 4693
a1(2) = =3, 65(2) = — 57, a3(2) = — 7 au(2) =~

Substituting these coefficients into (7.6.10) yields

143 355
Y =2’ (1 + 5z + 1727 + Ta:3 + =2 + )

and

o 3(3+29 L 859, 4693
a=yime—e 2T I8 T 36

z* + ) .\bbox
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Since the recurrence formula (7.6.11) involves three terms, it's not possible to obtain a simple explicit
formula for the coefficients in the Frobenius solutions of (7.6.9). However, as we saw in the preceding
sections, the recurrrence formula for {a,(r)} involves only two terms if either a; = 81 =y =0 0r ay = 32
=, =01in (7.6.1). In this case, it's often possible to find explicit formulas for the coefficients. The next
two examples illustrate this.

ExampLE 7.6.2

Find a fundamental set of Frobenius solutions of

2¢%(2 + 2)y” +52% + (1 +2)y = 0. (7.6.15)

Give explicit formulas for the coefficients in the solutions.

SoruTion For the given equation, the polynomials defined in Theorem 7.6.1 are

po(r) = dr(r—1)+1 = (2r —1)2,
pi(r) = 2r(r—1)+5r+1 = (r+1)2r+1),
pa(r) = 0.

Since r; = 1/2 is a repeated zero of the indicial polynomial p,, Theorem 7.6.2 implies that

o0
yp = z'/? Z an(1/2)z" (7.6.16)
n=0
and
Y2 = Y1 lnx+x1/22a;(1/2)x” (7.6.17)
n=1

form a fundamental set of Frobenius solutions of (7.6.15). Since p, = 0, the recurrence formulas in
Theorem 7.6.1 reduce to

1

~—

aO(T )

1(n+r—1
an(r) = —\dst%r)an,l(r),

n+r)(2n+2r—1
= —\dstEHE g, (),

= —\dstzte—gan-1(r), n>0.
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We leave it to you to show that
n>0. (7.6.18)

Setting r = 1/2 yields

an(1/2) (=1)m\dst T, \dst 252 = (—1) TT, \dst 2L,

(7.6.19)
()" T (2+1)

4nn[ )

= \dst n > 0.

Substituting this into (7.6.16) yields

)" [T (27 + 1)

= xl/QZ 4”n' z".

To obtain y, in (7.6.17), we must compute a,,(1/2) for n = 1, 2,.... We’'ll do this by logarithmic
differentiation. From (7.6.18),

o it
— > 1.
lan(r)l = H 2jtor—1

Therefore

n

Infan(r) =Y (nlj+r| —In|2j+2r —1|).
J=1

Differentiating with respect to r yields

a;(r>_"< o 2 )
an(r)_,:1 jH+r  2j+2r—1)°

Therefore

, n oo 2
an(r) = an(r) 2 (j—i—r - 2j+2r—1>'

Setting » = 1/2 here and recalling (7.6.19) yields
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—1)" 7?_1 2741 n n
a;(1/2)=( ) Hﬁﬂf /+y (Z = %)

J=1

Since

1 1 j—j—1/2 1
i+1/2 G iG+1/2) 2+’
(7.6.20) can be rewritten as
D", (2j+1) »
g CUTL@HD & 1
4l 2+ 1)
Therefore, from (7.6.17),
< ()" [[=(25+1) (& 1
— 1 172 J __
Y2=y1lnr—2x ; 47 ;]<2j+1)

ExampLE 7.6.3

Find a fundamental set of Frobenius solutions of

222 —z¥)y” — 2z(1 + 222y’ + (2 — 22y = 0.

Give explicit formulas for the coefficients in the solutions.

SoruTion For (7.6.21), the polynomials defined in Theorem 7.6.1 are

po(r) = 2r(r—1)—2r+2 = 2(r—1)2%
pi(r) = 0,
pr) = —re-D—dr-2 = 1+,

z".

(7.6.20)

(7.6.21)

As in Section 7.5, since p; = 0, the recurrence formulas of Theorem 7.6.1 imply that a,(r) = 0 if n is odd,

and
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ap(r) = 1,
aom(r) = —\dstZm D, o(r)

= \ds t—mz:nj:@f;; 2 o (7)

= \dst2—i:ﬁr—1>a2m 2( ) m 2 1.

Since r, = 1 is a repeated root of the indicial polynomial p,, Theorem 7.6.2 implies that

Yy1=1x Z agm(l)ac2
m=0

and

o0
y2=y1lnz+uz Z @ (1) ™"

m=1
form a fundamental set of Frobenius solutions of (7.6.21). We leave it to you to show that

1 & 247

aam(r) = om =1 2+r—1

Setting r = 1 yields

1o+l T2+

am 132 4mml 7

aam (1) =

and substituting this into (7.6.22) yields

H] 12]+1) 2m
—_— X .

=g Z 4™mm)

To obtain y, in (7.6.23), we must compute a5,,(1) for m = 1, 2, .... Again we use logarithmic
differentiation. From (7.6.24),

125 + |
aom(r
[a2m( 2mH|2j+r—1|

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 114 of 177

(7.6.22)

(7.6.23)

(7.6.24)

(7.6.25)



7 Series Solutions of Linear Second Order Equations

Taking logarithms yields

Inagm(r)| = —mIn2+> " (In]2j+ 7| —In|2j+r—1]).

j=1
Differentiating with respect to r yields
a5, (1) & ( I 1 )
Ao (1) 4 2j+r  2+r—1)"

Therefore

, m 1 1
"2’“(")_“2’”(”2<2j+r - 2j+r,1)~

J=1

Setting r = 1 and recalling (7.6.25) yields

T2+ >
o j=1(2 ( 1 _i)
Ay (1) = \dst ——— ; 5r1 %) (7.6.26)
j_
Since

(7.6.26) can be rewritten as

Substituting this into (7.6.23) yields

m .
& [m2i+1) (& 1 9m
y2=y1lnz — 3 Z T Z FETEEY) z“™.\bbox

m=1 j=1

If the solution y; = y(z,r;) of Ly = 0 reduces to a finite sum, then there’s a difficulty in using logarithmic
differentiation to obtain the coefficients {a/ (r1)} in the second solution. The next example illustrates this
difficulty and shows how to overcome it.

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 115 of 177



7 Series Solutions of Linear Second Order Equations

ExampLE 7.6.4

Find a fundamental set of Frobenius solutions of

2%y’ —z(5—2)y + (9 —42)y = 0. (7.6.27)

Give explicit formulas for the coefficients in the solutions.

SoruTion For (7.6.27) the polynomials defined in Theorem 7.6.1 are

po(r) = r(r—1)—5r+9 = (r—3)%
pr) = -4,
pa(r) = 0.

Since r; = 3 is a repeated zero of the indicial polynomial py, Theorem 7.6.2 implies that

y1 = z° Z an(3)z™ (7.6.28)
n=0
and
ve=yilnz+2*> a,(3)a" (7.6.29)
n=1

are linearly independent Frobenius solutions of (7.6.27). To find the coefficients in (7.6.28) we use the
recurrence formulas

ao(r 1,

an(r) = —\dst p;(ﬂx_;)l) an_1(r)

~

= —\dst (::TT:?ZZ an-1(r), n>1

We leave it to you to show that

n

an(r) = (—1 [[ =2

Setting r = 3 here yields
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S0 a1(3) =1 and a,(3) = 0 if n > 2. Substituting these coefficients into (7.6.28) yields

y =2(1+z).

To obtain y2 in (7.6.29) we must compute a,,(3) forn =1, 2, .... Let’s first try logarithmic differentiation.
From (7.6.30),

o lj+r—5
an(T)| = ) 21,
R e
SO
In|a,(r)| = (Injj+r—>5]—2n|j+r—3|).
=1

Differentiating with respect to r yields

a,(r) & ( 1 B 2 )
an(r) = \j+r—5 j+r—3/)"
Therefore

S " 1 2
an(r)—a7l(r)2(j+r_5 j+r_3>- (7.6.31)

J=1

However, we can’t simply set » = 3 here if n > 2, since the bracketed expression in the sum
corresponding to j = 2 contains the term 1/(r — 3). In fact, since a,(3) = 0 for n > 2, the formula (7.6.31)
for a/ (r) is actually an indeterminate form at » = 3.

We overcome this difficulty as follows. From (7.6.30) with n = 1,

r—4

ay(r) :—m.

Therefore
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sSo
a1 (3) = —3. (7.6.32)
From (7.6.30) with n > 2,

H?:zs(j +r—5)

an(r) = (=1)"(r—4)(r —3) T G 37 = (r—3)ea(r),
where
n [[j=s(+7—5)
en(r) =(=1"(r—4) H;L_l Grr—a2 n>2
Therefore

which implies that o/ (3) = ¢,(3) if n > 3. We leave it to you to verify that

—1)n+1
an(3) =cn(3) = ﬁ, n>2.

Substituting this and (7.6.32) into (7.6.29) yields

_ 3 PR T o S G DL
yp=2(14+2)lnx —3z* — =z \dst;mx.

7.6 Exercises

In Exercises 1-11 find a fundamental set of Frobenius solutions. Compute the terms involving 2",
where 0 < n < N (N at least 7) and r, is the root of the indicial equation. Optionally, write a computer
program to implement the applicable recurrence formulas and take N > 7.
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=

)2y — a2y + APy =0

Show answer

n
ﬂl

22(1+z + 202)y + 2(3 + 62 + T22)y’ + (1 + 6z — 322)y = 0

Show answer

w
nI

22(1+ 2z + 2%)y” + z(1 + 3z + 42?)y’ — (1 —22)y =0

Show answer

P
nI

4z’(1+z+2%)y" +1222(1+2)y’ + (1 + 3z + 322y =0

Show answer

o
ﬂl

2’ (1+z+ 2y’ —z(1— 4z —22%)y +y=0

Show answer

92%y” + 3z(5 + 3z — 22%)y’ + (1 + 122 — 1422)y =0

>
(2]

Show answer

~
.I

. ax2y”+x(1+x+x2)y/+x(2—x)y20

Show answer

o
ﬂI

(1 +2z)y” + z(5+ 14z + 32%)y’ + (4 + 18z + 122%)y =0

Show answer

©
nI

4x?y” + 2x

—~

A+ z+22)y + (1+5z+322)y=0

Show answer

10. |C|162%” +4z(6 + x + 22%)y’ + (1 + 5z + 182%)y =0

Show answer

11.

(]

9z%(1+ z)y” +3z(5+ 11z — 2%)y’ + (1 + 162 — Tz*)y =0

Show answer

In Exercises 12-22 find a fundamental set of Frobenius solutions. Give explicit formulas for the
coefficients.
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12, 422y + (1+42)y=0

Show answer

13. 3622(1 —2z)y” +24z(1 —9z)y’ + (1 — 70z)y =0

Show answer

14. 2*(1+a)y” —z(3—a)y +4y=0

Show answer

15. z%(1—2z)y” —z(5—4z)y’ + (9 —4z)y =0

Show answer

16. 25z%y" + z(15+2)y + (1+z)y =0

Show answer

17. 2222+ 2)y" + 2% + (1 —2)y=0

Show answer

18. z2(9+4z)y” +3zy + (1 +2)y=0

Show answer

19. 2%y —z(3—22)y’ + (4 +3z)y=0

Show answer

20. z2(1—4=x)y” + 3z(1 — 62)y’ + (1 —122)y =0

Show answer

21. 22(1+22)y" +2(3+52)y + (1 —2z)y=0

Show answer

22, 22*(1+ )y’ —2(6—2)y +(8—z)y=0

Show answer

In Exercises 23-27 find a fundamental set of Frobenius solutions. Compute the terms involving =™,
where 0 <n < N (N at least 7) and r1 is the root of the indicial equation. Optionally, write a computer
program to implement the applicable recurrence formulas and take N > 7.
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23. (Cl2*(1+22)y" +x(5+92)y + (4+3x)y=0

Show answer

24. z2(1—2z)y" —xz(5+4z)y’ + (9+4x)y=0
25. 2?(1+42)y” —2(1—4z)y’ + (1+2)y=0

Show answer

26. C|z*(1+2)y +z(1+22)y +2y=0

Show answer

27.

(]

e?(1—2)y" +z(T+2)y +(9—2)y=0

Show answer

In Exercises 28-38 find a fundamental set of Frobenius solutions. Give explicit formulas for the
coefficients.
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28. 7%y —z(1—2?)y' + (1+2%)y=0

Show answer

29. 22(1+2?)y” —3z(1—2?)y +4y=0

Show answer

30. 4z%y” + 223y + (1 +32%)y =0

Show answer

31. 22(1+2%)y" —z(1—22%)y +y=0

Show answer

32, 2222+ 22)y” + 723y + (1 + 32%)y =0

Show answer

33. 22(1+ 2y —z(1 —4z?)y + (1+22%)y =0

Show answer

34. 42?4+ 22)y” +32(8 +32%)y’ + (1 —92H)y =0

Show answer

35. 3223+ 2%)y” + 2(3+ 112%)y’ + (1 + 522)y =0

Show answer

36. 4z2(1+4z?)y” + 3223y +y=0

Show answer

37.

©

z2y” — 3x(7 —22%)y + (25 + 22%)y =0

Show answer

38. 2?(1+22%)y” +z(3+ Tz%)y’ + (1 —32%)y =0

Show answer

In Exercises 39-43 find a fundamental set of Frobenius solutions. Compute the terms involving z*m+™,
where 0 <m < M (M at least 3) and ri is the root of the indicial equation. Optionally, write a computer
program to implement the applicable recurrence formulas and take M > 3.
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39. [Cl2%(1+2%)y” +2(3+8z2)y + (1 + 1222)y

Show answer

40.

(]

w?y’ —z(1—2?)y + (1+a*)y=0

Show answer

41. (C)a%(1—22?)y" +2(5—92%)y + (4— 322y =0

Show answer

42.

(°]

2224+ 2?)y" + (14 — 2¥)y +2(9+ 2%)y =0

Show answer

43. [C]2’(1+2%)y" +z(3+72%)y + (1 +82°)y =0

Show answer

In Exercises 44-52 find a fundamental set of Frobenius solutions. Give explicit formulas for the
coefficients.

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 123 of 177



45,

46.

47.

48.

49.

50.

51.

52.
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22(1—2z)y” + 32y’ + (1 +4z)y =0

Show answer

r(l+z)y"+(1—2)y +y=0

Show answer

22(1—2)y” +z(3—2z)y +(1+22)y=0

Show answer

4z (1 + z)y” — 42y’ + (1 —5z)y =0

Show answer

2?2(1—z)y” —z(3—5z)y + (4—5x)y=0

Show answer

22(1+2%)y” —z(1+ 92y’ + (1 + 2522y =0

Show answer

922" +3z(1 — 2%y + (1 + 72%)y =0

Show answer

2(1+ a2y +

—~

Show answer

1—2?)y —8zy=0

4r%y” + 2x(4 —2?)y + (1 + T22)y =0

Show answer
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53. Under the assumptions of Theorem 7.6.2, suppose the power series

o0 o0
Z ap(r1)z"  and Z a, (r1)z"
n=0 n=1

converge on (—p, p).

a. Show that

o oo
y1r=2a" Z an(r1)z” and ys=yilnz+ 2" Z ay (r1)z"
n=0

n=1

are linearly independent on (0, p).

HinT

Show that if ¢; and ¢, are constants such that c;y; + coy2 = 0 0n (0, p), then

o0 o0
(c1 +colnz) Zan(rl)w" ) Za;(rl)x" =0, 0<z<p.
n=0 n=1

Then let z — 0+ to conclude that ¢; = 0.

b. Use the result of (a) to complete the proof of Theorem 7.6.2.
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54. Let

Ly = z*(a + a12)y” + z(Bo + B12)y’ + (70 + M)y

and define

po(r) =aor(r—1)+ Bor+v and  pi(r) = a1r(r—1) + Bir + 7.

Theorem 7.6.1 and Exercise 7.5. 55(a) imply that if

where

then

Ly(z,r) = po(r)z".

Now suppose py(r) = ao(r —r1)? and pi(k + r1) # 0 if k is a nonnegative integer.
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. Show that Ly = 0 has the solution

where
D" 1.
an(r) = ——5 11 P1(G+r1—1).
agj(n!)? JI:II
. Show that Ly = 0 has the second solution

Y2 =y1lnz + 2" Zan(ﬁ)JnﬂJ",

n=1
where

j=1 pl(.] +7r— 1) j=1

. Conclude from (a) and (b) that if v; # 0 then

y1 =2z i ((;'1)): (Z_Z)nas”

n=0

and

are solutions of

apz’y” + Boxy + (o +1z)y = 0.

(The conclusion is also valid if v; = 0. Why?)
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B55. Let

Ly = z*(a + agz?)y” + (8o + Bez )y’ + (y0 + 7429y

where ¢ is a positive integer, and define

po(r) = aor(r—1) + Bor+v9 and  pg(r) = agr(r — 1) + Bgr + .

Suppose

po(r) = ag(r—r1)> and p,(r) #0.
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a. Recall from Exercise 7.5. 59 that Ly = 0 has the solution
o0
Yy = .’L‘rl Z aqm(Tl)ZEqm,
m=0

where

Agm (T :—(_l)m ] ) — T
onlr1) = e Lo (ati = 1)+ ).

b. Show that Ly = 0 has the second solution

o0
yo =yiInz + " Z U (11) T ™,

m=1

where

and

are solutions of

aoz®y” + Bozy’ + (Y0 + Y429y = 0.
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56.

57.
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The equation

zy’ +y +zy=0

is Bessel's equation of order zero. (http://www-history.mcs.st-and.ac.uk/Mathematicians/Bessel.himl) (See

Exercise 53.) Find two linearly independent Frobenius solutions of this equation.

Show answer

Suppose the assumptions of Exercise 7.5. 53 hold, except that
po(r) = ap(r — r1)2.

Show that

z" " lnz
Y1 = 5 and yo =
oo + a1z + a2x

o0+ a1z + asz?

are linearly independent Frobenius solutions of

22 (g + a1z + ax?)y” + (B + Biz + B2x?)y’ + (Yo + 1z + YezH)y =0

on any interval (0, p) on which ag + a1z + a2z has no zeros.

In Exercises 58—65 use the method suggested by Exercise 57 to find the general solution on some
interval (0, p).
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58.

59.

60.

61.

62.

63.

64.

65.

66.
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4z’(1+2)y” +82% + (1 +2)y=0

Show answer

9223+ z)y” +3z(3+ Tz)y’ + (3+4x)y =0

Show answer

22(2—2%)y” —z(2+ 32y +(2—2H)y =0

Show answer

1622(1 4+ 22)y” + 82(1 + 922)y’ + (1 4+ 492%)y = 0

Show answer

2(4+3z)y” —x(4—32)y’ +4y =0

Show answer

42 (1+ 3z + 22)y” + 8223+ 2z)y’ + (1+ 3z +92%)y =0

Show answer

2?(1—2)%" —2x(14+ 22 —32%)y’ + (1+22)y=0

Show answer

92%(1 + z + 2%)y” + 3z(1 + Tz + 132?)y’ + (1 + 4z + 252%)y = 0

~—

Show answer

a. Let L and y(z,r) be as in Exercises 57 and 58. Extend Theorem 7.6.1 by showing that

L (%(w, 7“)) = py(r)z” + 2"po(r) Inz.

b. Show that if
po(r) = ap(r — 1)

then

0
y1 =y(z,r1) and y2= a—i(m,m)

are solutions of Ly = 0.
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7.7 The Method of Frobenius Il

In Sections 7.5 and 7.6 we discussed methods for finding Frobenius solutions of a homogeneous linear
second order equation near a regular singular point in the case where the indicial equation has a
repeated root or distinct real roots that don’t differ by an integer. In this section we consider the case
where the indicial equation has distinct real roots that differ by an integer. We'll limit our discussion to
eqguations that can be written as

(oo + arz)y” + z(Bo + B1z)y’ + (vo +712)y =0 (7.7.1)
or
z®(ap + asz?)y” + z(Bo + B2x®)y + (v0 + 12z?)y = 0,

where the roots of the indicial equation differ by a positive integer.

We begin with a theorem that provides a fundamental set of solutions of equations of the form (7.7.1).

THEOREM 7.7.1

Let
Ly =z*(a0 + c12)y” + 2(Bo + B12)y’ + (Y0 + 112)y,
where «aq # 0, and define

po(r) = aor(r — 1) + Bor + Yo,
p1(r) = aqr(r — 1) + Bir + 1.

Suppose r is a real number such that po(n + r) is nonzero for all positive integers », and define

ap(r) = 1,

an(r) = \dst2EDa, (), n>1.

(7.7.2)

Let r; and r, be the roots of the indicial equation p,(r) = 0, and suppose r; = r, + k, Where k is a
positive integer. Then

oo
y1 =z Z an(r)z"

n=0
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is a Frobenius solution of Ly = 0. Moreover, if we define

n=1

ao(r2) = 1,
n+ry—1
an(rs) = —\dst%awl(m), 1<n<k-1,
and
pi(r1 —1)
C=———a_
kOéo af 1(T2)7
then

k—1 0
Yy = " Z an(ro)z™ + C <y1 Inz + 2™ Z a;(rl)x”)
n=0

is also a solution of Ly = 0, and {y1,y-} is a fundamental set of solutions.

(7.7.3)

(7.7.4)

(7.7.5)

Proor Theorem 7.5.3 implies that Ly, = 0. We’'ll now show that Ly, = 0. Since L is a linear operator, this

is equivalent to showing that

k—1 00
L (ac” Z an(rg)x") +CL (yl Inz + 2™ Z a;(rl)w"
n=0

n=1

To verify this, we’ll show that

"
L (37” Z an(m)xn) =pi(r1 — a1 (r2)z"

n=0

and

n=1

L (y1 Inz + 2™ Z a%(rﬂx”) = kagz™.

):0.

(7.7.6)

(7.7.7)

(7.7.8)

This will imply that Ly, = 0, since substituting (7.7.7) and (7.7.8) into (7.7.6) and using (7.7.4) yields

Ly; = [pi(r1 — 1)ag—1(r2) + Ckoy] 2"

= [p1(r1 — 1)ag-1(r2) — p1(r1 — 1)ag_1(r2)] 2™ = 0.
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We'll prove (7.7.8) first. From Theorem 7.6.1,
L (y(m, r)Inz + z” i a%(r):c") = py(r)z” + x"po(r) Inz.
Setting » = r; and recalling that p,(r1) = 0 and y; = y(z, r;) yields

o)
L (yl Inz + 2" Z a;(rl)w"> = pg(r)z". (7.7.9)

n=1

Since r; and r, are the roots of the indicial equation, the indicial polynomial can be written as
Po(r) = ag(r —r)(r —rs) = ag [r* — (r1 + ro)r +117s] .
Differentiating this yields
po(r) = ag(2r —ry —19).
Therefore py(r1) = ag(ry — r2) = kay, SO (7.7.9) implies (7.7.8).
Before proving (7.7.7), we first note a,(r;) is well defined by (7.7.3) for 1 <n < k—1, since po(n+r3) # 0

for these values of n. However, we can't define a,,(r;) for n > k with (7.7.3), since py(k + r2) = po(r1) = 0.
For convenience, we define a,(ry) = 0 for n > k. Then, from Theorem 7.5.1,

k—1 00 00
n=0 n=0 n=0

where b, = py(r2) = 0 and
bn = po(n +r2)an(re) + p1(n +r2 — )an-1(r2), n>1.

If 1 <n<k-—1,then (7.7.3) implies that b, = 0. If n > k + 1, then b, = 0 because a,,_1(r3) = a,(r3) = 0.
Therefore (7.7.10) reduces to

k—1
L (x ; an(m)w") = [po(k + r2)ak(ra) + pr(k +r2 — Dag1(r2)] 2"

Since ax(ry) = 0 and k + ry = ry, this implies (7.7.7).
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We leave the proof that {y;, v} is a fundamental set as an exercise (Exercise 41).

ExavpLE 7.7.1

Find a fundamental set of Frobenius solutions of

222+ z)y” —z(4—Tz)y’ — (5 —3x)y = 0.

Give explicit formulas for the coefficients in the solutions.

SovruTion For the given equation, the polynomials defined in Theorem 7.7.1 are

po(r) = 4r(r—1)—4r—5 = (2r+1)(2r—25),
2r(r—1)+7r+3 (r+1)(2r+3).

p1(r)

The roots of the indicial equation are r, = 5/2 and r, = —1/2, SO k = r; — r, = 3. Therefore Theorem 7.7.1
implies that

Yy = x5/22an(5/2)m” (7.7.11)
n=0
and
2 oo
=127 a,(-1/2)+C <y1 Inz + /2 Za;(5/2)x"> (7.7.12)
n=0 n=1

(with C as in (7.7.4)) form a fundamental set of solutions of Ly = 0. The recurrence formula (7.7.2) is

ao(T) = ].

an("') = —\d t ! n:’;j_r;) An—1 (T)

_ —\d " (n+r)(2n+2r+1) ~a, 1(T) (7713)

(2n+2r+1)(2n+2r—5

= _\dSthCLr%a’n—l(T)’ n=>1,

which implies that
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n

n jtr
n(r) = (-1 - ,n>0. 7.7.14
o) = (0" [[ 55— (7.7.14)

Therefore

(=1)"[I}=1 (27 +5)
4nm)!

an(5/2) = (7.7.15)
Substituting this into (7.7.11) yields

(—1)" [Ty (25 + 5)
y1 = Z T

To compute the coefficients ag(—1/2),a1(—1/2) and ay(—1/2) in y,, Wwe set r = —1/2 in (7.7.13) and apply
the resulting recurrence formula for n = 1, 2; thus,

The last formula yields
a;(—1/2) =1/8 and ax(—1/2) = 3/32.

Substituting r, = 5/2,r, = —1/2,k = 3, and oy = 4 into (7.7.4) yields C = —15/128. Therefore, from (7.7.12),

1 3 15
Yy, =z 2 (1—|— 8x—|—3—2 2) 128 (yllnx+x5/22 (5/2)x ) (7.7.16)

n=1

We use logarithmic differentiation to obtain obtain a/ (r). From (7.7.14),

an)| = [[ =2 >
ke |27 + 2r — 5]

Therefore

n
In|a,(r)| = (In|j+r—In|2j+2r—5]).
=1
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Differentiating with respect to r yields

Therefore

j+r  2j4+2r—5

aum=%w>l(.1_ 2 ).

Setting » = 5/2 here and recalling (7.7.15) yields

, (D)1} (25 +5) & 1
w0/ = 4l <+5/2 j)'

J=1

Since

i+5/2 j  j(2j+5)

we can rewrite (7.7.17) as

, (=D)"[T2(25+5) (& 1
an(5/2) = =5 4mn) ; j2j+5) |
Substituting this into (7.7.16) yields

3 15
12 (1 2 _ 22
Y2 = ( + 8:L‘+ 32 ) 128y1 nzx

T @45 (& 1),
252 Z o (Z Forn) ) z™.\bbox

n=1 j=1

If C =0in (7.7.4), there’s no need to compute

y1lnz + 2™ Za;(rl)x

n=1
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in the formula (7.7.5) for y,. Therefore it's best to compute C before computing {a,(r1)}>,. This is
illustrated in the next example. (See also Exercises 44 and 45.)

ExampLE 7.7.2

Find a fundamental set of Frobenius solutions of

22(1 —22)y” + (8 — 9z)y’ + (6 — 3z)y = 0.

Give explicit formulas for the coefficients in the solutions.

SovruTion For the given equation, the polynomials defined in Theorem 7.7.1 are

po(r) = r(r—1)+8+6 = (r+1)(r+6)
pi(r) = =2r(r—1)—9r—3 = —(r+3)(2r+1).

The roots of the indicial equation are r; = —1 and ry = —6, SO k = r; — r, = 5. Therefore Theorem 7.7.1
implies that

yr=a ! Z an(—1)z" (7.7.18)
n=0
and
4 0
Yo =1 ° Z an(—6) +C (yl Inz+az " Z a;(—l)x"> (7.7.19)
n=0 n=1

(with C as in (7.7.4)) form a fundamental set of solutions of Ly = 0. The recurrence formula (7.7.2) is

ap(r) = 1,

an(r) = —\dstZla, i (r) (17.20)

_ (n+r+2)(2n+2r—1)
= \d tman,l(r), n 2 1,

which implies that
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_ (j4+r+2)(2j+2r—1)
an(r) = \dst[Ljm “Grimieren

(7.7.21)

= \dst(]_[?:1 %) (H;‘L:I %)

Since

ﬁj+r+2 _(r+3)(r+4)-(n+r+2) nt+r+2
j+r+1  (r+2)(r+3)-(n+r+1) r+2

because of cancellations, (7.7.21) simplifies to

n+r+2ﬁ2j+2r—1

an(r) = r+2 j+r+6

j=1
Therefore

2j—3
j+5 "

a(-1) =+ D]

J=1

Substituting this into (7.7.18) yields

To compute the coefficients ag(—6), ..., as(—6) in yo, we set r = —6 in (7.7.20) and apply the resulting
recurrence formula for n =1, 2, 3, 4; thus,

ao(—6) = 1,
an(—6) = \dse N=HC ) e 19,34,
n(n —5)
The last formula yields
33 99 231
a1(=6) = ——=, as(=6) = —, a3(—6) = ——=, a4(~6) =0

Since a4 (—6) = 0, (7.7.4) implies that the constant C in (7.7.19) is zero. Therefore (7.7.19) reduces to
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33 99 231
Yo = 11376 (1 — TZE —+ 71'2 — ?373) .\beX

We now consider equations of the form
902(040 + aa’)y” + z(Bo + ﬂﬂ?)y/ + (70 + 72$2)y =0,

where the roots of the indicial equation are real and differ by an even integer. The case where the roots
are real and differ by an odd integer can be handled by the method discussed in 56.

The proof of the next theorem is similar to the proof of Theorem 7.7.1 (Exercise 43).

THEOREM 7.7.2

Let
Ly = 2% (g + a22?)y” + z(Bo + Baz?)y’ + (v0 + 1227y,

where «aq # 0, and define

aor(r —1) + Bor + Yo,
aor(r — 1) + Bar + 2.

S
[ (=)
- =
s 3
3 2
[

Suppose r is a real number such that po(2m + r) is nonzero for all positive integers m, and define

dolmi st (7.7.22)

aom(r) = —\dst%agm_g(r), m > 1.

Let , and r, be the roots of the indicial equation py(r) = 0, and suppose r; = r, + 2k, where k is a
positive integer. Then

o0
Yy = a:rl Z agm(T1)$2m
m=0

is a Frobenius solution of Ly = 0. Moreover, if we define

ao(TQ) = 1,
p2(2m 4 ro — 2
aam(rs) = —\ast P2t 2= 2)

i 1< <k-1
p0(2m+r2) A2m 2(7'2)7 Sms
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and
pa(r; —2
c=-2__= (2];10 ) ag—2(r2), (7.7.23)
then
k—1 o]
Yy = T Z agm(r2)z*™ + C <y1 Inz + 2™ Z aém(rl)mm) (7.7.24)
m=0 m=1

is also a solution of Ly = 0, and {y1,y2} is a fundamental set of solutions.

ExampLE 7.7.3

Find a fundamental set of Frobenius solutions of

22(1 + 22)y” + 2(3 + 1022)y’ — (15 — 1422)y = 0.

Give explicit formulas for the coefficients in the solutions.

SovruTion For the given equation, the polynomials defined in Theorem 7.7.2 are

po(r) = r(r—1)+3r—15 = (r—3)(r+5)
pa(r) = rir—1)410r+14 = (r+2)(r+7).

The roots of the indicial equation are r, =3 and ro = —5, SO k = (r; — r2)/2 = 4. Therefore Theorem 7.7.2
implies that

Y1 = 1‘3 Z a2m(3)x2m (7725)
m=0

and

m=0 m=1

3 00
Yo =1x 0 Z agm(—5)x*™ + C (yl Inz + 23 Z a;m(3)x2m)
(with C as in (7.7.23)) form a fundamental set of solutions of Ly = 0. The recurrence formula (7.7.22) is
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ap(r) = 1

agm(r) = —\dst %agm,g (r)

_ —\dSt ((2m+r)(2m+r+5) (7726)

2m+r—3)(2m+r+5) a2m—2 (7")

= —\dstﬁ%@m_g(r), m > 1,

which implies that
azn(r) = ()" | _HAT s (7.7.27)

Therefore

()" ITE. (25 + 3)

2!

asmn(3) = (7.7.28)

Substituting this into (7.7.25) yields

o< (D" (25+3)
= w3 Z 21’im| 372 :

m=0

To compute the coefficients ay(—5), as(—5), and ag(—5) in y», We set r = —5 in (7.7.26) and apply the
resulting recurrence formula for m = 1, 2, 3; thus,

2m —5
agm(—5) = —2(2—_4)G2m—2(—5), m=1,2,3.
This yields
1 1 1
ax(=5) = =5, as(=5) = ¢, as(=5) = 3¢

Substituting r, = 3, 1, = —5, k=4, and oy = 1 into (7.7.23) yields C = —3/16. Therefore, from (7.7.24),
yp =0 <1 — la:Z + 1334 + Lx6> _3 yi1lnz + 23 i ay, (3)z™ | . (7.7.29)
16 2m

2 8 16 —~

To obtain a5, (r) we use logarithmic differentiation. From (7.7.27),
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T 127+ 7]
)] = m> 1.
[a2m( H |25 +r—3|’
Therefore
In a9, (r)| = (In|2j+7|—In|2j+7r—3|).
j=1

Differentiating with respect to r yields

ag,,(r) _Xm:( 1 )
agm(r) _J 2j+r 2j+r—3)°

Therefore

nooq 1
a;m(r):am(r)z:(mw 2j+r—3)'

j=1

Setting » = 3 here and recalling (7.7.28) yields

, (D)™ [T (25 +3) & 1
a) (3) = — ]Z<2y+3 2j>. (7.7.30)
Since
1 1 _ 3
2j+3 25 2j(2j+3)
we can rewrite (7.7.30) as
R SICETNE S
am(2) =75 2mm] < j2j+3) )

Substituting this into (7.7.29) yields
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1 1 3
Yo = z7? (1 — §$2 + §$4 + EQZ(S) — Eyl Inz
< (D)™ (27+3) (& 1
+ix3 Z HJ 1 Z - 2m
32 4~ 9mMm| ~ J(25+3)

ExavpLE 7.7.4

Find a fundamental set of Frobenius solutions of

22(1 —22%)y” + (7 — 1327y — 142’y = 0.

Give explicit formulas for the coefficients in the solutions.

SoruTion For the given equation, the polynomials defined in Theorem 7.7.2 are

po(r) = r(r—1)+T7r = r(r+6),
—2r(r—1)—13r—14 = —(r+2)(2r+7).

pa(r)

The roots of the indicial equation are r; =0 and r, = —6, SO k = (r; — r2)/2 = 3. Therefore Theorem 7.7.2
implies that

y1 =Y am(0)z”", (7.7.31)
m=0
and
2 )
Yo =20 Z agm(—6)z*™ + C <y1 Inz + Z aém(O)m2m> (7.7.32)
m=0 m=1

(with € as in (7.7.23)) form a fundamental set of solutions of Ly = 0. The recurrence formulas (7.7.22),
are

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 144 of 177



7 Series Solutions of Linear Second Order Equations

ap(r) = 1,

(2m+r—2
CLQm(’I') = —\ds t%Q—MGQm,Q(T)

(7.7.33)
_ \dSt (2m+r)(4m+2r+3)

(2m+r)(2m+r+6) @2m—2 (Ir)

= \dst%"ﬁ—agm o(r), m > 1,

which implies that

45+ 2r+3
agm(r):H]—.

1 2+r+6
Setting r = 0 yields
™ (45 +3)
o ]—1( ]
am(0) = 6

Substituting this into (7.7.31) yields

y1==6 i LW+3) z*m
2m(m + 3)!

m=0

To compute the coefficients ag(—6), as(—6), and a,(—6) in y,, we set r = —6 in (7.7.33) and apply the
resulting recurrence formula for m = 1, 2; thus,

agm_Q(—6), m = 1,2.
The last formula yields
5 5
as(—6) = ~-3 and  a4(—6) = 3
Since p2(—2) = 0, the constant C in (7.7.23) is zero. Therefore (7.7.32) reduces to
5 2

5
Y2 =z ° (1— 5:1: +§x4).

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 145 of 177



7 Series Solutions of Linear Second Order Equations

7.7 Exercises

In Exercises 1-40 find a fundamental set of Frobenius solutions. Give explicit formulas for the
coefficients.
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10.

11.

12.

13.

—

iL‘Zy” _ 317y/ +

Show answer

zy” +y=0

Show answer

4z*(1+2)y” +

Show answer

7 Series Solutions of Linear Second Order Equations

3+4z)y=0

dx(1+2z2)y’ — (14 32)y=0

oy’ +zy +y=0

Show answer

22%(2 4 3z)y” + z(4 + 212)y’ — (1 —9z)y =0

Show answer

22y + 22+

~—

Show answer

4a’y” + day’ —

Show answer

z2y” + 10zy’ +

Show answer

4z2(1 4 z)y” +

Show answer

Yy —(2—3z)y=0

(9—z)y=0

(l4+z)y=0

4x(3+8z)y’ — (5 —492)y =0

2?(14 z)y” — (3 + 10x)y’ + 302y =0

Show answer

22y +x(l+x

~

Show answer

Yy —3B8+2)y=0

22y +z(1—2z)y — (4+2z)y=0

Show answer

z(1+z)y” —4y —2y=0

Show answer
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14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

7 Series Solutions of Linear Second Order Equations

22(1+22)y” +2(9+ 13z)y’ + (T+52)y =0

Show answer

4%y” —2z(4 —z)y — (T+5z)y =0

Show answer

3223+ )y’ —x(15+x)y’ —20y =0

Show answer

2?(1 4 z)y” + z(1 — 10x)y’ — (9 — 10z)y =0

Show answer

2?2(1+2)y” +32%y — (6—2)y=0

Show answer

22(1+ 2x)y” — 22(3 + 142)y’ + (6 + 100z)y = 0

Show answer

2?(1 4 z)y” — (6 + 11x)y’ + (6 + 32x)y =0

Show answer

423 (1 + z)y” +4z(1 + 4z)y’ — (49 + 27z)y =0

Show answer

z2(1+ 22)y” —2(9+4 8z)y’ —12zy =0

Show answer

2?2(14 22)y” — (7 —22%)y + 12y =0

Show answer

22y’ —x(T—2%)y +12y=0

Show answer

zy’ — 5y +xzy=0

Show answer

2?y” + (14 222)y’ — (1 —102%)y =0

Show answer
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

7 Series Solutions of Linear Second Order Equations

w

a?y” —zy —(3—2*)y=0

Show answer

4z%y” 4+ 2z(8 + z2)y’ + (5+ 3z2)y =0

Show answer

22y +z(1+ 2%y — (1 —32Y)y =0

Show answer

2y” + (1 —22%)y —4(1+ 223y =0

Show answer

4z%y” 4+ 8zy’ — (35 — 22y =0

Show answer

©

z2y” — 3z(11 + 222)y’ + (13 + 102y =0

Show answer

22y +z(1— 22y —4(1 —2%)y=0

Show answer

z2y” + (1 —3z%)y —4(1 — 32}y =0

Show answer

z2(1+ 22)y” + z(5 + 11z2)y’ + 24z%y =0

Show answer

42%(1+2¥)y” +8zy — (35 —2%)y =0

Show answer

2?2(1+2%)y” —z(5— 22y — (T+252%)y =0

Show answer

22(1+2%)y” +z(5+ 222y’ — 21y =0

Show answer

22(1422%)y” — 23+ 2%y —22%y=0

Show answer
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40.

41.

42.

43.

44,

45,

7 Series Solutions of Linear Second Order Equations

422 (1+ 22)y” +4z(2+ 2%)y’ — (15+ 22y =0

Show answer

a. Under the assumptions of Theorem 7.7.1, show that
yp = x" Z an(r1)z”
n=0
and

k—1 00
Yo =" Z an(ro)z™ + C (yl Inz + z™ Z aé(rﬂx”)

n=0 n=1

are linearly independent.

HinT

Show that if ¢; and ¢z are constants such that ciy1 + c2y2 = 0 on an interval (0, p), then
z (e () + caya(x)) =0, 0<z<p.

Then let z — 0+ to conclude that ¢,=0.

b. Use the result of (a) to complete the proof of Theorem 7.7.1.

Find a fundamental set of Frobenius solutions of Bessel's equation
2y +ay + (2 =)y =0

in the case where v is a positive integer.

Show answer

Prove Theorem 7.7.2.

Under the assumptions of Theorem 7.7.1, show that C = 0 if and only if p;(r, + \1) = 0 for some
integer \1'in {0,1,...,k—1}.

Under the assumptions of Theorem 7.7.2, show that C = 0 if and only if py(r, + 2\1) = 0 for some
integer ¢in {0,1,...,k—1}.
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46. Let
Ly = aoz®y” + Bozy’ + (v0 +112)y
and define
po(r) = aor(r — 1) + Bor + 0.
Show that if

po(r) = ap(r —r1)(r — )

where r; — ry = k, @ positive integer, then Ly = 0 has the solutions

I el )

n=0 j=1

and

1 1k W (D" (& 2k
TRk D) (a_0> (3“1”_” Zn!nfgl(jm) (a0> (Z 3G+ k)

=1
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47. Let
Ly = apx®y” + Bozy’ + (0 + 1222y
and define
po(r) = aor(r — 1) + Bor + 0.
Show that if

po(r) = ap(r —r1)(r — )

where r; — ro = 2k, an even positive integer, then Ly = 0 has the solutions

y1=x

1D S R ) L
Sl [, G+ k) \a

and

P ()"

y2 =" -
a0 4mml [, (— k) \ao

2 72 )’“ " & =y <72 )’" o~ 2tk
s (2 lnz— 12 ST
Rk —1)! (ao pilne =3 ammI T, G+ k) \ao 2GR

m=1 j=1
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48. Let L be as in Exercises 7.5. 57 and 7.5. 58, and suppose the indicial polynomial of Ly =0 is

po(r) = ap(r —r1)(r —rq),

with k = r; — ro, Where k is a positive integer. Define ay(r) = 1 for all r. If r is a real number such
that po(n + r) is nonzero for all positive integers n, define

1 n
an(r) = ———=)> pj(n+r—jan(r),n>1,
( ) po(n—l—r) ]; J( -7) ]( )

and let

Y1 —xrlzan(rl)x"

n=0
Define
1 n
ap(ry) = —————M— i(n4+ry—ja,_i(re) if n>1 and n # k,
( 2) po(n+r2) jz:;p]( 2 -7) J( 2) %

and let ay(r2) be arbitrary.
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7 Series Solutions of Linear Second Order Equations

. Conclude from Exercise 7.6. .66 that

o0
L <y1 Inz+ 2™ Z a;(rl):c") = kagx™.

n=1

. Conclude from Exercise 7.5. .57 that

oo
1 (v Sear) = ar
n=0

where

ol

A= "pilr1 — farj(ra).

J=1

. Show that y; and

) A s8] ,
Y2 = 2" HZ:O an(r)z" — Tas (vl tan > _an(rz"

n=1

form a fundamental set of Frobenius solutions of Ly = 0.

. Show that choosing the arbitrary quantity a(r2) to be nonzero merely adds a multiple of y,
to y». Conclude that we may as well take ay(ry) = 0.
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7 Series Solutions of Linear Second Order Equations

Chapter 7 Series Solutions of Linear Second Order Equations

7.1 Review of Power Series

1(@ R=2;I=(-1,3);(b) R=1/2; I=(3/2,5/2) (c) R=0; (d) R = 16;

I
= (—14,18)
(e) r
=o00,; [
= (—00,00)
(Hr
=4/3;
I
= (—25/3,—-17/3)

3@R=1I=(0,2)(b) R=V2, I=(—2—+2,—2+V?2); (€) R = ;

I
= (—00,0)
(d)r
=0(e)

R

=3 I

= (—V3,V3)
(AR

=117
=(0,2)
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5@R=31=(06) (b)) R=11=(-11) (c) R=1/V3

I I=(-1,3)
=(3
—1/V3,3
+1/V3)
(d) R
=o0, 1
= (—00,00)
(e)r
=0 (f)

R=2;
11 b, =2(n+2)(n+ Daptz + (n+ )nays + (n+ 3)ay,
12 by = 2a5 — 2a9 by, = (n +2)(n+ L)ant2 + [3n(n — 1) — 2]a, + 3(n — Day—1, n>1
13 b, = (n+2)(n+ Daprs +2(n+ Day1 + (2n% —5n +4)a,
14 b, = (n+2)(n+ ania + 2(n + Dap1 + (n? — 2n + 3)a,
15 b, = (n+2)(n+ ana + (3n* — 5n + 4)a,

16 by = —2ay + 2a1 + ag,
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17 by = 8as + 4a; — 6ay,

(=
3

= 4(
+2)
+1)
+4(n +1)%ann
+ (n?

+n

—6)a,
—3an_1,

n>1

21 bo = (T“r‘ 1)(7"“{‘ 2)(10,

+r

+ 2)ay,
—(n+r—2)%an 1,
n > 1.

22 by = (r— 2)(r+ 2)ao,

+2)ay,

+r
+2)(n
+r
—3)an-1,
n>14
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23 by = (r —1)%ag, by =r2%a1 + (r +2)(r + 3)ay,

by,
=(n+r—1)32a,
+(n
+r
+1)(n
+r
+2)an—1
+(n
+r
—1a, 2,
n>2

24 by =r(r+ Dag, by = (r+1)(r+2)a1 + 3(r+ 1)(r + 2)ao,

+r)n
+r

+ 1a,
+3(n
+r)n
+r

+ Day
+(n
+7)an—2,
n>2
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25 by = (r+2)(r+1)ag by = (r+3)(r+2)a,

+r
+2)(n
+r

+ Da,
+2(n
+r
—1)(n
+r
—3)an—2,
n>2

26 by =2(r+ 1)(r + 3)ag, b1 =2(r+2)(r +4)as,

=2(n
+r
+1)(n
+r
+3)a,
+(n

+r
—3)(n
+7)an—2,

n>2
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7.2 Series Solutions Near an Ordinary Point |

1 y=\dstag) . ,(—1)"(2m + 1)z + ay Yore o (=)™ (m + 1)z2mtt

2 y=\dstag Yy o, (—1)m*1 2"”“ + a1z
3 y = \dstag(l — 1022 + 52*) + a1 (z — 22° + +2°)

4 y=\dstag ) > (m+1)(2m + 1)z?™ + 3 o(m+1)(2m + 3)x?mt!

m=0

2m+l

B y= \dstao Y50 (1) [TT05%" 424] o2 4 ay Y50 (—1)" [T10' (47 + 3)] S

p2m+l

1 (45+1) 2m 1 (47+3)
6 y = \dstao Lo (—1)" [TT7%0" 35| s + a0 oo ()™ [T’ 55 o

m—1
- —2"ml o 2m oo Il 43) omia
Z y - \dStCLO ZTTL 0 Hm 1 2]+1) + a’]. m=0 2mp|

8 y=\dstag (1 — 142? + £a*) + a1 (z — 32® + $2° + 3=27)

2m+1

9 (a) y = \dstao 3-5_ PU’”W a1 (D)™ Sy

2m

10 () y = \dstay S35 (1) [T 23] s + o S0, (1) 115" 48] 5

J=0 2j+1] 2mm! 7=0 2j+3 ] 2mm!

2m+1

11 y=\dst2—z — 2>+ 32 + Sz — $2° — Hab + 227+
12 y=\dstl — 2 +32% — 32 + 52* — 225 + 325 — HLa" + -

13 y=\dst2 —z — 2% + $a¥ + 3zt — S2° — Lab + BaT 4 ..

Z 3)2m+1

16 y = \dstag 3 pm- oeralZm 0 T

I 3)2m+1

3 2m
17 y=\dstagy o_ gmm, +aid o, T (27+3)

S o AMmAD o oamd
+a Zmzo H;‘n:ol<2j+3) (I 1) m

18 y = \dstao X5, [[T}5' (2 +3)] 455
19 y=\dstag (1 —6(z—2)2+ 3(x—2)"+ 5= (z —2)%) + a1 ((z — 2) — 2 (z — 2)%)

_ ) 3m 2 3mm]! 2m+1
20 y= \dstao Zmzo (_1)m [ (2] + 1)] Tl ( + 1) " +ay Zm 0 ( 1)m T (2513) (1' + 1) "

21 y=\dst—1+ 2z + %x2 — %x?’ — %w‘l - Tlmmﬁ + -
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N

2 y=\dst—2+3(z=3) +3(r—3)" =22 =3)’ = $ (¢ —3)' + §(@ =3)° + 5 (2 —3)° — g5 (@ =3+

N

3y=\dst—1+(z—-1)+3@—-1)>2-3@z-10°-Z@-1)'+Z@@-1)+L@z-1)° - @-1)"+--

N

25 y=\dst3 —4(z —4) + 15(z — 4)> — 4(z —4)> + L (z — 4)* — +(z —4)°

N

6 y=\dst3—3(z+1)—30(z + 1)+ Z(z +1)* +20(z + 1)* —

ol

(z+1)° = §(=+1)°

27 (a)y = \dstag 0, (—1)™a2™ + ay 30 (— 1)z (b)y = \dst 2tz

14122

3m g3m+l

33 y = \dstag Yo Tl T om0 Sl 10, (37+4)
34 y=\dstao X0 (2)" [T17' (35 +2)] S + a1 Xp Omﬁf’—%ﬁmﬂ

. 0 _1\m 3"m! 3m 00 _1\m _1
35 y = \dstag > ;o (—1) Tt ta Yoo ()™ 175 (35 + 9)] &g

(28]

36 y = \dstag(l — 4z® + 42°) + a1 >o0°_ 2™ [ ;’fol %ﬁ] g3mtl

37 y—\dstao(l—l——m +£m6+20m)+a1(x+4x + 40 ")

5m+ 1

39 y = \dstagd o, ( [H] o1 ?ﬁi] ™+ ay 2 m=0 *% [HT 01 5J+2)]

I4m Z'4m+l

0 m o0 m
40 y = \dstag >, (—1) Tl T >m=0(—1) T 475

z™m g Tm+l

41 y=\dstag Yo (—1)7”W + a1 Yo (1) Ty
42 y=\dstag (1 — 22°%) +a; (z— %xg)
43 y = \dstag Yo" 4 a1 3oz

zbm

44 y = \dstag )., (—l)mw

67+5)

gbm+1

+ard o ()" G
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7.3 Series Solutions Near an Ordinary Point Il

1y=\dst2—3z— 22+ T2® — Bt + L’ — B0 4 P74 ..

2 y=\dst—1+ 2z — 43 + 4a* + 4o — 1226 + 427 + -

_ . 2_ 2,3, 11 4 _ 9.5, 329 _6_ 1301 7 , .
Sy=\dstl+2°— F2° + Fa* — z2° + H5a° — s’ +
7 15 45 261 207
4y:\dStx—-TQ—7I3+TI4+?$5—T$6+T1‘7+"'

5y=\dstd+3z— L2+ L2 + Lo’ — Za® + J5ab + o2’ +
6 y=\dst743z—L0g2 4 1853 Bgdp 1045 L6 Lp74 ..

3 9 9 27 9

—\ da 702 3,34 37 4 7 5 _1 6, _19 .7
7 y=\dst2+5z — z° — 67" T 127 — T2 T° — To0 ¥ T Tise0 ¥ T

By=\dstl—(z- D+ -1~ 4@ - 1"~ 3 -1’ + Lo 1)°— B - 1)+
9y
=\dstl—(z+1)+4(z+1)° - L2@+1)+ T (@+1)"' - 2B +1)°+ 82+ 1) - 22 +1)" + .

0 y=\dst2—(z—1)—3(z—1)24+ 210 -B@—-1)'+LH@z-1)0+ 2 —-1)f - Bz —1)"+--
11 y=\dst—2+3z+1)—3@@+1)? - 3(@+1)P+ 3@+ —Fl@+1)°+ 3@ +1)5— 5@ +1)7+ -

12 y=\dstl —2(z — 1) = 3(z — 1)2+8(z — 1)® —4(z — 1)* — Z(2 —1)° +19(z — 1)6 — R (z —1)" + -~

19 y=\dst2 — 7z —4a® — La® — 3t — Bob 4.

|N
o

y=\dstl —2(z - 1)+ 5z -1)? -2 -1+ ZH@ -1 - Bs(z —1)° + -~

|N
[

y=\dst2 — (z4+2) — $(z+2)2+ 5(x +2)° — 55 (x +2)* + o5 (z +2)° + -~

|N
N

y=\dst2—2(z+3)— (z+3)*+ (z+3)° — H(z+3)* + L(z+3)° + -
_ 1 5 2
23 y = \dst—1+2z + ya° — ot + L2’ + -

24 y=\dst2—3(z+ 1)+ (2 +1)2 =5z +1)° + TL(z + 1)* — Bz +1)° + -

N

5y=\dst—24+3(z+2)— 3z +2)2 4+ (x+2)°+ (@ +2)* + o5 (z +2)° + -

26 y=\dst2—4(z—2)— 5(z—2)°+ 2(z — 2> + = (z —2)' + 32 (z —2)° + -~
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