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IN THIS CHAPTER we study a particularly important class of second order equations. Because of their
many applications in science and engineering, second order differential equation have historically been
the most thoroughly studied class of differential equations. Research on the theory of second order
differential equations continues to the present day. This chapter is devoted to second order equations
that can be written in the form

Py(z)y” + Pi(x)y’ + Py(x)y = F(x).

Such equations are said to be linear. As in the case of first order linear equations, (A) is said to be
homogeneous if F =0, or nonhomogeneous if F = 0.

SECTION 5.1 is devoted to the theory of homogeneous linear equations.

SECTION 5.2 deals with homogeneous equations of the special form
ay” + by’ +cy =0,

where a, b, and ¢ are constant (a # 0). When you've completed this section you’ll know everything there
is to know about solving such equations.

SECTION 5.3 presents the theory of nonhomogeneous linear equations.

SECTIONS 5.4 AND 5.5 present the method of undetermined coefficients, which can be used to solve
nonhomogeneous equations of the form

ay” + by +cy = F(x),

where q, b, and c are constants and F has a special form that is still sufficiently general to occur in many
applications. In this section we make extensive use of the idea of variation of parameters introduced in
Chapter 2.

SECTION 5.6 deals with reduction of order, a technique based on the idea of variation of parameters,
which enables us to find the general solution of a nonhomogeneous linear second order equation
provided that we know one nontrivial (not identically zero) solution of the associated homogeneous
eqguation.
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SECTION 5.6 deals with the method traditionally called variation of parameters, which enables us to
find the general solution of a nonhomogeneous linear second order equation provided that we know
two nontrivial solutions (with nonconstant ratio) of the associated homogeneous equation.

193

Answers to selected exercises in this chapter

5.1 Homogeneous Linear Equations

A second order differential equation is said to be linear if it can be written as
v +p(@)y +q(x)y = f(z). (5.1.1)

We call the function f on the right a forcing function, since in physical applications it's often related to a
force acting on some system modeled by the differential equation. We say that (5.1.1) is homogeneous
if f=0 or nonhomogeneous if f # 0. Since these definitions are like the corresponding definitions in
Section 2.1 for the linear first order equation

Y +p(x)y = f(z), (5.1.2)

it's natural to expect similarities between methods of solving (5.1.1) and (5.1.2). However, solving
(5.1.1) is more difficult than solving (5.1.2). For example, while Theorem 2.1.1 gives a formula for the
general solution of (5.1.2) in the case where f =0 and Theorem 2.1.2 gives a formula for the case
where f = 0, there are no formulas for the general solution of (5.1.1) in either case. Therefore we must
be content to solve linear second order equations of special forms.

In Section 2.1 we considered the homogeneous equation y’ + p(x)y = 0 first, and then used a nontrivial

solution of this equation to find the general solution of the nonhomogeneous equation y’ + p(z)y = f(z).

Although the progression from the homogeneous to the nonhomogeneous case isn’t that simple for the
linear second order equation, it's still necessary to solve the homogeneous equation

y" +p(x)y +q(r)y =0 (5.1.3)

in order to solve the nonhomogeneous equation (5.1.1). This section is devoted to (5.1.3).
The next theorem gives sufficient conditions for existence and uniqueness of solutions of initial value

problems for (5.1.3). We omit the proof.

THeorem 5.1.1
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Suppose p and ¢ are continuous on an open interval (a,b), let z, be any point in (a,b), and let k,
and &, be arbitrary real numbers. Then the initial value problem

y" +p(x)y 4+ q(x)y =0, y(zo) = ko, ¥ (z0) = k1

has a unique solution on (a, b).

Since y = 0 is obviously a solution of (5.1.3) we call it the trivial solution. Any other solution is nontrivial.
Under the assumptions of Theorem 5.1.1, the only solution of the initial value problem

y" + @)y + qx)y =0, y(zo) =0, y'(xo) =0

on (a,b) is the trivial solution (Exercise 24).

The next three examples illustrate concepts that we'll develop later in this section. You shouldn’t be
concerned with how to find the given solutions of the equations in these examples. This will be
explained in later sections.

ExawvpLE 5.1.1

The coefficients of ¢y and y in

y —y=0 (5.1.4)

are the constant functions p = 0 and ¢ = —1, which are continuous on (—co, 00). Therefore
Theorem 5.1.1 implies that every initial value problem for (5.1.4) has a unique solution on

(—00, 00).

a. Verify that y; = e* and y, = e are solutions of (5.1.4) on (—oo, o).

b. Verify that if ¢; and ¢, are arbitrary constants, y = c,e® + coe ™ is a solution of (5.1.4) on

(—o00, 00).

c. Solve the initial value problem

y'—y=0, y0)=1, ¢ (0)=3. (5.1.5)

SorutioN (A) If y; =e®theny; =e*and yf =e®* =41, S0y —y1 =0. Ifyo =e %, thenyj = —e 7 and yj =e®
=15, SO y5 —yo = 0.
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SovruTion (B) If

y=-cie’ +ce” " (5.1.6)
then
Yy =cie” —coe” (5.1.7)
and
y” = cre® + coe™?,
SO

Yy’ —y=(c1e” + coe ™) — (c1€” + coe ")
=ci(e® —e*)t (e —e*)=0
for all z. Therefore y = cie® + ce is a solution of (5.1.4) on (—oo, ).

SoruTion (c) We can solve (5.1.5) by choosing ¢; and ¢, in (5.1.6) so that 4(0) = 1 and y’(0) = 3. Setting
z =0in (5.1.6) and (5.1.7) shows that this is equivalent to

ci1+e=1
01*02:3.

Solving these equations yields ¢; = 2 and ¢, = —1. Therefore y = 2¢* — e~ is the unique solution of
(5.1.5) on (—c0, c0).

ExawvpLE 5.1.2

Let w be a positive constant. The coefficients of 4" and y in

Yy +wly=0 (5.1.8)

are the constant functions p = 0 and ¢ = w?, which are continuous on (—oo, 00). Therefore
Theorem 5.1.1 implies that every initial value problem for (5.1.8) has a unigue solution on

(—o00, 00).
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a. Verify that y; = coswz and y, = sinwz are solutions of (5.1.8) on (—oo, ).

b. Verify that if ¢; and ¢, are arbitrary constants then y = ¢; coswz + ¢ sinwz IS a solution of
(5.1.8) on (—c0, c0).

c. Solve the initial value problem

Y +wly=0, y0)=1, ¢ (0)=3. (5.1.9)

SocuTion (A) If y; = coswz then y; = —wsinwz and y] = —w? coswz = —w?y;, SO y; + w?y; = 0. If yo = sinwz

then, 3, = wcoswz and y; = —w? sinwz = —w?ys, SO ¥y + w?ys = 0.
SovruTion (B) If
Y = €1 COSWZ + 9 Sinwx (5.1.10)

then

Yy = w(—cy sinwz + ¢y coswr) (5.1.11)
and

y” = —w?(cy coswr + ¢y sinwz),
SO
Y +wly = — w?(ci coswr + o sinwz) + w?(c; coswr + ¢ sinwr)

= c1w?(— coswz 4 coswz) 4 cow’ (—sinwz + sinwz) = 0

for all z. Therefore y = ¢; coswz + ¢; sinwz is a solution of (5.1.8) on (—co, o).
SovruTion (c) To solve (5.1.9), we must choosing ¢; and ¢, in (5.1.10) so that y(0) = 1 and y’(0) = 3.
Setting z = 0in (5.1.10) and (5.1.11) shows that ¢; = 1 and ¢, = 3/w. Therefore

3
Y = COSWT + — SINWT
w

is the unique solution of (5.1.9) on (—oo, ). [

Theorem 5.1.1 implies that if &, and k; are arbitrary real numbers then the initial value problem
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Po(z)y” + Pi(2)y + Pa(2)y =0, y(zo) =ko, ¥ (z0) =k (5.1.12)

has a unique solution on an interval (a, b) that contains z,, provided that P,, P;, and P, are continuous
and P, has no zeros on (a,b). To see this, we rewrite the differential equation in (5.1.12) as

and apply Theorem 5.1.1 with p = P, /P, and ¢ = P,/ P.

ExampLE 5.1.3

The equation

22y’ +zy —4y=0 (5.1.13)

has the form of the differential equation in (5.1.12), with Py(z) = 22, Pi(z) = =, and Py(z) = —4,
which are are all continuous on (—oo, c0). However, since P(0) = 0 we must consider solutions of
(5.1.13) on (—c0,0) and (0, ). Since P, has no zeros on these intervals, Theorem 5.1.1 implies
that the initial value problem

2y +zy —4dy=0, y(wo) =ko, ¥ (z0) =k

has a unique solution on (0, ) if 2y > 0, or on (—o0,0) if zg < 0.

a. Verify that y; = 22 is a solution of (5.1.13) on (—oo, o) and y, = 1/z2 is a solution of (5.1.13),
on (—oo,0) and (0, co).

b. Verify that if ¢; and ¢, are any constants then y = ¢;z2 + c5/2? is a solution of (5.1.13) on
(—o0,0) and (0, co).

c. Solve the initial value problem

2y’ +ay —4y=0, y(1)=2, y'(1)=0. (B

d. Solve the initial value problem

a’y" tzy —4y=0, y(-1)=2, y'(-1)=0. (5.1.15)
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SovuTtion (A) If y; = 22 then ¢} = 2z and y] = 2, so

22y] + zyf — 4y = 22(2) + 2(2z) — 422 = 0

for z in (—oo0,00). If yo = 1/22, then y; = —2/2* and y; = 6/z*, so

6 2 4
i (5) (%) o
for z in (—oo,0) or (0, 00).
SovuTion (B) If
y=cie’ + —= (5.1.16)
X
then
’ 202
and
p 6c
Yy = 261 + _427
X
so

C2

662 2 Co
1 ) + z\dst (20133 — ?) — 4\dst (01x2 + F)

»TQ?/” + xy' — 4y = xQ\dst (201 + —
x
6 2 4

= c1(22% + 22% — 42%) + @\dst(— - — —>
x

=c1-04+¢c-0=0

for z in (—o0,0) Or (0, 00).

SovruTion (c) To solve (5.1.14), we choose ¢; and ¢, in (5.1.16) so that y(1) = 2 and y’(1) = 0. Setting =
=11in(5.1.16) and (5.1.17) shows that this is equivalent to

c1+ co=2
261—262:0.
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Solving these equations yields ¢; = 1 and ¢, = 1. Therefore y = 2> + 1/z? is the unique solution of
(5.1.14) on (0, 00).

SoLuTion (D) We can solve (5.1.15) by choosing ¢; and ¢, in (5.1.16) so that y(—1) =2 and y'(—1) = 0.

Setting z = —1in (5.1.16) and (5.1.17) shows that this is equivalent to

c1+ ¢ =2
—2¢1 + 2¢5 = 0.

Solving these equations yields ¢; = 1 and ¢, = 1. Therefore y = 22 + 1/2? is the unique solution of
(5.1.15) on (—o0,0). "

Although the formulas for the solutions of (5.1.14) and (5.1.15) are both y = z? + 1/22, you should not
conclude that these two initial value problems have the same solution. Remember that a solution of an
initial value problem is defined on an interval that contains the initial point; therefore, the solution of
(5.1.14) is y = x> + 1/2* on the interval (0, c0), which contains the initial point z, = 1, while the solution of
(5.1.15) is y = 2 + 1/2* on the interval (—oo,0), which contains the initial point zy = —1.

The General Solution of a Homogeneous Linear Second Order
Equation

If y; and y, are defined on an interval (a,b) and ¢; and ¢, are constants, then

Y = c1y1 + c2y2

is a linear combination of y; and y,. For example, y = 2cosz + 7sinz is a linear combination of y; = cosz
and y, =sinz, Withc; =2 and ¢, = 7.

The next theorem states a fact that we’ve already verified in Examples 5.1.1, 5.1.2, and 5.1.3.

THeorRem 5.1.2

If y1 and y2 are solutions of the homogeneous equation
¥’ +p(@)y +q(x)y=0 (5.1.18)
on (a,b), then any linear combination

Yy = Cc1y1 + Coyo (5.1.19)
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of y; and ys is also a solution of (???) on (a, b).

Proor If
Yy =c1y1 + c2y2
then
y =cy; +cys and Y’ = cry] + coys.
Therefore
Y +p(z)y + q(x)y = (c1y] + cayy) + p(x) (c1y; + cayy) + q(x) (cry1 + caya)

= c1 (y1 +p(x)y1 +q(x)y1) + c2 (v + p(2)ys + q(2)y2)

=c1-04+cy-0=0,
since y; and y, are solutions of (5.1.18). ]

We say that {y;,y.} is a fundamental set of solutions of (???) on (a, b) if every solution of (5.1.18) on (a,b)
can be written as a linear combination of y; and y, as in (5.1.19). In this case we say that (5.1.19) is
general solution of (???) on (a,b).

Linear Independence

We need a way to determine whether a given set {y;,y.} of solutions of (5.1.18) is a fundamental set.
The next definition will enable us to state necessary and sufficient conditions for this.

We say that two functions y; and y, defined on an interval (a,b) are linearly independent on (a, b) if
neither is a constant multiple of the other on (a,b). (In particular, this means that neither can be the
trivial solution of (5.1.18), since, for example, if y; = 0 we could write y; = 0y».) We'll also say that the set
{y1,y2} is linearly independent on (a, b).

THeEOREM 5.1.3

Suppose p and q are continuous on (a,b). Then a set {y;,y,} of solutions of

v + @)y +q(x)y=0 (5.1.20)

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 9 of 146



5 Linear Second Order Equations

on (a,b) is a fundamental set if and only if {y;,y-} is linearly independent on (a, b).

We'll present the proof of Theorem 5.1.3 in steps worth regarding as theorems in their own right.
However, let’s first interpret Theorem 5.1.3 in terms of Examples 5.1.1, 5.1.2, and 5.1.3.

ExampLE 5.1.4

a. Since e?/e® = ¥ is nonconstant, Theorem 5.1.3 implies that y = c;e® + c2e* is the general
solution of y” —y =0 0N (—o0, ).

b. Since coswz/ sinwz = cot wzx iS Nonconstant, Theorem 5.1.3 implies that y = ¢; coswz + ca sinwz
is the general solution of y” + w?y = 0 oN (—oco, ).

c. Since z?/z~2 = z* is nonconstant, Theorem 5.1.3 implies that y = ¢,z + cy/z? is the general
solution of z%y” + 2y’ — 4y = 0 on (—o0,0) and (0, o).

The Wronskian and Abel’'s Formula

To motivate a result that we need in order to prove Theorem 5.1.3, let's see what is required to prove
that {y1,y2} is a fundamental set of solutions of (5.1.20) on (a,b). Let =y be an arbitrary point in (a,b), and
suppose y is an arbitrary solution of (5.1.20) on (a,b). Then y is the unique solution of the initial value
problem

y" + @)y +q@)y =0, ylzo) =k, y'(z0)=ky; (5.1.21)

that is, kg and k; are the numbers obtained by evaluating y and y’ at z,. Moreover, ky, and k; can be any
real numbers, since Theorem 5.1.1 implies that (5.1.21) has a solution no matter how k, and k; are
chosen. Therefore {y, v} is a fundamental set of solutions of (5.1.20) on (a, b) if and only if it's possible
to write the solution of an arbitrary initial value problem (5.1.21) as y = ¢,y1 + cay2. This is equivalent to
requiring that the system

c1y1(xo) + c2y2(xo) ko

! ; (5.1.22)
c1y1(wo) + cays(wo) = ki

has a solution (c;, ¢;) for every choice of (kg, k). Let’s try to solve (5.1.22).

Multiplying the first equation in (5.1.22) by y5(zo) and the second by y,(z,) yields

c1y1(z0)y2 (o) + cay2(x0)ya(z0) = ya(wo)ko
a1y (wo)ya(zo) + cayy(zo)ya(zo) = ya(zo)ki,
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and subtracting the second equation here from the first yields

(y1(z0)ys (o) — ¥1 (z0)ya(z0)) 1 = ya(w0)ko — y2(zo) k1. (5.1.23)

Multiplying the first equation in (5.1.22) by ¥} (z¢) and the second by y;(z,) yields

c1y1(z0)y1 (z0) + c2y2(w0)y1 (o) = y1(z0)ko
a1y (o)y1 (o) + cayy (o) yr (o) = ya(wo)ky,

and subtracting the first equation here from the second yields

(y1(zo)ys (o) — vy (@o)ya(z0)) c2 = y1(zo)k1 — v (o) ko (5.1.24)

Y1 (20)ya (o) — y1(zo)y2 (o) =0,

it's impossible to satisfy (5.1.23) and (5.1.24) (and therefore (5.1.22)) unless k, and k; happen to satisfy

y1(zo)kr — vy (wo)ko = 0
ya(z0)ko — ya(zo)k1 = 0.

On the other hand, if

y1(zo)ys(zo) — yy1(zo)y2(ze) # 0 (5.1.25)

we can divide (5.1.23) and (5.1.24) through by the quantity on the left to obtain

_ 5 (w0) ko—ya(wo) k1
e = \ds y1(zo)ys (o) —y{ (z0)y2(z0)

(5.1.26)

_ y1 (o) k1 —y; (o) ko
2 = \dsto S EowE

no matter how k, and k; are chosen. This motivates us to consider conditions on y; and y, that imply
(5.1.25).

THeEoOREM 5.1.4

Suppose p and q are continuous on (a,b), let y; and y, be solutions of
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y" +p(@)y +qx)y=0 (5.1.27)
n (a,b), and define
W = 515 — Y192 (5.1.28)
Let zo be any pointin (a,b). Then
W(z) = W(zo)e 1oP0% ¢ <z<b (5.1.29)
Therefore either W has no zeros in (a,b) or W =0 on (a,b).

Proor Differentiating (5.1.28) yields
W' = y1ys + y19s — Y1¥2 — Y1¥2 = Y1¥s — Y1 Y2 (5.1.30)
Since y; and y, both satisfy (5.1.27),
yi = —pyy —q1 and Yy = —py, — qua.
Substituting these into (5.1.30) yields

W’ =\dst — 1 (pys + ay2) + 2 (py1 + ay1)
= \dst — p(y195 — ¥291) — a(y1y2 — Y211)
/ /7
= —p(y1ys — yoy1) = —pW.

Therefore W’ + p(z)W = 0; that is, W is the solution of the initial value problem
Y +p(x)y=0, y(zo) = W(z).

We leave it to you to verify by separation of variables that this implies (5.1.29). If W(z,) # 0, (5.1.29)
implies that W has no zeros in (a,b), Since an exponential is never zero. On the other hand, if W(z,) =0,
(5.1.29) implies that W(z) = 0 for all z in (a,b). [

The function W defined in (5.1.28) is the Wronskian of {y, y»}_(http://www-history.mcs.st-and.ac.uk/Mathematician

s/Wronski.html). Formula (5.1.29) is Abel's formula (http://www-history.mes.st-and.ac.uk/Mathematicians/Abel.html).

The Wronskian of {y,y.} is usually written as the determinant
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ACD)

’
Y1 Y2

The expressions in (5.1.26) for ¢; and ¢, can be written in terms of determinants as

1 ko ya(wo) y1(zo) ko

W (o)

1
W(zo)

CcC1 =

‘ and ¢y =

k1 yy(wo) yi(zo) K

If you've taken linear algebra you may recognize this as Cramer’s rule (http://www-history.mcs.st-and.ac.uk/Mat

hematicians/Cramer.html).

ExawvpLE 5.1.5

Verify Abel’s formula for the following differential equations and the corresponding solutions, from
Examples 5.1.1, 5.1.2, and 5.1.3:

T

ay —y=0; y1=¢€" yp=e€"
b.y" +w?y=0;  y1=cosws, y; =sinwz

C.a’y’ +ay —dy=0; y1=2% y=1/a°

SovruTion (A) Since p = 0, we can verify Abel's formula by showing that W is constant, which is true,
since

=e"(—e™") —e"e T =2

for all z.

SocuTion (B) Again, since p = 0, we can verify Abel’s formula by showing that W is constant, which is
true, since

COS WT sin wzx
W(x) = \dst

—wsinwr wcoswe

= coswz(wcoswz) — (—wsinwz) sin wz

= w(cos® wz + sin® wz) = w

for all z.
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5 Linear Second Order Equations

SocuTion (c) Computing the Wronskian of y; = z? and y, = 1/z? directly yields

— 2 (7%) fo(%) =—% (5.1.31)

To verify Abel's formula we rewrite the differential equation as
Va 1 / 4

Yy +—y ——y=0
x x

to see that p(z) = 1/z. If o and z are either both in (—o0,0) or both in (0, ) then

T T dt T
= _:1 —_
Lop(t)dt x t n(x())’

0

so Abel’s formula becomes

I
|
/N
S
N————
/N
5 |&
N———
-
=
g
~
-~
-~
-~
~—

which is consistent with (5.1.31). ]

The next theorem will enable us to complete the proof of Theorem 5.1.3.

THeoREM 5.1.5

Suppose p and ¢ are continuous on an open interval (a,b), let y; and y, be solutions of

v +p(@)y +q(x)y=0 (5.1.32)

on (a,b), and let W = y,95 — y1y2. Then y; and y, are linearly independent on (a, b) if and only if W
has no zeros on (a, b).

Proor We first show that if W(z,) = 0 for some z, in (a,b), then y; and y, are linearly dependent on (a, b).
Let I be a subinterval of (a,b) on which y; has no zeros. (If there’s no such subinterval, y; = 0 on (a,b),
so y; and y, are linearly independent, and we're finished with this part of the proof.) Then y,/y; is
defined on I, and
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5 Linear Second Order Equations

(2) _ vy W (5.1.33)
y1 vi vi

However, if W(zq) = 0, Theorem 5.1.4 implies that W = 0 on (a,b). Therefore (5.1.33) implies that (y2/y1)’
=0, SO y2/y; = c (constant) on I. This shows that y,(z) = cy;(z) for all z in I. However, we want to show
that y, = cy;(z) for all z in (a,b). Let Y =y — cy;. Then Y is a solution of (5.1.32) on (a,b) such that Y =0
on I, and therefore Y’ = 0 on I. Consequently, if z, is chosen arbitrarily in I then Y is a solution of the
initial value problem

Yy +p(x)y +q@)y=0, y(xo) =0, y'(xg) =0,

which implies that Y = 0 on (a, b), by the paragraph following Theorem 5.1.1. (See also Exercise 24).
Hence, 3, — cy; = 0 0N (a,b), which implies that y; and y, are not linearly independent on (a, b).

Now suppose W has no zeros on (a,b). Then y; can’t be identically zero on (a,b) (why not?), and
therefore there is a subinterval I of (a,b) on which y; has no zeros. Since (5.1.33) implies that y,/y; is
nonconstant on I, y, isn’'t a constant multiple of y; on (a,b). A similar argument shows that y; isn't a
constant multiple of y, on (a,b), since

(g)’: yiv2—yys W

Y2 2 2

Yy Yy

on any subinterval of (a,b) where y, has no zeros. n

We can now complete the proof of Theorem 5.1.3. From Theorem 5.1.5, two solutions y; and y, of
(5.1.32) are linearly independent on (a, b) if and only if W has no zeros on (a,b). From Theorem 5.1.4
and the motivating comments preceding it, {y;, v} is a fundamental set of solutions of (5.1.32) if and
only if W has no zeros on (a,b). Therefore {y;,y,} is a fundamental set for (5.1.32) on (a,b) if and only if
{y1,y2} is linearly independent on (a, b). n

The next theorem summarizes the relationships among the concepts discussed in this section.

THeEOREM 5.1.6

Suppose p and q are continuous on an open interval (a,b) and let y; and y, be solutions of
v +p@)y +q(x)y=0 (5.1.34)

on (a,b). Then the following statements are equivalent; that is, they are either all true or all false.
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5 Linear Second Order Equations

a. The general solution of (???) on (a,b) IS y = c1y1 + caya.

b. {y1,y2} is a fundamental set of solutions of (???) on (a,b).
C. {y1,y2} is linearly independent on (a, b).

d. The Wronskian of {y;,y,} iS nonzero at some pointin (a,b).

e. The Wronskian of {y;,y»} iS nonzero at all points in (a, b).

We can apply this theorem to an equation written as

Po(z)y" + Pi(z)y’ + Pa(z)y =0

on an interval (a,b) where P,, P, and P, are continuous and P, has no zeros.

THeEOREM 5.1.7

Suppose cis in (a,b) and « and g are real numbers, not both zero. Under the assumptions of
Theorem 5.1.7, suppose y: and y: are solutions of (5.1.34) such that

ayi(c) + Byi(c) =0 and  ays(c) + Bys(c) = 0. (5.1.35)

Then {y1,y.} isn’t linearly independent on (a, b).

Proor Since o and g are not both zero, (5.1.35) implies that

N

‘yl(C) Y1 (o)
yi(c) wa(c)

y2(c)  ya(o)

and Theorem 5.1.6 implies the stated conclusion.
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5 Linear Second Order Equations

5.1 Exercises

1. a. Verify that y; = ¢** and y, = ¢° are solutions of
y' =1y +10y=0 (A)

on (—oo, 00).

b. Verify that if ¢, and ¢, are arbitrary constants then y = c;e?* + c9e is a solution of (A) on

(700, OO)

c. Solve the initial value problem
y =Ty +10y=0, y(0)=-1, y'(0)=1
d. Solve the initial value problem

y' =7y +10y=0, y(0)=ko, ¥ (0)=k.

Show answer

2. a. Verify that y; = e cosz and y, = e®sinz are solutions of
y' =2y +2y=0 (A)

on (—oo, 00).
b. Verify that if ¢; and ¢, are arbitrary constants then y = c;e® cosz + ce® sin z is a solution of (A)
on (—oo, 00).
c. Solve the initial value problem
y' =2y +2y=0, y(0)=3, y(0)=-2.

d. Solve the initial value problem

y' =2y +2y=0, y(0)=ky, % (0)=k.

Show answer
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5 Linear Second Order Equations

a. Verify that y; = e* and y, = ze® are solutions of
y =2y +y=0 (A)

on (—oo, 00).

b. Verify that if ¢c; and ¢, are arbitrary constants then y = e®(c; + c2) is a solution of (A) on

(—00,00).

c. Solve the initial value problem
y' =2y +y=0, y(0)=7 y(0)=4
d. Solve the initial value problem

y' =2y +y=0, y0)=ko,, ¢ (0)=rki.
a. Verify that y; = 1/(z — 1) and y, = 1/(z + 1) are solutions of
(x2 —1)y” +4zy’ +2y=0 (A)

on (—oo,—1), (—1,1), and (1, ). What is the general solution of (A) on each of these
intervals?

b. Solve the initial value problem
(22 —1)y” + 4y’ +2y=0, y(0)=-5 9 (0)=1.

What is the interval of validity of the solution?
C. Graph the solution of the initial value problem.

d. Verify Abel’s formula for y; and y,, with z, = 0.

Show answer
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5 Linear Second Order Equations

5. Compute the Wronskians of the given sets of functions.

(@) {1,¢"} (b) {e*, e*sinz}

(c) {z+ 1,22+ 2} (d) {z/2, z71/3}

(e) {\dst e, ez} (f) {zn|z|,2* In|z|}
(9) {e® cos vz, e”sin/z}

Show answer

6. Find the Wronskian of a given set {y;, y»} of solutions of
y” +3(2% + 1)y —2y=0,

given that W(r) = 0.

Show answer

7. Find the Wronskian of a given set {y;,y»} of solutions of
(1- xZ)y” —2zy" + ala+ 1)y =0,

given that W (0) = 1. (This is Legendre’s equation (http:/www-history.mcs.st-and.ac.uk/PictDisplay/Legendre.ht
mb).)

Show answer

8. Find the Wronskian of a given set {y;, y»} of solutions of

2y +zy + (2 —v?)y =0,

given that W(1) = 1. (This is Bessel's equation (http:/www-history.mcs.st-and.ac.uk/Mathematicians/Bessel.htm

D.)
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5 Linear Second Order Equations

9. (This exercise shows that if you know one nontrivial solution of y” + p(z)y’ + q(x)y = 0, you can use
Abel’s formula to find another.)

Suppose p and q are continuous and y; is a solution of
y" +p(z)y +q(z)y =0 (A)

that has no zeros on (a,b). Let P(z) = [ p(z) dz be any antiderivative of p on (a,b).

a. Show that if K is an arbitrary nonzero constant and y, satisfies
y1Ys — yry2 = Ke 79 (B)

on (a,b), then y, also satisfies (A) on (a,b), and {y;,y.} is a fundamental set of solutions on
(A) on (a,b).

P

b. Conclude from (a) that if y, = uy; where v’ = K\dst%, then {y;,y,} is a fundamental set of

e
2
Y1

solutions of (A) on (a,b).

In Exercises 10-23 use the method suggested by Exercise 9 to find a second solution y, that isn’t a
constant multiple of the solution y,. Choose K conveniently to simplify ys.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

5 Linear Second Order Equations

y”—?y/—3y=0; m :e3x

Show answer

y" — 6y +9y =

Show answer

y" —2ay’ +a’y

Show answer

2,/

0, y=e*

=0 (a=constant); y; =e%

22y’ +xy —y=0, y1==x

Show answer

2y —zy +y=0, ==z

Show answer

z2y” — (2a — 1)zy’ + a’y = 0 (a = nonzero constant); =z >0;  y; = z°

Show answer

W~

z%y” — dzy’ +

Show answer

—~

z—1)y" —zy

Show answer

2y// _ 21132/ +

8

—~

Show answer

4z%(sinz)y” — 4z(xcosx +sinz)y + (2zcosz + 3sinz)y =0; y ==z

Show answer

—~

Show answer

x? —4)y” + 4z

—~

Show answer

—~

2z + 1)zy” — 2

Show answer

(3—162%)y=0; gy =x'/%e*

+y=0; Yy =e”

z2+2)y=0; y ==zcosw

1/2

3z—1)y" — Bz +2)y — (6x—8)y=0; 1y =e**

y +2y=0; yp = \dst zi2

(222 — 1)y —4(z+1)y=0; y; =\dstl
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5 Linear Second Order Equations

23. (22 —22)y" + 22—y + (22 —-2)y=0; vy =¢e°

Show answer

24. Suppose p and ¢ are continuous on an open interval (a,b) and let z, be in (a,b). Use
Theorem 5.1.1 to show that the only solution of the initial value problem

Y +p@)y +q(x)y=0, y(zo) =0, ¢ (z9)=0

on (a,b) is the trivial solution y = 0.

25. Suppose Py, P;, and P, are continuous on (a,b) and let z, be in (a,b). Show that if either of the
following statements is true then Py(z) = 0 for some z in (a, b).

a. The initial value problem
Py(z)y” + Pi(z)y’ + Po(2)y =0, y(zo) =ko, ¥ (z0) =k

has more than one solution on (a,b).

b. The initial value problem
Py(x)y” + Pi(z)y’ + Pa(2)y =0, y(zo) =0, y'(z0)=0

has a nontrivial solution on (a, b).

26. Suppose p and q are continuous on (a,b) and y; and y, are solutions of
y" + )y’ +q(z)y=0 (A)
N (a,b). Let
z1=ay1+Pys and 22 = Y1 + ys,

where «, 3, v, and § are constants. Show that if {21, 25} is a fundamental set of solutions of (A) on
(a,b) then sois {y1,ys}-
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5 Linear Second Order Equations

27. Suppose p and ¢ are continuous on (a,b) and {y;,v-} is a fundamental set of solutions of
y" +p(@)y +q(x)y=0 (A)

N (a,b). Let
zi=oy1+ Py and 2o = YY1 + 0y,

where «, 8,7, and ¢ are constants. Show that {z1, z;} is a fundamental set of solutions of (A) on
(a,b) if and only if ary — 86 # 0.

28. Suppose y; is differentiable on an interval (a,b) and y, = ky;, where k is a constant. Show that the
Wronskian of {y;,y.} is identically zero on (a,b).

29. Let

z3, >0,

3
=z and =
n 2 { —z%, x<0.

a. Show that the Wronskian of {y,y,} is defined and identically zero on (—oo, 00).
b. Suppose a < 0 < b. Show that {y,y.} is linearly independent on (a,b).

c. Use Exercise 25(b) to show that these results don’t contradict Theorem 5.1.5, because
neither y; nor y, can be a solution of an equation

Y +p(@)y +qlz)y=0

on (a,b) if p and q are continuous on (a, b).

30. Suppose p and q are continuous on (a,b) and {y;,y-} is a set of solutions of
Y +p()y +q(z)y=0

on (a,b) such that either y;(zo) = y2(z¢) = 0 OF y;(xo) = y4(xo) = 0 for some zq in (a,b). Show that
{y1,y2} is linearly dependent on (a,b).
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31.

32.

33.

34.

5 Linear Second Order Equations

Suppose p and g are continuous on (a,b) and {y,y.} is a fundamental set of solutions of

y" + @)y +qlz)y=0

on (a,b). Show that if y;(z1) = y1(x2) = 0, where a < z; < x5 < b, then y,(x) = 0 for some z in (z1, z2).
Hint: Show that if yo has no zeros in (z1,z,), then y, /y, is either strictly increasing or strictly
decreasing on (z,,z,), and deduce a contradiction.

Suppose p and q are continuous on (a,b) and every solution of

y" +p(x)y +q(z)y =0 (A)

on (a,b) can be written as a linear combination of the twice differentiable functions {y;,y.}. Use
Theorem 5.1.1 to show that y; and y, are themselves solutions of (A) on (a, b).

Suppose p1, p2, q1, and g2 are continuous on (a,b) and the equations

Y +pi@)y +q(z)y=0 and y" +pe(x)y’ + q2(z)y =0

have the same solutions on (a,b). Show that p; = p and ¢; = ¢, 0n (a, b). Hint: Use Abel’s formula.

(For this exercise you have to know about 3 x 3 determinants.) Show that if y; and y, are twice
continuously differentiable on (a,b) and the Wronskian W of {y;,y.} has no zeros in (a,b) then the
equation

Yy Y1 Y2
1 ’/ /7
WY ownove = 0
vy Y,
can be written as
y" +p@)y + qx)y =0, (A)

where p and ¢ are continuous on (a,b) and {y;,v-} is a fundamental set of solutions of (A) on (a, b).
Hint: Expand the determinant by cofactors of its first column.
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5 Linear Second Order Equations

35. Use the method suggested by Exercise 34 to find a linear homogeneous equation for which the
given functions form a fundamental set of solutions on some interval.

(a) e cos2z, e%sin2z (b) z, e*
(c)z, zlnz (d) cos(Inz), sin(lnz)
(€) coshz, sinhzx fz2—1, 22+1

Show answer

36. Suppose p and ¢ are continuous on (a,b) and {y;,v-} is a fundamental set of solutions of
y" +p(z)y + q(z)y =0 (A)

n (a,b). Show that if y is a solution of (A) on (a,b), there’s exactly one way to choose ¢; and ¢, SO
that y = c1y1 + cay2 ON (a, b).

37. Suppose p and q are continuous on (a,b) and z, is in (a,b). Let y; and y, be the solutions of
¥’ +p(@)y +q(x)y=0 (A)
such that
yi(zo) =1, wi(xo) =0 and ya(zo) =0, ys(z0) = 1.

(Theorem 5.1.1 implies that each of these initial value problems has a unique solution on (a,b).)
a. Show that {yi,y-} is linearly independent on (a, b).
b. Show that an arbitrary solution y of (A) on (a,b) can be written as y = y(x¢)y1 + ¥’ (z0)ya-

c. Express the solution of the initial value problem
Y +p(@)y +q(x)y=0, ylxo)=ko, ¥y (x0)="F

as a linear combination of y; and ys,.

Show answer
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5 Linear Second Order Equations

38. Find solutions y; and y, of the equation y” = 0 that satisfy the initial conditions
yi(zo) =1, wi(zo) =0 and ya(zo) =0, ys(z0) =1.
Then use Exercise 37 (c) to write the solution of the initial value problem
y' =0, y(0)=ko,, y(0)=k

as a linear combination of y; and ys,.

Show answer

39. Let z, be an arbitrary real number. Given (Example 5.1.1) that e® and ¢~ are solutions of y” —y
=0, find solutions y; and y, of 4" —y = 0 such that

yi(zo) =1, yi(wo) =0 and  ya(zo) =0, yp(zo) = 1.
Then use Exercise 37 (c) to write the solution of the initial value problem
Yy —y=0, ylzo) =ko, ¥(z0)=h

as a linear combination of y; and ys.

Show answer
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40.

41.

5 Linear Second Order Equations

Let =y be an arbitrary real number. Given (Example 5.1.2) that coswz and sinwz are solutions of y”
+ w?y = 0, find solutions of y” + w?y = 0 such that

yi(zo) =1, yi(zo) =0 and ya(zo) =0, ys(xo) = 1.
Then use Exercise 37 (c) to write the solution of the initial value problem
Y +wly=0, ylzo) =ko, ¥ (w0)=Fk

as a linear combination of y; and y,. Use the identities

cos(A + B) = cos Acos B —sin Asin B
sin(A 4+ B) = sin A cos B + cos Asin B

to simplify your expressions for y1, y,, and y.

Show answer

Recall from Exercise 4 that 1/(z — 1) and 1/(x + 1) are solutions of
(22— 1)y" +4ay’ +2y =0 (A)
n (—1,1). Find solutions of (A) such that
y1(0)=1, 4(0)=0 and y5(0) =0, y5(0) = L.
Then use Exercise 37 (c) to write the solution of initial value problem
(@* =1y +4zy +2y=0, y(0)=ko, ¥ (0)=k

as a linear combination of y; and ys.

Show answer
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5 Linear Second Order Equations

42, a. Verify that y; = 2? and y, = 23 satisfy
mzy” —dxy’ +6y=0 (A)

on (—oo, c0) and that {y;,y-} is a fundamental set of solutions of (A) on (—oo,0) and (0, ).

b. Let ay, a9, b1, and b, be constants. Show that

B a12? + asx®, x>0,
b +box®, <0

is a solution of (A) on (—oo, c0) if and only if a; = b;. From this, justify the statement that y is
a solution of (A) on (—oo, o) if and only if

iz 4 coxd, >0,
iz +ezxd, <0,

where ¢y, co, and c3 are arbitrary constants.

c. For what values of k, and &, does the initial value problem
o’y —dxy’ +6y=0, y(0)=ko, ¥'(0)=k

have a solution? What are the solutions?

d. Show that if zq # 0 and kg, k; are arbitrary constants, the initial value problem
z?y” —dwy +6y=0, ylxo) =ko, ¥ (x0) =k (B)

has infinitely many solutions on (—oo, 00). On what interval does (B) have a unique solution?

Show answer
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5 Linear Second Order Equations

43. a. Verify that y; = x and y, = 2? satisfy
2y’ —2xy +2y=0 (A)

on (—oo, c0) and that {y;,y-} is a fundamental set of solutions of (A) on (—oo,0) and (0, ).

b. Let ay, a9, b1, and b, be constants. Show that

) aiz+ asx®, x>0,
bz +bez?, <0

is a solution of (A) on (—oo, 00) if and only if a; = b; and ay = by. From this, justify the
statement that the general solution of (A) on (—co, ) iS y = c12 + cox?, Where ¢; and ¢, are
arbitrary constants.

c. For what values of k, and &; does the initial value problem
a2y —2zy +2y=0, y(0)=ko, ¥ (0)=k

have a solution? What are the solutions?

d. Show that if zq # 0 and ko, k; are arbitrary constants then the initial value problem
a?y” —2xy +2y=0, y(zo) =ko, ¢ (x0) =k

has a unique solution on (—oo, co).

Show answer

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 29 of 146



5 Linear Second Order Equations

44, a. Verify that y; = 2* and y, = z* satisfy
z2y” —6xy + 12y =0 (A)

on (—oo, c0), and that {y;,v-} is a fundamental set of solutions of (A) on (—co, 0) and (0, co).

b. Show that y is a solution of (A) on (—oo, 0o) if and only if

B a12® + aszt, x>0,
bia® + bozt, <0,

where a1, aq, b1, and b, are arbitrary constants.

c. For what values of k, and k; does the initial value problem
a2y’ —6xy +12y =0, y(0)=ko, ¢ (0)=k

have a solution? What are the solutions?

d. Show that if zq # 0 and kg, k; are arbitrary constants then the initial value problem
2’y —6zy +12y =0, y(zo) =ko, ¥ (z0) =k (B)

has infinitely many solutions on (—oo, 00). On what interval does (B) have a unique solution?

Show answer

5.2 Constant Coefficient Homogeneous Equations

If a, b, and c are real constants and a +# 0, then
ay” + by’ +cy= F(x)

is said to be a constant coefficient equation. In this section we consider the homogeneous constant
coefficient equation

ay” + by’ + cy = 0. (5.2.1)

As we'll see, all solutions of (5.2.1) are defined on (—oo, 00). This being the case, we’ll omit references
to the interval on which solutions are defined, or on which a given set of solutions is a fundamental set,
etc., since the interval will always be (—cc, c0).
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5 Linear Second Order Equations

The key to solving (5.2.1) is that if y = ¢"* where r is a constant then the left side of (5.2.1) is a multiple
of e™; thus, if y = ¢ then y’ = re’™ and y” = r2e’™, SO

2 rx

ay” + by +cy = ar’e’™ + bre™ 4 ce™ = (ar® + br + c)e’. (5.2.2)
The quadratic polynomial
p(r) =ar’ +br+c

is the characteristic polynomial of (5.2.1), and p(r) = 0 is the characteristic equation. From (5.2.2) we
can see that y = e is a solution of (5.2.1) if and only if p(r) = 0.

The roots of the characteristic equation are given by the quadratic formula

—b+ Vb2 —4ac
r= —m—

o (5.2.3)

We consider three cases:

Case 1. b2 — 4ac > 0, so the characteristic equation has two distinct real roots.
Case 2. b* — 4ac = 0, so the characteristic equation has a repeated real root.

Cask 3. b2 — 4ac < 0, so the characteristic equation has complex roots.

In each case we’ll start with an example.

Case 1: Distinct Real Roots

ExampLE 5.2.1

a. Find the general solution of
y" + 6y +5y=0. (5.2.4)
b. Solve the initial value problem

y" +6y +5y=0, y(0)=3, y(0)=—1. (5.2.5)
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SovruTion (A) The characteristic polynomial of (5.2.4) is
p(r)=r>4+6r+5=(r+1)(r+5).

Since p(—1) = p(—5) =0, y; = e * and y, = ¢~ are solutions of (5.2.4). Since y,/y; = e~** is nonconstant,
5.1.6 implies that the general solution of (5.2.4) is

y=cre " +coe . (5.2.6)

SoruTion (B) We must determine ¢; and ¢, in (5.2.6) so that y satisfies the initial conditions in (5.2.5).
Differentiating (5.2.6) yields

y =—ce”

— 5ege 2, (5.2.7)
Imposing the initial conditions y(0) = 3, 4’(0) = —1 in (5.2.6) and (5.2.7) yields

c1+ ¢ = 3
—C1 — 502 = —1.

The solution of this system is ¢; = 7/2, ¢, = —1/2. Therefore the solution of (5.2.5) is

Figure 5.2.1 is a graph of this solution.
Figure 5.2.1. y = \dstge ™ — e
If the characteristic equation has arbitrary distinct real roots r; and r,, then y; = ¢"* and y, = e"* are

solutions of ay” + by’ + cy = 0. Since y,/y; = e">")* is nonconstant, Theorem 5.1.6 implies that {y, .} is
a fundamental set of solutions of ay” + by’ + cy = 0.

Case 2: A Repeated Real Root

ExampLE 5.2.2
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a. Find the general solution of

y" + 6y’ +9y=0. (5.2.8)

b. Solve the initial value problem

y' +6y +9y=0, y(0)=23,y(0)=—1. (5.2.9)

SovruTion (A) The characteristic polynomial of (5.2.8) is

p(r) =1’ +6r+9=(r+3)%

so the characteristic equation has the repeated real root r; = —3. Therefore y; = e =3 is a solution of
(5.2.8). Since the characteristic equation has no other roots, (5.2.8) has no other solutions of the form
e™. We look for solutions of the form y = uy; = ue=3%, where « is a function that we’ll now determine.
(This should remind you of the method of variation of parameters used in Section 2.1 to solve the
nonhomogeneous equation y’ + p(z)y = f(x), given a solution y; of the complementary equation y’

+ p(z)y = 0. It's also a special case of a method called reduction of order that we’ll study in Section 5.6.
For other ways to obtain a second solution of (5.2.8) that’'s not a multiple of e3¢, see Exercises 5.1. 9,
5.1. 12, and 33.

If y = ue™>", then
Y =u'e " —3ue® and y =u"e ¥ —6u'e " + ue ¥,
SO

"

Y 46y +9y=e " [(u” —6u +9u) +6(u’ — 3u) + 9u]
=e ¥ —(6—6)u’ +(9— 18+ 9)u] =u"e 2.

Therefore y = ue=3* is a solution of (5.2.8) if and only if w” = 0, which is equivalent to u = ¢; + coz, where
c; and ¢, are constants. Therefore any function of the form

y=e *(c; + coz) (5.2.10)

is a solution of (5.2.8). Letting ¢; = 1 and ¢, = 0 yields the solution y; = ¢3¢ that we already knew. Letting
c1 = 0 and ¢, = 1 yields the second solution y, = ze3%. Since y,/y; = = iS nonconstant, 5.1.6 implies that
{y1,y2} is fundamental set of solutions of (5.2.8), and (5.2.10) is the general solution.
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5 Linear Second Order Equations

SovruTion (B) Differentiating (5.2.10) yields

y = *367396(01 + o) + coe 3%, (5.2.11)

Imposing the initial conditions y(0) = 3, 4’(0) = —1 in (5.2.10) and (5.2.11) yields ¢; = 3 and —3c; + 3
= —1, S0 ¢, = 8. Therefore the solution of (5.2.9) is

y=e 37(3+ 8z).

Figure 5.2.2 is a graph of this solution.

Figure 5.2.2. y = ¢73*(3 + 8z)

If the characteristic equation of ay” + by’ + cy = 0 has an arbitrary repeated root r,, the characteristic
polynomial must be

p(r) =a(r—r1)* =a(r? —2rir +r?).
Therefore
ar® +br +c = ar? — (2ary)r + ar?,

which implies that b = —2ar, and ¢ = ar}. Therefore ay” + by’ + cy = 0 can be written as a(y” — 2r1y’ + riy)
= 0. Since a # 0 this equation has the same solutions as

v’ —2ry +riy=0. (5.2.12)

Since p(r1) =0, t y; = " is a solution of ay” + by’ + cy = 0, and therefore of (5.2.12). Proceeding as in
Example 5.2.2, we look for other solutions of (5.2.12) of the form y = ue™*; then

’ ’ V4 Y / 2
y =ue™ +rue"® and y =u"e"" 4 2ru’e"” + riue™”,
SO

Y’ —2ry +riy =€ [(u” +2ru’ +riu) — 2r (v’ + riu) + riuf

=€ [u” +(2ry —2r)u’ + (2 — 28 + r%)u] =u"en”.
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Therefore y = ue™? is a solution of (5.2.12) if and only if +” = 0, which is equivalent to u = ¢; + coz, where
c; and ¢, are constants. Hence, any function of the form

y=e"(c1 + cox) (5.2.13)

is a solution of (5.2.12). Letting ¢; = 1 and ¢, = 0 here yields the solution y;, = e* that we already knew.
Letting ¢; = 0 and ¢, = 1 yields the second solution y, = ze™*. Since y,/y; = z is nonconstant, 5.1.6
implies that {y,y.} is a fundamental set of solutions of (5.2.12), and (5.2.13), is the general solution.

Case 3: Complex Conjugate Roots

ExampLE 5.2.3

a. Find the general solution of
y" 4+ 4y’ +13y=0. (5.2.14)
b. Solve the initial value problem

vy’ +4y +13y=0, y(0)=2, y'(0)=-3. (5.2.15)

SoruTion (A) The characteristic polynomial of (5.2.14) is

p(r)y=r’+4r+13=r2+4r+4+9=(r+2)2+9.

The roots of the characteristic equation are r; = —2 + 3i and r, = —2 — 3i. By analogy with Case 1, it's
reasonable to expect that e(-2+3)* and ¢(-2-3)7 are solutions of (5.2.14). This is true (see Exercise 34);
however, there are difficulties here, since you are probably not familiar with exponential functions with
complex arguments, and even if you are, it's inconvenient to work with them, since they are complex—
valued. We'll take a simpler approach, which we motivate as follows: the exponential notation suggests
that

6(72-&-31')1 — e 2831 a1d 6(72731')1 — 672x6732’z,

so even though we haven't defined e** and e %, it's reasonable to expect that every linear combination
of (=237 and e(~2-3)* can be written as y = ue 2*, where « depends upon z. To determine «, we note
that if y = ue 2 then
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2% and ¢y’ =u"e ¥ —4u'e T + due %,

SO

”

Y + 4y +13y = e [(u” —4u’ 4 4u) + 4(u’ — 2u) + 13u]
—e P —(4—u + (4 —8+13)u] = e (u” + 9u).

Therefore y = ue=* is a solution of (5.2.14) if and only if

u” 4+ 9u = 0.

From Example 5.1.2, the general solution of this equation is

U = ¢1 oS 3T + c9 sin 3x.

Therefore any function of the form

y = e *(cy cos 3z + ¢y sin 3) (5.2.16)

is a solution of (5.2.14). Letting ¢; = 1 and ¢, = 0 yields the solution 3; = e 2% cos 3z. Letting ¢; = 0 and ¢,
= 1 yields the second solution y, = e ?*sin 3z. Since y,/y; = tan 3z is nonconstant, 5.1.6 implies that
{y1,92} is a fundamental set of solutions of (5.2.14), and (5.2.16) is the general solution.

SovruTion (B) Imposing the condition y(0) = 2 in (5.2.16) shows that ¢; = 2. Differentiating (5.2.16) yields
y = —2e %(¢1 cos 3T + ¢y sin 3z) + 3 2 (—cy sin 3z + ¢ cos 3z,

and imposing the initial condition y’(0) = —3 here yields —3 = —2c¢; + 3¢, = —4 + 3¢, SO ¢s = 1/3. Therefore
the solution of (5.2.15) is

1
y=e **(2cos3z + 3 sin 3z).

Figure 5.2.3 is a graph of this function. [
Figure 5.2.3. \dsty = e 2*(2cos 3z + 5 sin 3z)

Now suppose the characteristic equation of ay” + by’ + cy = 0 has arbitrary complex roots; thus, b2 — 4ac
< 0 and, from (5.2.3), the roots are
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5 Linear Second Order Equations

_ —b +iv4ac — b? B —b—iv/4ac — b?
r = 2% ) o = 2% )
which we rewrite as
rT=Atiw, r9=A—iw, (5.2.17)
with
B b oV 4ac — b2
T 2a’ w= 2a '

Don’'t memorize these formulas. Just remember that r; and r, are of the form (5.2.17), where X is an
arbitrary real number and w is positive; A and w are the real and imaginary parts, respectively, of r;.
Similarly, A and —w are the real and imaginary parts of r,. We say that r, and r, are complex
conjugates, which means that they have the same real part and their imaginary parts have the same
absolute values, but opposite signs.

As in Example 5.2.3, it's reasonable to to expect that the solutions of ay” + by’ + cy = 0 are linear
combinations of e*+«)* and = Again, the exponential notation suggests that

e()\+iw)z _ e)\zeiwz A—iw)z e)\zefiw:v

and el

)

so even though we haven't defined ¢“* and e~“2, it's reasonable to expect that every linear combination
of e+ and e*~»)* can be written as y = ue?*, where « depends upon z. To determine « we first
observe that since r; = A +iw and r, = X\ — iw are the roots of the characteristic equation, p must be of
the form

p(r) = a(r—r)(r—rs)
= a(r—A—iw)(r—A+iw)
— afr- 2 b

= a(r’ —2\r+ A2 +u?).

Therefore ay” + by’ + cy = 0 can be written as

aly” =2\ + (A +w?)y] =0.

Since « # 0 this equation has the same solutions as
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v =20 + (A2 + Wy = 0.

To determine « we note that if y = ue?* then

v =u' e+ e and  y” = u”eM + 20w e + Nue?.

Substituting these expressions into (5.2.18) and dropping the common factor e** yields

(u” 422" + X%u) — 2\ (v’ 4+ Au) + (A2 + w?)u = 0,

which simplifies to

” 2
u” +wu=0.

From Example 5.1.2, the general solution of this equation is

U = €1 COSWT + C9 Sinwz.

Therefore any function of the form

y = (e coswz + ¢ sinwe)

(5.2.18)

(5.2.19)

is a solution of (5.2.18). Letting ¢; = 1 and ¢, = 0 here yields the solution y; = e* coswz. Letting ¢; = 0 and
¢y = 1 yields a second solution y, = ¢** sinwz. Since y,/y; = tanwz is nonconstant, so Theorem 5.1.6
implies that {y,y,} is a fundamental set of solutions of (5.2.18), and (5.2.19) is the general solution.

Summary

The next theorem summarizes the results of this section.

THeEOREM 5.2.1

Let p(r) = ar? + br + ¢ be the characteristic polynomial of
ay” + by’ +cy = 0.

Then:
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5 Linear Second Order Equations

a. If p(r) = 0 has distinct real roots r, and r,, then the general solution of (?7?) is

y=c1e™" + coe"*.

b. If p(r) = 0 has a repeated root r;, then the general solution of (7??) is

y= e”’”(cl + CQ.’E).

c. If p(r) = 0 has complex conjugate roots r; = A +iw and r, = X\ —iw (Where w > 0), then the
general solution of (?7?) is
)\x(

y = e (c1 coswx + co sinwz).

5.2 Exercises

In Exercises 1-12 find the general solution.
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=

.y +5y —6y=0

Show answer

2. vy —4y' +5y=0

Show answer

w

Ly + 8y +Ty=0

Show answer

4, ' — 4y +4y=0

Show answer

5. v +2¢y +10y=0
6. y' +6y +10y=10

Show answer

7. v —8y +16y=0

Show answer

8. yll+y/:0

Show answer

©
<

"2y +3y=0

Show answer

10. ¢ + 6y +13y=0

Show answer

11. 49" + 4y +10y=0

Show answer

12.

[y

0y” —3y —y=0

Show answer

In Exercises 13—17 solve the initial value problem.
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13. " + 14y + 50y =0, y(0)=2, ¢ (0)=—17

Show answer

14. 6y —y' —y=0, y(0)=10, %' (0)=0

Show answer

15. 6y"+y —y=0, y0)=-1, ¥ (0)=3

Show answer

16.

S~

Yy — 4y —3y=0, y(0)=\dstd, y'(0)=\dstZ

Show answer

17.

IS

y’ — 12y +9y =0, y(0)=3, y'(0)=\dst3

Show answer

In Exercises 18-21 solve the initial value problem and graph the solution.
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18. [ciGy” + Ty +12y=0, y(0)=-1, /(0)=0

Show answer

19. [CIG|y” —6y +9y=0, y(0)=0, 3 (0)=2

Show answer

20. (CIG[36y” — 12y +y=0, y(0)=3, ' (0)=\dst

Show answer

21. |CIG |y” + 4y’ +10y=0, y(0)=3, y'(0)=—2

Show answer

22. a. Suppose y is a solution of the constant coefficient homogeneous equation

ay” + by’ +cy=0. (A)

Let 2(z) = y(z — xy), Where z, is an arbitrary real number. Show that

az” +bz" +cz=0.

b. Let z;(z) = y1(z — zp) and z29(z) = y2(z — z0), Where {y,y-} is a fundamental set of solutions of
(A). Show that {z1, 2, } is also a fundamental set of solutions of (A).

c. The statement of Theorem 5.2.1 is convenient for solving an initial value problem
ay” +by’ +ey=0, y(0)=ko, y'(0)=kiy,
where the initial conditions are imposed at x, = 0. However, if the initial value problem is
ay’ + by +cy=0, y(zo)=ko, ¥ (x0)= ki, (B)
where z, # 0, then determining the constants in
/\z(

y=cre"? + o™, y=e""(c; + cox), or y = e *(c1 coswx + co Sinwx)

(whichever is applicable) is more complicated. Use (b) to restate Theorem 5.2.1 in a form
more convenient for solving (B).

In Exercises 23-28 use a method suggested by Exercise 22 to solve the initial value problem.
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23.

24,

25.

26.

27.

28.

29.

30.

31.

5 Linear Second Order Equations

v +3y +2y=0, y(1)=-1, y'(1)=4

Show answer

Yy’ —6y —Ty=0, y(2)=—\dstg, ¥ (2)=-5

Show answer

y' =14y +49y=0, y(1)=2, y()=11

Show answer

9y" +6y +y=0, y(2)=2, y'(2)=—\dstLt

Show answer

gy” + 4y = 05 y(ﬂ-/4) = 27 y/(ﬂ-/4) =-2

Show answer

y' +3y=0, y(@/3)=2 ¢ (x/3)=—1

Show answer

Prove: If the characteristic equation of

ay” +by’ +cy=0 (A)

has a repeated negative root or two roots with negative real parts, then every solution of (A)
approaches zero as = — oo.

Suppose the characteristic polynomial of ay” + by’ + cy = 0 has distinct real roots r; and r,. Use a
method suggested by Exercise 22 to find a formula for the solution of

ay” + by/ + cy = 07 y(l'g) = kOa y/(il?o) = kl'

Show answer

Suppose the characteristic polynomial of ay” + by’ 4+ cy = 0 has a repeated real root r;. Use a
method suggested by Exercise 22 to find a formula for the solution of

ay” + by/ + cy = 07 y(l'g) = kOa y/(il?o) = kl'

Show answer
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32. Suppose the characteristic polynomial of ay” + by” + cy = 0 has complex conjugate roots A + iw.
Use a method suggested by Exercise 22 to find a formula for the solution of

ay” +by’ +ey=0, y(zo) =ko, y'(x0)= k1
33. Suppose the characteristic equation of
ay” +by’ +cy=0 (A)

has a repeated real root r,. Temporarily, think of e as a function of two real variables z and .

a. Show that

2
9 )0

p (€™) + ce™ = a(r —ry)%e™. (B)

b. Differentiate (B) with respect to r to obtain

a% <88_22:v(€m)) + b% ((%(e”)) +c(ze™) =2+ (r—r1)z]a(r —ri)e™. (C)

c. Reverse the orders of the partial differentiations in the first two terms on the left side of (C)
to obtain

2

a@(xe”) T b (ze'™) + c(xze™) = [2+ (r —ri)z]a(r —r)e™. (D)

or

d. Setr =r; in (B) and (D) to see that y; = ¢"* and y, = ze™* are solutions of (A)
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In calculus you learned that e*, cosu, and sinu can be represented by the infinite series

" u u? ud u"

u —_— — — — — cee — cee
e_;n!_1+1!+2!+3!+ T (8)

o0 ’LL2" ’Ll,2 4 u2n
_ —1)" =1— — n_____ B
cos u ;( )" G ot Y G (B)

and
00 2n+1 u3 u5 u2n+1

sinu = =t = e (D)t C
e Z VT YT E T A TS (©)

for all real values of ». Even though you have previously considered (A) only for real values of u,
we can set « = if, where @ is real, to obtain

el = i (ZZ?TL . (D)

Given the proper background in the theory of infinite series with complex terms, it can be shown
that the series in (D) converges for all real 6.
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a. Recalling that i> = —1, write enough terms of the sequence {i"} to convince yourself that the
sequence is repetitive:

1,4,—1,—i,1,4,—1,—i,1,4,—1,—i,1,4,—1, —i, .

)

Use this to group the terms in (D) as

By comparing this result with (B) and (C), conclude that
i6

e” =cosf +isinb. (E)

This is Euler’s identity (http://www-history.mcs.st-and.ac.uk/Mathematicians/Euler.html).

b. Starting from

e1e” = (cos @ + isin f;)(cos By 4 isin fy),

collect the real part (the terms not multiplied by i) and the imaginary part (the terms
multiplied by 5) on the right, and use the trigopnometric identities

cos(0y + 02) = cos 61 cos 6y — sin 6y sin 6
sin(6q + 02) = sin 6, cos 6y + cos 01 sin 05

to verify that
0,+0. 0, i6
1 Z) — ez le’L 27

ei(

as you would expect from the use of the exponential notation e?.

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 46 of 146


http://www-history.mcs.st-and.ac.uk/Mathematicians/Euler.html
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c. If o and g are real numbers, define
ei8 = e = ¢%(cos f + isin B). (F)
ShOW that |f zZ1 = a1+ 7,,81 a.nd 29 = Qg + 2/82 then

ezl+22 — 6Z1 622 .

d. Let a, b, and ¢ be real numbers, with a # 0. Let z = u + iv where » and v are real-valued
functions of z. Then we say that z is a solution of

ay” +by +cy=0 (G)
if w and v are both solutions of (G). Use Theorem 5.2.1(c) to verify that if the characteristic
equation of (G) has complex conjugate roots X + iw then z, = e** 7 and z, = e*~*)* are

both solutions of (G).

5.3 Nonhomogeneous Linear Equations

We’'ll now consider the nonhomogeneous linear second order equation
y" + )y +q(x)y = f(=z), (5.3.1)

where the forcing function f isn’t identically zero. The next theorem, an extension of Theorem 5.1.1,
gives sufficient conditions for existence and uniqueness of solutions of initial value problems for (5.3.1).
We omit the proof, which is beyond the scope of this book.

THeorem 5.3.1

Suppose p, ,qg and f are continuous on an open interval (a,b), let z, be any point in (a,b), and let &
and k; be arbitrary real numbers. Then the initial value problem

Y +p(@)y +qlx)y = f(x), y(zo)=ko, y'(x0) =k

has a unique solution on (a, b).

To find the general solution of (5.3.1) on an interval (a,b) where p, q, and f are continuous, it's
necessary to find the general solution of the associated homogeneous equation
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Y +p(x)y +q(z)y=0 (5.3.2)

on (a,b). We call (5.3.2) the complementary equation for (5.3.1).

The next theorem shows how to find the general solution of (5.3.1) if we know one solution y, of (5.3.1),
and a fundamental set of solutions of (5.3.2). We call y, a particular solution of (5.3.1); it can be any
solution that we can find, one way or another.

THEOREM 5.3.2

Suppose p, ¢, and f are continuous on (a,b). Let y, be a particular solution of

v +p()y +q(z)y = f(z) (5.3.3)

on (a,b), and let {y;,y,} be a fundamental set of solutions of the complementary equation

y" +p(x)y’ +q(z)y =0 (5.3.4)

on (a,b). Then y is a solution of (7??) on (a,b) if and only if

Y= Yp + c1y1 + cayo, (5.3.5)

where ¢; and ¢, are constants.

Proor We first show that y in (5.3.5) is a solution of (5.3.3) for any choice of the constants ¢; and cs.
Differentiating (5.3.5) twice yields

Y =y, +cyr+ ey and Y’ =y, +cryy + oy,
)

Y +p(@)y + @)y = (y, + c1yi + cays) + p(a)(y, + 19 + c2ys)
+q(x)(yp + c1y1 + Cc2y2)
= (y, +p(x)y, + a(x)yp) + c1(y1 + p(x)y1 + q(x)y1)

+ea(ys + p(x)ys + q(x)y2)
—fte-0te0=],

since y, satisfies (5.3.3) and y, and y, satisfy (5.3.4).
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Now we’ll show that every solution of (5.3.3) has the form (5.3.5) for some choice of the constants ¢,
and c,. Suppose y is a solution of (5.3.3). We'll show that y — y,, is a solution of (5.3.4), and therefore of
the form y — y, = c1y1 + c2y2, Which implies (5.3.5). To see this, we compute

(=) +p@) Y —u) +a@)y—y) =" —y,) + )Y —y,)
+ q(x)(y — yp)
=" +p(@)y +q(z)y)
— () +p(2)y, + 9(z)y,)
= f(z) — f(z) =0,
since y and y, both satisfy (5.3.3). ]

We say that (5.3.5) is the general solution of (???) on (a, b).

If Py, P;, and F are continuous and P, has no zeros on (a,b), then Theorem 5.3.2 implies that the
general solution of

Py(z)y" + Pi(x)y’ + Py(z)y = F(x) (5.3.6)

on (a,b) iS y =y, + c1y1 + c2y2, Where y,, is a particular solution of (5.3.6) on (a,b) and {y;,y.} is a
fundamental set of solutions of

Py(z)y” + Pi(x)y’ + Py(x)y =0

on (a,b). To see this, we rewrite (5.3.6) as

and apply Theorem 5.3.2 with p = P,/ Py, ¢ = P,/ P,, and f = F/P,.

To avoid awkward wording in examples and exercises, we won't specify the interval (a,b) when we ask
for the general solution of a specific linear second order equation, or for a fundamental set of solutions
of a homogeneous linear second order equation. Let’'s agree that this always means that we want the
general solution (or a fundamental set of solutions, as the case may be) on every open interval on
which p, ¢, and f are continuous if the equation is of the form (5.3.3), or on which Py, P, P,, and F are
continuous and P, has no zeros, if the equation is of the form (5.3.6). We leave it to you to identify
these intervals in specific examples and exercises.

For completeness, we point out that if Py, P;, P,, and F are all continuous on an open interval (a,b), but
P, does have a zero in (a,b), then (5.3.6) may fail to have a general solution on (a,b) in the sense just
defined. Exercises 42—44 illustrate this point for a homogeneous equation.
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In this section we to limit ourselves to applications of Theorem 5.3.2 where we can guess at the form of
the particular solution.

ExampLE 5.3.1

a. Find the general solution of

y +y=1 (5.3.7)

b. Solve the initial value problem

Yy +y=1 y(0)=2, ' (0)=T7. (5.3.8)

SovruTion (A) We can apply Theorem 5.3.2 with (a,b) = (—o0, ), since the functions p=0, ¢=1, and f
=1in (5.3.7) are continuous on (—oo, o). By inspection we see that y, = 1 is a particular solution of
(5.3.7). Since y; = cosz and y, = sinz form a fundamental set of solutions of the complementary
equation y” +y = 0, the general solution of (5.3.7) is

y=1+cicosz+ cysinz. (5.3.9)

SocuTion (B) Imposing the initial condition y(0) = 2 in (5.3.9) yields 2 = 1 + ¢;, S0 ¢; = 1. Differentiating
(5.3.9) yields

/ .
Y = —cC18InT + C9 COS .

Imposing the initial condition y’(0) = 7 here yields ¢, = 7, so the solution of (5.3.8) is

y=1+4cosz + Tsinzx.

Figure 5.3.1 is a graph of this function.

Figure 5.3.1. y = 1 +cosz + 7sinx

ExampLE 5.3.2
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a. Find the general solution of

v -2 +y=—-3—z+a’ (5.3.10)

b. Solve the initial value problem

v =2y +y=-3—z+2% y0)=-2, 3 (0) =1 (5.3.11)

SoruTion (A) The characteristic polynomial of the complementary equation
y' =2y +y=0

isr?—2r+1=(r—1)2 80y, =e” and y, = ze® form a fundamental set of solutions of the complementary
equation. To guess a form for a particular solution of (5.3.10), we note that substituting a second degree
polynomial y, = A + Bz + Cz? into the left side of (5.3.10) will produce another second degree
polynomial with coefficients that depend upon A, B, and C. The trick is to choose A, B, and C so the
polynomials on the two sides of (5.3.10) have the same coefficients; thus, if

yp=A+B:E+Cx2 then y;:B—FQCx and yﬁ:ZC,
SO

Yy — 2y, +y, = 2C — 2(B+ 2Cx) + (A + Bz + Cz?)
= (2C —2B+ A)+ (—4C+ B)z + Cz* = -3 —z + z”.

Equating coefficients of like powers of z on the two sides of the last equality yields

C= 1
B—4C= —1
A—2B+2C = —3,

S0 C=1,B=-1+4C=3,and A= —-3—2C + 2B = 1. Therefore y, = 1 + 3z + 2? is a particular solution of
(5.3.10) and Theorem 5.3.2 implies that

y=1+3z+ 2%+ e%(c; + o) (5.3.12)

is the general solution of (5.3.10).
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SovruTion (B) Imposing the initial condition y(0) = —2 in (5.3.12) yields —2 =1+ ¢;, SO ¢; = —3.
Differentiating (5.3.12) yields

Yy =3+ 2z +e"(c1 + cox) + c2€”,

and imposing the initial condition 3’(0) = 1 here yields 1 = 3 + ¢; + ¢2, SO ¢; = 1. Therefore the solution of
(5.3.11) is

=143z + 2% —e*(3 —2x).

Figure 5.3.2 is a graph of this solution.
Figure 5.3.2. y=1+ 3z + 2> — e*(3 — 1)

ExampLE 5.3.3

Find the general solution of

2y + xzy — 4y = 22* (5.3.13)

on (—oo,0) and (0, co).

SocruTtion In Example 5.1.3, we verified that y; = 2% and y, = 1/2? form a fundamental set of solutions of
the complementary equation

22y’ +xy —4y=0

on (—o0,0) and (0, 00). To find a particular solution of (5.3.13), we note that if y, = Az*, where A is a
constant then both sides of (5.3.13) will be constant multiples of z* and we may be able to choose 4 so
the two sides are equal. This is true in this example, since if y, = Az* then

x2y; + asy; — 4y, = 2%(1242?%) + 2(4Ax?) — 4Az* = 12Az* = 22*

if A= 1/6; therefore, y, = 2*/6 is a particular solution of (5.3.13) on (—oo, o). Theorem 5.3.2 implies that
the general solution of (5.3.13) on (—o0,0) and (0, o) is
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4
Xz C2
=—+azr’+—=.
Y= 1 22

The Principle of Superposition

The next theorem enables us to break a nonhomogeous equation into simpler parts, find a particular
solution for each part, and then combine their solutions to obtain a particular solution of the original
problem.

THEOREM 5.3.3

Suppose y,, is a particular solution of

y' +p()y" +q(x)y = fi(z)
on (a,b) and y,, is a particular solution of

y" +p(@)y +q(@)y = fo(z)

n (a,b). Then
Yp = Ypi t Up,
is a particular solution of
¥ +p@)y +a(@)y = fi(z) + fo(z)

on (a,b).

Proor If y, = y,, + y,, then

Extension "bbox" failed to load

It's easy to generalize Theorem 5.3.3 to the equation

y" +p(@)y +qlz)y = f(z) (5.3.14)
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where

f=fi+fo++ fi

thus, if y,, is a particular solution of

y" +p()y +q(z)y = fi(x)

on (a,b) fori=1, 2, ..., k, then y, +y,, + -+ y,, is a particular solution of (5.3.14) on (a,b). Moreover, by
a proof similar to the proof of Theorem 5.3.3 we can formulate the principle of superposition in terms of
a linear equation written in the form

Py(z)y” + Pi(z)y’ + Py(x)y = F(z)

(Exercise 39); that is, if y,, is a particular solution of

Po(x)y” + Pi(x)y’ + Py(x)y = Fi(x)

on (a,b) and y,, is a particular solution of

Py(z)y” + Pi(x)y’ + Py(z)y = Fa(x)

on (a,b), then y, + y,, is a solution of

Py(z)y” + Pi(z)y + Py(z)y = Fi(z) + F(x)

on (a,b).

ExawvpLE 5.3.4

The function y,, = z*/15 is a particular solution of
z2y” + dxy’ + 2y = 2z* (5.3.15)
on (—oo, 00) and y,, = z%/3 is a particular solution of

z2y” + dzy’ + 2y = 4z (5.3.16)
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on (—oo, 00). Use the principle of superposition to find a particular solution of
2y’ + dzy’ + 2y = 22" + 427 (5.3.17)

on (—oo, 00).

Socution The right side F(z) = 2z* + 42?% in (5.3.17) is the sum of the right sides
Fi(z) =2z% and Fy(z) = 42>
in (5.3.15) and (5.3.16). Therefore the principle of superposition implies that

xt  x?
yp:ypl‘*‘ypz:l_f)"‘?

is a particular solution of (5.3.17).

5.3 Exercises

In Exercises 1-6 find a particular solution by the method used in Example 5.3.2. Then find the general
solution and, where indicated, solve the initial value problem and graph the solution.
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=

.y + 5y — 6y =22+ 18z — 182>

Show answer

2. vy — 4y’ +5y=1+5x

Show answer

w

Y+ 8y +Ty=—8— x4 242? + 7a?

Show answer

4. ' — 4y + 4y =2+ 8z — 4a*

Show answer

o

CIG |y + 2y + 10y = 4+ 26z + 622 + 1023, y(0)=2, ¢ (0)=9

Show answer

o

CIG|y" + 6y’ + 10y = 22 + 20z, y(0) = 2, y'(0) = —2

Show answer

~

. Show that the method used in Example 5.3.2 won't yield a particular solution of

y' +y =1+2z+ 2% (A)

that is, (A) does’'nt have a particular solution of the form y, = A + Bz + Cz?, where A, B, and C are
constants.

In Exercises 8—13 find a particular solution by the method used in Example 5.3.3.
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8. 2%y’ + Tzy +8y=\dstd

Show answer

9. 2%y — Txy + Ty = 13z1/2

Show answer

10. z%y” — 2y +y = 223

Show answer

11. 2%y” +5zy +4y = \dst%

Show answer

12. 2%y + 2y’ +y = 102'/3

Show answer

13. z%y” —3zy + 13y = 2z*

Show answer

14. Show that the method suggested for finding a particular solution in Exercises 8-13 won't yield a
particular solution of

" / 1
z%y" 4 3zy’ — 3y = peg (A)

that is, (A) doesn’t have a particular solution of the form y, = A/z3.

15. Prove: If q, b, ¢, a, and M are constants and M + 0 then
az’y” + bzy + cy = Mz®

has a particular solution y, = Az* (A = constant) if and only if aa(a — 1) + ba + ¢ # 0.

If a, b, ¢, @and o are constants, then
a(e®)” +b(e™) + ce™ = (aa® + ba + ¢)e™”.

Use this in Exercises 16—21 to find a particular solution . Then find the general solution and, where
indicated, solve the initial value problem and graph the solution.
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16. y” + 5y — 6y = 6e3*

Show answer

17. ¢y — 4y’ + 5y = e**

Show answer

18. (CIG |y" +8y' + Ty =10e"*, y(0) = =2, y'(0) =10

Show answer

19. [CIG |y —4y +4y=¢", y(0)=2, ¢ (0)=0

Show answer

20. y” + 2y + 10y = e/

Show answer

21. ¢ +6y +10y=e

Show answer

22. Show that the method suggested for finding a particular solution in Exercises 16-21 won'’t yield a
particular solution of

Yy’ — Ty + 12y = 5e’?; (A)

that is, (A) doesn’t have a particular solution of the form y, = Ae*.

23. Prove: If « and M are constants and M + 0 then constant coefficient equation

ay” + by +cy= Me™”

has a particular solution y, = Ae** (A = constant) if and only if e** isn’t a solution of the
complementary equation.

If w is a constant, differentiating a linear combination of cos wz and sin wx with respect to z yields another
linear combination of coswz and sinwz. In Exercises 24-29 use this to find a particular solution of the
equation. Then find the general solution and, where indicated, solve the initial value problem and graph
the solution.
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28.

29.

30.

31.

32.

5 Linear Second Order Equations

y” — 8y’ + 16y = 23 cosx — Tsinz

Show answer

y” +1y’ = —8cos 2z + 6sin 2z

Show answer

y” — 2y’ + 3y = —6 cos 3z + 6sin 3z

Show answer

y” 4+ 6y + 13y = 18cosz + 6sinz

Show answer

CIG|y”" + 7y + 12y = —2cos2z + 36sin2z, y(0)=-3, ¢ (0)=3

Show answer

CIG |y” — 6y" + 9y = 18cos 3z + 18sin3z, y(0) =2, ¢'(0) =2

Show answer

Find the general solution of

y" + w%y = M coswz + N sinwrz,

where M and N are constants and w and w, are distinct positive numbers.

Show answer

Show that the method suggested for finding a particular solution in Exercises 24-29 won't yield a
particular solution of

y" 4+ y=cosz +sinx; (A)

that is, (A) does not have a particular solution of the form y, = Acosz + Bsinz.

Prove: If M, N are constants (not both zero) and w > 0, the constant coefficient equation

ay” + by + cy = M coswz + Nsinwz (A)

has a particular solution that’s a linear combination of coswz and sinwz if and only if the left side of
(A) is not of the form a(y” + w?y), S0 that coswz and sinwz are solutions of the complementary
equation.
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In Exercises 33—-38 refer to the cited exercises and use the principal of superposition to find a particular
solution. Then find the general solution.
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36.

37.

38.

39.
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y” + 5y — 6y = 22 + 18z — 18z% + 6e3* (See Exercises 1 and 16.)

Show answer

y” — 4y’ + 5y =1+ 5z + e2* (See Exercises 2 and 17.)

Show answer

y” 4+ 8y + Ty = —8 —x + 242% + 723 + 10e2* (See Exercises 3 and 18.)

Show answer

y” — 4y’ + 4y =2+ 8x — 42 + ¢ (See Exercises 4 and 19.)

Show answer

y” + 2y + 10y = 4 4 26z + 622 + 102> + e*/> (See Exercises 5 and 20.)

Show answer

y” 4+ 6y’ 4+ 10y = 22 + 20z + e 3% (See Exercises 6 and 21.)

Show answer

Prove: If y,, is a particular solution of

Py(z)y” + Pi(z)y + Py(z)y = Fi(x)

on (a,b) and y,, is a particular solution of

Py(x)y” + Pi(z)y + P(x)y = Fa(x)

on (a,b), then y, = y,, + y,, is a solution of

Py(z)y” + Pi(z)y + Py(z)y = Fi(z) + Fa(z)

on (a,b).
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40. Suppose p, ¢, and f are continuous on (a,b). Let y;, y2, and y, be twice differentiable on (a,b), such
that y = c1y1 + coy2 + y, IS @ solution of

Yy +p(x)y +qlz)y=f

on (a,b) for every choice of the constants ¢y, co. Show that y; and y, are solutions of the
complementary equation on (a, b).

5.4 The Method of Undetermined Coefficients

In this section we consider the constant coefficient equation
ay” + by’ + cy = e**G(z), (5.4.1)

where « is a constant and G is a polynomial.

From Theorem 5.3.2, the general solution of (5.4.1) is y = y, + c1y1 + c2y2, Where y, is a particular
solution of (5.4.1) and {y;,y-} is a fundamental set of solutions of the complementary equation

ay” + by +cy=0.

In Section 5.2 we showed how to find {y;,y.}. In this section we’ll show how to find y,. The procedure
that we'll use is called the method of undetermined coefficients.

Our first example is similar to Exercises 16—21.

ExawvpLE 5.4.1

Find a particular solution of
y' — Ty + 12y = 4. (5.4.2)

Then find the general solution.

SovruTtion Substituting y, = Ae* for y in (5.4.2) will produce a constant multiple of Ae?* on the left side of
(5.4.2), so it may be possible to choose A so that y, is a solution of (5.4.2). Let's try it; if y, = Ae* then

yg — 7y; + 12y, = 4Ae* — 144e™ + 124e* = 24e™ = 4>
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if A= 2. Therefore y, = 2¢%” is a particular solution of (5.4.2). To find the general solution, we note that
the characteristic polynomial of the complementary equation

y' =Ty +12y=0 (5.4.3)

iSp(r) =r2—Tr+12 = (r—3)(r — 4), s0 {e**,e**} is a fundamental set of solutions of (5.4.3). Therefore
the general solution of (5.4.2) is

y = 2e% + c1e% + coe’.

ExawvpLE 5.4.2

Find a particular solution of

Yy’ — Ty + 12y = 5e*®. (5.4.4)

Then find the general solution.

SovuTtion Fresh from our success in finding a particular solution of (5.4.2) — where we chose y, = Ae?®
because the right side of (5.4.2) is a constant multiple of e2* — it may seem reasonable to try y, = Ae?*
as a particular solution of (5.4.4). However, this won't work, since we saw in Example 5.4.1 that e%* is a
solution of the complementary equation (5.4.3), so substituting y, = Ae** into the left side of (5.4.4)
produces zero on the left, no matter how we chooseA. To discover a suitable form for y,, we use the
same approach that we used in Section 5.2 to find a second solution of

ay” +by +cy=0

in the case where the characteristic equation has a repeated real root: we look for solutions of (5.4.4) in
the form y = ue**, where w is a function to be determined. Substituting

y=wue'® y =ue? +4ue®, and y” =u"e* + 8u'e?® 4 16ue’® (5.4.5)

into (5.4.4) and canceling the common factor ¢** yields

(u” + 8u” + 16u) — 7(u' + 4u) + 12u = 5,

or
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u +u =5.

By inspection we see that u, = 5z is a particular solution of this equation, so y, = 5ze'* is a particular
solution of (5.4.4). Therefore

y= 5ze*® + c1e%% 4 cqe?®

is the general solution.

ExawvpLE 5.4.3

Find a particular solution of

Yy’ — 8y + 16y = 2e**. (5.4.6)

SoruTion Since the characteristic polynomial of the complementary equation

y' —8y +16y=0 (5.4.7)

iS p(r) =72 —8r+16 = (r —4)%, both y; = e** and y, = ze** are solutions of (5.4.7). Therefore (5.4.6) does
not have a solution of the form y, = Ae** or y, = Aze**. As in Example 5.4.2, we look for solutions of
(5.4.6) in the form y = uet=, where « is a function to be determined. Substituting from (5.4.5) into (5.4.6)
and canceling the common factor e** yields

(u” + 8u’” + 16u) — 8(u’ + 4u) + 16u = 2,

or

Integrating twice and taking the constants of integration to be zero shows that «, = z? is a particular
solution of this equation, so y, = z2¢** is a particular solution of (5.4.4). Therefore

y= e (a2 + ¢y + cox)

is the general solution. [
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The preceding examples illustrate the following facts concerning the form of a particular solution y, of a
constant coefficent equation

ay” + by + cy = ke,

where k is a honzero constant:

a. If e** isn’t a solution of the complementary equation
ay” + by +cy =0, (5.4.8)

then y, = Ae®*, where A is a constant. (See Example 5.4.1).

b. If e>* is a solution of (5.4.8) but ze** is not, then y, = Aze®”, where A is a constant. (See
Example 5.4.2.)

c. If both e®* and ze* are solutions of (5.4.8), then y, = Az?e*?, where A is a constant. (See
Example 5.4.3.)

See Exercise 30 for the proofs of these facts.

In all three cases you can just substitute the appropriate form for y, and its derivatives directly into
ay; + by;) + cyp = ke,

and solve for the constant 4, as we did in Example 5.4.1. (See Exercises 31-33.) However, if the
equation is

ay” + by’ + cy = ke® G(x),

where G is a polynomial of degree greater than zero, we recommend that you use the substitution y
= ue®® as we did in Examples 5.4.2 and 5.4.3. The equation for « will turn out to be

av” +p'(a)u’ + p(a)u = G(z), (5.4.9)

where p(r) = ar? + br + c is the characteristic polynomial of the complementary equation and p’(r) = 2ar
+ b (Exercise 30); however, you shouldn’t memorize this since it's easy to derive the equation for « in
any particular case. Note, however, that if e** is a solution of the complementary equation then p(a) = 0,
so (5.4.9) reduces to

av” 4+ p’(a)u’ = G(z),
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while if both e®* and ze®* are solutions of the complementary equation then p(r) = a(r — «)? and p’(r)
= 2a(r — a), SO p(a) = p’(a) = 0 and (5.4.9) reduces to

av” = G(z).
ExampLE 5.4.4
Find a particular solution of
Y — 3y +2y=e¥ (=14 2z +2?). (5.4.10)
SovruTioN Substituting
y=ue, oy =u'e3® +3ue’, andy’ =u"e3 + 6u’e + Jue”

into (5.4.10) and canceling &*® yields
(u” 4 6u’ +9u) — 3(u’ + 3u) + 2u = —1 + 22 + 22,
or
u” +3u +2u = —1+ 2z + 22 (5.4.11)

As in Example 2, in order to guess a form for a particular solution of (5.4.11), we note that substituting a
second degree polynomial u, = A + Bz + Cz? for  in the left side of (5.4.11) produces another second
degree polynomial with coefficients that depend upon A4, B, and C; thus,

if up:A+Bx+C:c2 then u;:B+2Cw and uZzZC.

If u, is to satisfy (5.4.11), we must have

wy +3u;, + 2up = 2C + 3(B + 2Cx) + 2(A + Bz + Cz?)
= (2C + 3B+ 2A) + (6C + 2B)z + 2Cz* = —1 + 2z + 2°.

Equating coefficients of like powers of z on the two sides of the last equality yields
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2C = 1
2B+6C =
2A+3B+2C = -1

Solving these equations for C, B, and A (in that order) yields C = 1/2, B= —1/2, A = —1/4. Therefore
1 2
up:—z(1+2x—2x )

is a particular solution of (5.4.11), and

631

Yp = upe™ = == (1422 — 22%)
is a particular solution of (5.4.10).
ExampLE 5.4.5
Find a particular solution of
y” — 4y’ + 3y = %°(6 + 8z + 12x?). (5.4.12)
SovruTion Substituting
y=ue, y =u'e3 +3ue’, andy” =u"e3 + 6u’e + Jue’”

into (5.4.12) and canceling e3¢ yields

(u” + 6u’ + 9u) — 4(u’ + 3u) + 3u = 6 + 8z + 1227,

or

u” +2u’ =6+ 8z + 1222 (5.4.13)

There’s no « term in this equation, since ¢ is a solution of the complementary equation for (5.4.12).
(See Exercise 30.) Therefore (5.4.13) does not have a particular solution of the form u, = A + Bz + Cz?
that we used successfully in Example 5.4.4, since with this choice of u,,
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u, + 2u, = 2C + (B + 2Cxz)

can’t contain the last term (12z%) on the right side of (5.4.13). Instead, let’s try u, = Az + Bx? + Cz?® on
the grounds that

u;=A+QBa:+SC’:L'2 and uészB—l—GC:c

together contain all the powers of z that appear on the right side of (5.4.13).

Substituting these expressions in place of v’ and v” in (5.4.13) yields

(2B +6Cz) + 2(A + 2Bz + 3Cz?) = (2B + 2A) + (6C + 4B)x + 6Cz* = 6 + 8z + 12z

Comparing coefficients of like powers of = on the two sides of the last equality shows that u, satisfies
(5.4.13) if

6C = 12
4B+6C = 8
2A+2B = 6.

Solving these equations successively yields C = 2, B= —1, and A = 4. Therefore

u, = (4 — z + 22?)

is a particular solution of (5.4.13), and

is a particular solution of (5.4.12).

ExavpLE 5.4.6

Find a particular solution of

4y + 4y +y=e (=8 + 48z + 144z?). (5.4.14)
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SovruTion Substituting

—z/2
)

— iue and vy’ =u’e 2 —ue 1?4 iue’m/2

into (5.4.14) and canceling e~*/? yields
” ’ U ’ U _ " 2
4(u —u +Z) +4(u —5) +u=4u = —84 48z 4 144z~
or

u” = —2+ 12z + 3627, (5.4.15)

which does not contain « or »’ because e */> and ze~*/? are both solutions of the complementary
equation. (See Exercise 30.) To obtain a particular solution of (5.4.15) we integrate twice, taking the
constants of integration to be zero; thus,

u, = =2z +6x> +122° and u, = —z” + 22° + 32" = 2?(—1 4 2z + 32?).
Therefore
yp = upe "% = x2e7/2(—1 + 2z + 32?)

is a particular solution of (5.4.14).

Summary

The preceding examples illustrate the following facts concerning particular solutions of a constant
coefficent equation of the form

ay// + by, +oeoy= eazG(.’L‘),

where G is a polynomial (see Exercise 30):
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a. If e** isn’t a solution of the complementary equation
ay” +by +cy=0, (5.4.16)

then y, = e**Q(z), where @ is a polynomial of the same degree as G. (See Example 5.4.4).

b. If e>* is a solution of (5.4.16) but ze** is not, then y, = ze**Q(z), where @ is a polynomial of the
same degree as G. (See Example 5.4.5.)

c. If both e** and ze** are solutions of (5.4.16), then y, = z2e**Q(z), where @ is a polynomial of the
same degree as G. (See Example 5.4.6.)

In all three cases, you can just substitute the appropriate form for y, and its derivatives directly into

ay, + by, + cy, = e**G(x),

and solve for the coefficients of the polynomial Q. However, if you try this you will see that the
computations are more tedious than those that you encounter by making the substitution y = ue** and
finding a particular solution of the resulting equation for u. (See Exercises 34-36.) In Case (a) the
equation for « will be of the form

au” +p'(e)u’ + p(e)u = G(z),

with a particular solution of the form «, = Q(z), a polynomial of the same degree as G, whose
coefficients can be found by the method used in Example 5.4.4. In Case (b) the equation for « will be of
the form

av” +p'(a)u’ = G(z)

(no « term on the left), with a particular solution of the form u, = zQ(z), where Q is a polynomial of the
same degree as G whose coefficents can be found by the method used in Example 5.4.5. In Case (c)
the equation for « will be of the form

au” = G(x)

with a particular solution of the form u, = 2Q(x) that can be obtained by integrating G(z)/a twice and
taking the constants of integration to be zero, as in Example 5.4.6.
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Using the Principle of Superposition

The next example shows how to combine the method of undetermined coefficients and Theorem 5.3.3,
the principle of superposition.

ExawvpLE 5.4.7

Find a particular solution of

Yy’ — Ty + 12y = 4e?® + 5e'*. (5.4.17)

Socution In Example 5.4.1 we found that y, = 2¢?* is a particular solution of
Y’ — Ty + 12y = 4e™,

and in Example 5.4.2 we found that y,, = 5ze’® is a particular solution of
y' — Ty + 12y = 5e'”.

Therefore the principle of superposition implies that y, = 2¢2* + 5ze'® is a particular solution of (5.4.17).

5.4 Exercises

In Exercises 1-14 find a particular solution.
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o

o

10.

11.

12.

13.

5 Linear Second Order Equations

y" =3y +2y=e(1+2)

Show answer

Show answer

.y’ — 6y + 5y =e3%(35—8z)

y" — 2y —3y=e"(—8+ 3x)

Show answer

v’ + 2y +y=e¥(—7— 15z + 9z?)

Show answer

y” + 4y = e (7 — 4z + 5z?)

Show answer

Yy’ —y —2y=e%(9+2x — 4z?)

Show answer

y’ — 4y’ — 5y = —6xe”

Show answer

T

y" — 3y +2y=e"(3—4x)

Show answer

Yy’ +y — 12y = e3*(—6 + Tx)

Show answer

2y” — 3y’ — 2y = e?*(—6 + 10x)

Show answer

Y +2y +y=e (24 3z)

Show answer

y' =2y +y=e"(1—6x)

Show answer

y" — 4y’ + 4y = ¥ (1 — 3z + 62?)

Show answer
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14. 9y" + 6y’ +y= e */3(2 — 4z + 42?)

Show answer

In Exercises 15-19 find the general solution.

15. ¢ — 3y +2y=e¥(1 +2)

Show answer

16. y” — 6y’ + 8y =e?(11 — 6x)

Show answer

17. y” + 6y + 9y = e**(3 — 5z)

Show answer

18. y” + 2y — 3y = —16ze”

Show answer

19. " — 2y +y=e"(2— 122)

Show answer

In Exercises 2023 solve the initial value problem and plot the solution.

20. |CIG|y” — 4y’ — by =9e*(1+z), y(0)=0, 3 (0)=-—10

Show answer

21. (CIG|y" +3y —4y=e*(T+6z), y(0)=2, y(0)=8

Show answer

22. [CIG]y +4y +3y=—e (2 +8), y(0)=1, y(0)=2

Show answer

23. [CIG|y" —3y —10y=Te >, y(0)=1, ¢ (0)=—17

Show answer

In Exercises 24-29 use the principle of superposition to find a particular solution.
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24. " +y +y==xe® +e *(1+ 2x)

Show answer

25. " — Ty + 12y = —e*(17 — 42z) — e%*

Show answer

26. y” — 8y + 16y = 6xe*” + 2 + 16z + 162>

Show answer

27. ' — 3y +2y=—€>*(3+4x) — €

Show answer

28. v — 2y +2y=e"(1+ )+ e “(2— 8z + 5x?)

Show answer

29. y' +y=e "(2—4x+22°) + ¥ (8 — 122 — 10z?)

Show answer
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a. Prove that y is a solution of the constant coefficient equation

ay” + by’ + cy = e*"G(z) (A)

if and only if y = ue®®, where v satisfies

au” +p'(a)u’ + pla)u = G(x) (B)

and p(r) = ar® + br + c is the characteristic polynomial of the complementary equation

ay” + by +cy=0.

For the rest of this exercise, let G be a polynomial. Give the requested proofs for the case
where

G(-T) =go+ g1x + gQCEZ + 931‘3.

. Prove that if e>= isn’t a solution of the complementary equation then (B) has a particular

solution of the form », = A(z), where A is a polynomial of the same degree as G, as in
Example 5.4.4. Conclude that (A) has a particular solution of the form y, = e®* A(z).

. Show that if e2= is a solution of the complementary equation and ze®* isn't , then (B) has a

particular solution of the form u, = zA(z), where A is a polynomial of the same degree as G,
as in Example 5.4.5. Conclude that (A) has a particular solution of the form y, = ze®* A(z).

. Show that if e2# and ze2* are both solutions of the complementary equation then (B) has a

particular solution of the form w, = z2A(z), where A is a polynomial of the same degree as
G, and z2A(x) can be obtained by integrating G/a twice, taking the constants of integration
to be zero, as in Example 5.4.6. Conclude that (A) has a particular solution of the form y,

= z2e* A(x).

Exercises 31-36 treat the equations considered in Examples 5.4.1-5.4.6. Substitute the suggested
form of y, into the equation and equate the resulting coefficients of like functions on the two sides of the

resulting equation to derive a set of simultaneous equations for the coefficients in y,. Then solve for the

coefficients to obtain y,. Compare the work you've done with the work required to obtain the same

results in Examples 5.4.1-5.4.6.
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32.

33.

34.

35.

36.

5 Linear Second Order Equations

Compare with Example 5.4.1:

y// _ 7y/ + 12y _ 46235; Yp = AeQz

Show answer

Compare with Example 5.4.2:

y' — Ty 412y =5e'";  y, = Aze™”

Show answer

Compare with Example 5.4.3.

Yy’ — 8y + 16y = 2¢%%; y, = AzZel®

Show answer

Compare with Example 5.4.4:

y' =3y +2y=e"(—1+2c+2%), y,=e"(A+ Br+Cx?)

Show answer

Compare with Example 5.4.5:

Yy’ — 4y + 3y =e3(6 + 8z + 122%), vy, = *(Az + Bz + Cz?)

Show answer

Compare with Example 5.4.6:

4y” + 4y +y=e V(=8 + 48z + 144z?), Yp = e "% (Az® + Ba® + Cz*)

Show answer
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37. Write y = ue® to find the general solution.

@y +2¢y +y= \dst% (b) v’ +6y/ +9y—e *Inz
(€) y" — 4y + 4y = \dst 1= (d) 4y + 4y’ +y = \dstde /2 (L + )

Show answer

38. Suppose «a # 0 and k is a positive integer. In most calculus books integrals like [ z"e** dz are
evaluated by integrating by parts & times. This exercise presents another method. Let

y = / e® P(z) dx
with
P(z) = po + p1z + - + ppz®, (where p; # 0).
a. Show that y = e*=u, where
u’ + au = P(z).
b. Show that (A) has a particular solution of the form
up, = Ay + Az + - + Az,

where A;, A 1, ..., Ay can be computed successively by equating coefficients of
zF 2*1 ... 1 on both sides of the equation

u;, + au, = P(x).
c. Conclude that

/eaIP(x) de = (Ao + A1z + -+ Akxk) e + ¢,

where c is a constant of integration.
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39. Use the method of Exercise 38 to evaluate the integral.

(@) [e"(4+z)dx (b) fe *(—1+2?)dx
(c) [zie > dx (d) [e*(1+2)*dz
(e) [e*(—14 + 30z + 272?) dz (f) [e“(1+ 62— 1423 + 3z*) dz

Show answer

40. Use the method suggested in Exercise 38 to evaluate [ z*e® dz, where k is an arbitrary positive
integer and « # 0.

5.5 The Method of Undetermined Coefficients Il

In this section we consider the constant coefficient equation
ay” + by’ + cy = e (P(x) coswr + Q(x) sinwr) (5.5.1)

where )\ and w are real numbers, w # 0, and P and @ are polynomials. We want to find a particular
solution of (5.5.1). As in Section 5.4, the procedure that we will use is called the method of
undetermined coefficients.

Forcing Functions Without Exponential Factors

We begin with the case where A =0 in (5.5.1); thus, we we want to find a particular solution of
ay” + by’ + cy = P(z) coswz + Q(x) sinwz, (5.5.2)

where P and @ are polynomials.

Differentiating =" cos wz and z" sin wz yields

: -1
\dst d—xr coswr = —wzx' sinwz + rz’” " coswz
z

d _
\arraytextand\dstd—wT sinwz = wz’ coswz + rz’ ' sinwz.
T

This implies that if

yp = A(z) coswz + B(z) sinwz
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where A and B are polynomials, then
ay, + by, + cy, = F(x) coswz + G(z) sinwz,

where F and G are polynomials with coefficients that can be expressed in terms of the coefficients of A
and B. This suggests that we try to choose A and B so that F = P and G = @, respectively. Then y, will
be a particular solution of (5.5.2). The next theorem tells us how to choose the proper form for y,. For
the proof see Exercise 37.

THEOREM 5.5.1
Suppose w is a positive number and P and @ are polynomials. Let £ be the larger of the degrees
of P and Q. Then the equation
ay” + by’ + cy = P(x) coswz + Q(z) sinwx
has a particular solution
yp = A(z) coswz + B(x) sinwe, (5.5.3)
where
A(x) = Ag+ A1z + -+ Agz® and  B(z) = By + Bz + - + Bk,
provided that coswz and sinwz are not solutions of the complementary equation. The solutions of

a(y” + w?y) = P(z) coswz + Q(z) sinwz

(for which coswz and sinwz are solutions of the complementary equation) are of the form (?777?),
where

Az) = Agz + Az + - + Apz™! and  B(z) = Byz + Biz? + - + BpabtL.

For an analog of this theorem that’s applicable to (5.5.1), see Exercise 38.

ExampLE 5.5.1
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Find a particular solution of

y” — 2y +y = 5cos 2z + 10sin 2. (5.5.4)

SovruTion In (5.5.4) the coefficients of cos 2z and sin 2z are both zero degree polynomials (constants).
Therefore Theorem 5.5.1 implies that (5.5.4) has a particular solution

yp = Acos 2z + Bsin2z.
Since
y; = —2Asin2x + 2Bcos2x and yz = —4(Acos 2z + Bsin2z),
replacing y by y, in (5.5.4) yields

y;,/ — Zy; +yp, = —4(Acos2x + Bsin2z) — 4(—Asin 2z + Bcos2x)
+ (Acos 2z + Bsin2z)
= (—3A—4B)cos2x + (4A — 3B)sin 2z.

Equating the coefficients of cos 2x and sin 2z here with the corresponding coefficients on the right side of
(5.5.4) shows that y, is a solution of (5.5.4) if

—3A—-4B= 5
4A — 3B =10.

Solving these equations yields A = 1, B = —2. Therefore
Yp = cos2x — 2sin 2z

is a particular solution of (5.5.4).

ExampLE 5.5.2

Find a particular solution of

y” + 4y = 8cos 2z + 12sin 2z. (5.5.5)
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Socrution The procedure used in Example 5.5.1 doesn’t work here; substituting y, = A cos 2z + Bsin 2z for
yin (5.5.5) yields

Yy, + 4yp = —4(Acos 2z + Bsin 2x) + 4(A cos 2z + Bsin2z) = 0

for any choice of A and B, since cos 2z and sin 2z are both solutions of the complementary equation for
(5.5.5). We’'re dealing with the second case mentioned in Theorem 5.5.1, and should therefore try a
particular solution of the form

yp = (A cos 2z + Bsin 2z). (5.5.6)
Then
y;, = Acos2x + Bsin 2z + 2x(—Asin 2x 4+ Bcos 2z)
\arraytextandy, = — 4Asin 2z + 4B cos 2z — 4x(A cos 2z + Bsin 2z)
= —4Asin 2z + 4B cos 2z — 4y, (see (?77)),
SO

yg + 4y, = —4Asin 2z + 4B cos 2z.

Therefore y, is a solution of (5.5.5) if

—4Asin2x 4+ 4B cos 2x = 8 cos 2x + 12 sin 2z,

which holds if A = —3 and B = 2. Therefore

yp = —x(3 cos 2 — 2sin 2x)
is a particular solution of (5.5.5).
ExampLE 5.5.3
Find a particular solution of
y” 4+ 3y’ + 2y = (16 + 20z) cos z + 10sin z. (5.5.7)
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SovruTion The coefficients of cosz and sinz in (5.5.7) are polynomials of degree one and zero,
respectively. Therefore Theorem 5.5.1 tells us to look for a particular solution of (5.5.7) of the form

yp = (Ao + A1z) cosx + (Bg + Biz)sinz. (5.5.8)
Then
y, = (A1 + Bo + Biz) cosz + (B1 — Ao — A1z) sinz (5.5.9)
and
y, = (2B1 — Ap — Ayz) cosz — (24, + By + Biz)sinz, (5.5.10)
SO
y; + 3y;, +2y, = [Ag+3A1+3By+ 2B+ (A +3B;)z]cosz (5.5.11)

+ [B() + SBl - 3A0 - 2A1 + (Bl - 3A1)ZL‘] sin x.

Comparing the coefficients of z cosz, xsinz, cos z, and sin z here with the corresponding coefficients in
(5.5.7) shows that y, is a solution of (5.5.7) if

Ay +3B; = 20

—34,1+ B = 0
Ay+3By+3A4A;+2B; = 16
—3A0+ By—2A:1+3B; = 10.

Solving the first two equations yields A; = 2, B; = 6. Substituting these into the last two equations yields

Ay+3By=16—-3A4; —2B; = —2
—3A0+ Bo=10+2A1 —3B1 = —4.

Solving these equations yields A, = 1, By = —1. Substituting Ay = 1, A; =2, By = —1, B; = 6 into (5.5.8)
shows that

yp = (1+2z)cosz — (1 — 6z)sinz

is a particular solution of (5.5.7).
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A Useful Observation

and B; by By, By, —Ag, and —A;, respectively, in the polynomials mutiplying cos z. An analogous result
applies in general, as follows (Exercise 36).

THEOREM 5.5.2
If

yp = A(z) coswz + B(z) sin we,

where A(z) and B(z) are polynomials with coefficients Ay ..., Ax and Bu, ..., B, then the
polynomials multiplying sin wz in

Yoy Yoo ay, +by,+cy, and y, +w’y,

can be obtained by replacing Ay, ..., Ay by By, ..., By and By, ..., B, by —Aq, ..., —A; in the
corresponding polynomials multiplying cos wz.

We won't use this theorem in our examples, but we recommend that you use it to check your
manipulations when you work the exercises.

ExavpLE 5.5.4

Find a particular solution of

y" +y=(8—4x)cosxz — (8 + 8x)sinz. (5.5.12)

SoruTion According to Theorem 5.5.1, we should look for a particular solution of the form

Yp = (Aoz + A12?) cosz + (Box + B1z?) sinz, (5.5.13)

since cosz and sinz are solutions of the complementary equation. However, let's try

yp = (Ao + A1z) cosz + (Bo + Biz)sinx (5.5.14)
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first, so you can see why it doesn’t work. From (5.5.10),
Yy, = (2B — Ay — A1) cos & — (2A; + By + Biz)sinz,
which together with (5.5.14) implies that
y},’ +yp =2B;cosz — 2A; sinx.

Since the right side of this equation does not contain z cosz Or zsinz, (5.5.14) can’t satisfy (5.5.12) no
matter how we choose Ay, A, By, and B;.

Now let y, be as in (5.5.13). Then

y, = [Ao + (241 + By)z + Biz?] cosx
+ [Bo + (2B — Ag)z — A1x2] sinx
\arraytextandyz = [2A1 + 2By — (Ag — 4B1)z — AlasZ] cosx
+ [2Bl —2A¢)— (Bo+44)z — leQ] sinz,

SO
y; +yp, = (241 + 2By + 4B1z)cost + (2B1 — 24y —4Ax)sinx.

Comparing the coefficients of cosz and sin z here with the corresponding coefficients in (5.5.12) shows
that y, is a solution of (5.5.12) if

4B, = —4

—4A, = -8

2By + 24, = 8
—2A0+2B; = -8.

The solution of this system is A, = 2, B; = —1, Ay = 3, By = 2. Therefore
yp = [(3+ 2z)cosz + (2 — z) sin ]

is a particular solution of (5.5.12).

Forcing Functions with Exponential Factors

To find a particular solution of
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ay” + by’ + cy = e (P(x) coswr + Q(x) sinwr) (5.5.15)

when ) # 0, we recall from Section 5.4 that substituting y = ue?* into (5.5.15) will produce a constant
coefficient equation for « with the forcing function P(x) coswz + Q(z) sinwz. We can find a particular
solution w, of this equation by the procedure that we used in Examples 5.5.1-5.5.4. Then y, = u,e?* is a
particular solution of (5.5.15).

ExampLE 5.5.5

Find a particular solution of

y” — 3y’ + 2y =e ¥ [2cos 3z — (34 — 150z) sin 3z] . (5.5.16)

SoLuTioN Let y = ue=%*. Then

Yy’ =3y +2y=e T [(u —4u +4u) —3(u — 2u) + 2u]
=e ¥ (u —Tu + 12u)
= e % [2cos 3x — (34 — 150z) sin 3]

u” —Tu’ + 12u = 2 cos 3z — (34 — 150z) sin 3z. (5.5.17)

Since cos 3z and sin 3z aren’t solutions of the complementary equation

u —Tu +12u =0,

Theorem 5.5.1 tells us to look for a particular solution of (5.5.17) of the form

up = (Ag + Aqz) cos 3z + (By + Biz) sin 3z. (5.5.18)
Then
u;, = (A1 + 3By + 3Bjz)cos 3z + (B; — 349 — 3A z) sin 3z
\arraytextandu; = (—9A4¢+6B; —9A;x) cos 3z — (9B + 641 + 9B, ) sin 3z,
SO
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u, — Tu, + 12u, = [3Ag — 21By — TA; + 6By + (341 — 21B1)z] cos 3z
+[214) + 3By — 64, — 7B, + (214, + 3B;)z] sin 3z.

Comparing the coefficients of z cos 3z, z sin 3z, cos 3z, and sin 3z here with the corresponding coefficients
on the right side of (5.5.17) shows that u, is a solution of (5.5.17) if

34, -21B; = 0
21A; + 3B, = 150

1 9s (5.5.19)
349—21By—TA;+ 6B, = 2
2140+ 3By—6A;— TB; = —34.

Solving the first two equations yields A; = 7, B; = 1. Substituting these values into the last two
equations of (5.5.19) yields

349 —21By= 2+7A; —6B; =45
2140+ 3Bg= — 34+ 64, +7B; = 15.

Solving this system yields 4, = 1, By = —2. Substituting Ao =1, A, =7, By = —2, and B; = 1 into (5.5.18)
shows that

up = (14 7x)cos3z — (2 —z)sin 3z

is a particular solution of (5.5.17). Therefore

y, = e 2 [(1+ 7z) cos 3z — (2 — x) sin 3z]

is a particular solution of (5.5.16).

ExampLE 5.5.6

Find a particular solution of

y” + 2y + 5y =e " [(6 — 16x) cos 2z — (8 + 8x) sin 2z] . (5.5.20)

SoLurtion Let y = ue™®. Then
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e " [(u” —2u" +u)+ 2(u’ —u) + 5u]
e " (u” + 4u)
=e " [(6 — 16x) cos 2z — (8 + 8z) sin 2]

y//+2y/ +5y

u” + 4u = (6 — 16z) cos 2z — (8 + 8z) sin 2z. (5.5.21)

Since cos 2z and sin 2z are solutions of the complementary equation

u” + 4u =0,

Theorem 5.5.1 tells us to look for a particular solution of (5.5.21) of the form

u, = (Agx + A12?) cos 2z + (Box + B12?) sin 2.

Then
u;, = [Ao+ (24 + 2By)z + 2B1:1;2] cos 2z
+ [Bo + (2B1 — 2A¢)x — 2A127] sin 2z
\arraytextandu; = [24, + 4By — (4A) — 8By)z — 4A1:E2] cos 2z
+ [2B1 - 4A0 — (4B0 + 8A1>£L‘ — 4311‘2] sin 2.T,
SO

u, +4u, = (2A1 + 4By + 8B1x) cos 2z + (2B — 4A; — 8A,z) sin 2z.

Equating the coefficients of x cos 2z, z sin 2z, cos 2z, and sin 2z here with the corresponding coefficients on
the right side of (5.5.21) shows that v, is a solution of (5.5.21) if

8B, = -—16
_8A, = _—
84, 8 (5.5.22)
4By +24, = 6
—4Ay+2B, = —8.

The solution of this systemis A; =1, B; = -2, By = 1, 4, = 1. Therefore

up = z[(1 + z) cos 2z + (1 — 2z) sin 2z]
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is a particular solution of (5.5.21), and
yp =ze " [(1 4+ ) cos 2z + (1 — 2z) sin 2z]

is a particular solution of (5.5.20). [

You can also find a particular solution of (5.5.20) by substituting
yp = xze " [(Ao + A1) cos 2z + (By + Biz) sin 2z

for y in (5.5.20) and equating the coefficients of ze  cos 2z, ze * sin 2z, e * cos 2z, and e sin 2z in the
resulting expression for

VA /
Y, + 2y, + 5y,

with the corresponding coefficients on the right side of (5.5.20). (See Exercise 38). This leads to the
same system (5.5.22) of equations for Ay, 4, By, and B; that we obtained in Example 5.5.6. However, if
you try this approach you'll see that deriving (5.5.22) this way is much more tedious than the way we
did it in Example 5.5.6.

5.5 Exercises

In Exercises 1-17 find a particular solution.
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10.

11.

12.

13.

y' 3y +2y =

Show answer

Yy +3y +y=

~—~

Show answer

5 Linear Second Order Equations

Tcosx —sinzx

2—6z)cosz —9sinz

y' 4+ 2y +y=e"(6cosx + 17sinz)

Show answer

y' 3y —2y=

Show answer

v -y +y=e"

Show answer

y//+3y/_2y:

Show answer

—e?%(5cos 2z + 9sin 27)

(24 z)sinx

e 2% [(4 + 20z) cos 3x + (26 — 32z) sin 3]

y” + 4y = —12 cos 2x — 4sin 2z

Show answer

y'+y=(—4+8z)cosz+ (8 —4z)sinz

Show answer

4y” +y=—4cosx/2 — 8rsinxz/2

Show answer

v+ 2+ 2y =

Show answer

y =2y + 5y =

Show answer

e *(8cosx — 6sinx)

€” [(6 + 8z) cos 2z + (6 — 8x) sin 2x]

y” + 2y +y=8zx2cosx — 4zsinx

Show answer

y// +3y/ +2y:

Show answer

(12 + 20z + 10z%) cos z + 8z sin =
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14. " + 3y +2y= (1 —x —42%) cos 2z — (1 + Tz + 2z2)sin 2z

Show answer

15. y” — 5y + 6y = —e” [(4 + 62 — %) cosz — (2 — 4z + 3z?) sin z]

Show answer

16. y" — 2y +y=—€"[(3+ 4z —z?)cosz + (3 — 4z — z?)sinz]

Show answer

17. y" — 2y +2y=€"[(2 — 2z — 62°%) cosx + (2 — 10z + 62%) sin 7]

Show answer

In Exercises 1-17 find a particular solution and graph it.

18. (CIG|y" + 2y +y=e"[(5—2z)cosz — (3 + 3z)sinz]

Show answer

19. |CIG|y” +9y = —6cos 3z — 12sin 3z

Show answer

20. (CIG|y” + 3y +2y= (1 —2—42?) cos 2z — (1 + Tz + 2x2)sin 2z

Show answer

21. |CIG|y" + 4y +3y=e"[(24 z + z?)cosz + (5 + 4z + 22?) sinz]

Show answer

In Exercises 22-26 solve the initial value problem.
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22. y' — Ty +6y=—e"(17cosz — Tsinz), y(0)=4, y'(0)=2

Show answer

23. y' — 2y +2y=—e*(6cosz +4sinz), y(0)=1, y'(0)=14

Show answer

24. y” + 6y’ + 10y = —40e”sinz, y(0)=2, ¢’ (0)=-3

Show answer

25. y" — 6y’ + 10y = —e3*(6cosx +4sinz), y(0)=2, ¥y (0)=7

Show answer

26. y" — 3y’ +2y=e3[21cosz — (11 + 10z)sinz], y(0) =0, 3'(0)=6

Show answer

In Exercises 27-32 use the principle of superposition to find a particular solution. Where indicated,
solve the initial value problem.

27. v — 2y’ — 3y = 4e% + e%(cosz — 2sin )

Show answer

28. ' +y=4cosx —2sinz +ze* +e°

Show answer

29. vy’ — 3y’ + 2y = ze® + 2% +sinzx

Show answer

30. ¢ — 2y +2y=4xe”cosz +ze® + 1+ 2

Show answer

31. vy — 4y +4y=e¥(1+z) + e¥(cosz —sinz) +3e¥ + 1+

Show answer

32. y — 4y + 4y =6e¥ + 25sinz, y(0)=5, y'(0)=3

Show answer

In Exercises 33-35 solve the initial value problem and graph the solution.

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 91 of 146



33

34

35.

36.

5 Linear Second Order Equations

. Yy’ +4y=—e 2 [(4—Tz)cosz + (2 —4x)sinz], y(0) =3, ' (0)=1
. y” + 4y +4y=2cos2x + 3sin2z + e %, y(0)=-1, y'(0)=2
y” + 4y = " (11 + 15z) + 8cos 2z — 12sin 2z, y(0) =3, y'(0) =5

a. Verify that if
yp = A(z) coswz + B(z) sinwz
where A and B are twice differentiable, then

y, = (A’ + wB) coswz + (B’ — wA) sinwz and
y; = (A" +2wB’ — W?A) coswz + (B” — 2wA’ — W’ B) sinwz.

b. Use the results of (a) to verify that

ay;; + by;, +ecyp, = [(c — aw®) A+ bwB + 2awB’ + bA" + aA”] coswr+

[—bwA + (¢ — aw?) B — 2awA’ + bB’ + aB”] sinwz.
c. Use the results of (a) to verify that
Yy +w?yp = (A" 4+ 2wB’) coswz + (B” — 2wA’) sinwz.

d. Prove Theorem 5.5.2.
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37. Leta, b, ¢, and w be constants, with a # 0 and w > 0, and let

P(z) =py+piz++ppz® and  Q(z) = qo + 1z + - + qi2",

where at least one of the coefficients p;, g, is nonzero, so k is the larger of the degrees of P and
Q.
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a. Show that if coswz and sinwz are not solutions of the complementary equation

ay’ +by +cy=0,

then there are polynomials

A(z) = Ag+ A1z + -+ Ayz® and  B(z) = By + Biz + - + Bya®

such that

(c—aw?)A + bwB + 2awB’ + bA’ + aA” = P

—bwA + (¢ — aw?)B — 2awA’ +bB’ +aB” = Q,

where (Ag, By), (Ax_1, Bx_1), ---,(Ag, Bo) can be computed successively by solving the
systems

(c—aw?)Ap +bwB), = p
b+ (- awh)Be = a
and, if 1 <r <k,
(c—aw)Ap_, +bwBy , = pr,+--
Cbodi ot (e—awt)Bi, = qes o

where the terms indicated by “.--” depend upon the previously computed coefficients with
subscripts greater than £ — . Conclude from this and Exercise 36(b) that

yp = A(z) coswz + B(z) sinwz

is a particular solution of

ay” + by + cy = P(x) coswz + Q(x) sin wx.
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b. Conclude from Exercise 36(c) that the equation

a(y” + w'y) = P(z) coswz + Q(z) sinwz (©)

does not have a solution of the form (B) with A and B as in (A). Then show that there are
polynomials

Az) = Agz + Az + - + Apz®t and  B(z) = Boz + Biz? + - + Bpaht!

such that

a(A” +2wB’) = P
a(B” —2wA) = Q

where the pairs (A, Bi), (Ax_1, Bx_1), ---, (A9, By) can be computed successively as follows:

dk
A== 2aw(k + 1)
_ Pk
Bi = 2aw(k + 1)’
and, if k> 1,
1 Qk—j .
Apj= — — | ———— — (k— 2)By—;
k—j 20 [a(k]—}—l) ( J+ ) k]+1:|
1 Dk—j
By j= —|—————(k—j+2)A;
k—j 2(4} |:a(k—j+1) ( .7+ ) k ]+1:|

for 1 < j < k. Conclude that (B) with this choice of the polynomials A and B is a particular
solution of (C).
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38. Show that Theorem 5.5.1 implies the next theorem:

Suppose w is a positive number and P and @ are polynomials. Let k be the larger of the degrees
of P and Q. Then the equation

ay” + by’ + cy = e\ (P(x) coswz + Q(x) sinwz)

has a particular solution

y, = e (A(z) coswz + B(z)sinwz) (A)

where

A(x) = Ag + Ajx + -+ Agz® and  B(z) = By + Byx + - + Bzt

provided that ** cos wz and e sinwz are not solutions of the complementary equation. The
equation

aly” =22y + (A +w?)y| = e (P(z) coswz + Q(z) sinwz)

(for which e** coswz and e** sinwz are solutions of the complementary equation) has a particular
solution of the form (A), where

A(z) = Agz + Az + - + Apz™ and  B(z) = Boz + Biz? + - + BrattL.

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 96 of 146



5 Linear Second Order Equations

39. This exercise presents a method for evaluating the integral
y= /e” (P(z) coswz + Q(z) sinwz) dx

where w #+ 0 and
P(z) = po+piz + - +pa’, Q@) = qo + qrz + - + g’

a. Show that y = e**u, where

u’ 4+ Au = P(z) coswz + Q(z) sinwz. (A)
b. Show that (A) has a particular solution of the form
u, = A(z) coswz + B(z) sinwz,
where
A(x) = Ag + Ay + -+ Az, B(z) = By + Byx + - + Bz,

and the pairs of coefficients (Ay, Bi), (Ax-1, Bx-1), ---,(40, By) can be computed successively
as the solutions of pairs of equations obtained by equating the coefficients of =" coswz and
" sinwz forr=4k k—1, ..., 0.

c. Conclude that

/e’\z (P(z) coswz + Q(z) sinwz) dx = e (A(z) coswz + B(x)sinwz) + ¢,

where c is a constant of integration.
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40. Use the method of Exercise 39 to evaluate the integral.

(@) [z%coszdx (b) J 2%e” cosz dx
(c) [ze "sin2zdx (d) [ 2?e "sinzdzx
(e) [zie”sinzdx (f) Je* [xcosz — (1 + 3z)sinz] dz

(9) [e®[1+ 2 cosz+ (1 —2?)sinz] dz
5.6 Reduction of Order

In this section we give a method for finding the general solution of
Py(z)y” + Pi(2)y + Pa(z)y = F(x) (5.6.1)
if we know a nontrivial solution y; of the complementary equation
Py(z)y” + Pi(z)y’ + Py(x)y = 0. (5.6.2)

The method is called reduction of order because it reduces the task of solving (5.6.1) to solving a first
order equation. Unlike the method of undetermined coefficients, it does not require P, P,, and P, to be
constants, or F to be of any special form.

By now you shoudn’t be surprised that we look for solutions of (5.6.1) in the form
Yy =uy (5.6.3)
where « is to be determined so that y satisfies (5.6.1). Substituting (5.6.3) and

u’'y1 + uy]
= v’y + 2u'y] + uy|

into (5.6.1) yields
Py(z)(u”y1 + 2u'y) +uyy) + Pi(z)(w'y1 + uy)) + Pa(z)uys = F(z).

Collecting the coefficients of u, v/, and u” yields
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(Poy1)u” + (2Poyy + Pry1)u’ + (Poyy + Pry) + Poyr)u = F. (5.6.4)
However, the coefficient of « is zero, since y, satisfies (5.6.2). Therefore (5.6.4) reduces to
Qo(@)u” + Qi (z)u’ = F, (5.6.5)
with
Qo=Puy1 and Qi =2Py; + Py

(It isn't worthwhile to memorize the formulas for Q, and @Q,!) Since (5.6.5) is a linear first order equation
in ’, we can solve it for v’ by variation of parameters as in Section 1.2, integrate the solution to obtain
u, and then obtain y from (5.6.3).

ExampLE 5.6.1
a. Find the general solution of
zy” — 2z + 1)y + (z + 1)y = 22, (5.6.6)
given that y; = e is a solution of the complementary equation
zy" — 2z + 1)y + (z+ 1)y =0. (5.6.7)

b. As a byproduct of (a), find a fundamental set of solutions of (5.6.7).

SoruTion (A) If y = ue?, then y’ = u’e® + ue® and y” = u”e* + 2u’e® + ue®, SO

2y’ — 2z + 1)y + (z+ 1)y =z(u”e” + 2u’e” + ue”)
— 2z + 1) (u'e” + ue®) + (z + 1)ue”

= (zu” —u')e".

Therefore y = ue® is a solution of (5.6.6) if and only if

which is a first order equation in »’. We rewrite it as
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v — — =ze". (5.6.8)

To focus on how we apply variation of parameters to this equation, we temporarily write z = v/, so that
(5.6.8) becomes

z
2 — — =xe " (5.6.9)

We leave it to you to show (by separation of variables) that »; = z is a solution of the complementary
equation

for (5.6.9). By applying variation of parameters as in Section 1.2, we can now see that every solution of
(5.6.9) is of the form

—T 4 —T

/ —
z=wvr where vz=zxe °, so v =e and v=—e “+CI.

Since v’ = z = vz, u IS a solution of (5.6.8) if and only if

v =vr=—ze "+ Cizx.
Integrating this yields
u=(z+1)e "+ %aﬂ + Cs.
Therefore the general solution of (5.6.6) is
y=ue" =z +1+ %z%z + Cye®. (5.6.10)

SovruTion (B) By letting C; = C;, = 0in (5.6.10), we see that y,, = z + 1 is a solution of (5.6.6). By letting
C; =2 and C, = 0, we see that y,, = = + 1 + %" is also a solution of (5.6.6). Since the difference of two
solutions of (5.6.6) is a solution of (5.6.7), y» = y,, — y,, = x2e” is a solution of (5.6.7). Since y,/y; is
nonconstant and we already know that y; = ¢” is a solution of (5.6.6), Theorem 5.1.6 implies that

{e®, z%e"} is a fundamental set of solutions of (5.6.7). ]
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Although (5.6.10) is a correct form for the general solution of (5.6.6), it's silly to leave the arbitrary
coefficient of z2e* as C;/2 where C; is an arbitrary constant. Moreover, it's sensible to make the
subscripts of the coefficients of y; = e* and y, = 2%e® consistent with the subscripts of the functions

themselves. Therefore we rewrite (5.6.10) as

y:w—l—l—l—cle‘”—i—cw?ez

by simply renaming the arbitrary constants. We'll also do this in the next two examples, and in the

answers to the exercises.

ExampLE 5.6.2
a. Find the general solution of
o'y +ay —y=a”+1,
given that y; = z is a solution of the complementary equation
2.

z%y” +xy —y=0.

As a byproduct of this result, find a fundamental set of solutions of (5.6.11).

b. Solve the initial value problem

2y +zy —y=a>+1, y(1)=2, y'(1)=-3.

SovruTioN (A) If y = uz, then ¢y = v’z +v and y” = u”z + 2u’, SO

22y +ay —y=2(w'z+2u) +z(u'z +u) —ur

= 230" + 32%u’.

Therefore y = uz is a solution of (5.6.12) if and only if

23u” + 3% =22 + 1,

which is a first order equation in «’. We rewrite it as
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3
'+ —u ==+ —. (5.6.13)
x

To focus on how we apply variation of parameters to this equation, we temporarily write z = »’, so that
(5.6.13) becomes

(5.6.14)

We leave it to you to show by separation of variables that z; = 1/z% is a solution of the complementary
equation

for (5.6.14). By variation of parameters, every solution of (5.6.14) is of the form

11 3
2= -2 where U—:——l——, so v =z241 and vz%—i-a:—l—cl.

Since v’ = z = v/2?, v is a solution of (5.6.14) if and only if

, 1 1 Ch

vEET3ItTEY S
Integrating this yields
X 1 Cl
R R
Therefore the general solution of (5.6.12) is
.272 Cl
y=uz=— —1—5—1-023:. (5.6.15)

Reasoning as in the solution of Example 5.6.1(a), we conclude that y; = z and 4> = 1/z form a
fundamental set of solutions for (5.6.11).

As we explained above, we rename the constants in (5.6.15) and rewrite it as

1'2 c
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SovruTion (B) Differentiating (5.6.16) yields
Y =—+ca——. (5.6.17)
X

Setting z = 1 in (5.6.16) and (5.6.17) and imposing the initial conditions y(1) = 2 and y’(1) = —3 yields

Solving these equations yields ¢; = —1/2, ¢, = 19/6. Therefore the solution of (5.6.12) is

2z, b
¥=73 2 " 6z

Using reduction of order to find the general solution of a homogeneous linear second order equation
leads to a homogeneous linear first order equation in u’ that can be solved by separation of variables.
The next example illustrates this.

ExampLE 5.6.3

Find the general solution and a fundamental set of solutions of
z?y” —3zy’ +3y =0, (5.6.18)

given that 3, = z is a solution.

Sorution If y =uz theny’ = v’z + v and y” = v’z + 2u’, SO

z?y” — 3zy' + 3y = 2?(u"z + 2u’) — 3z (u'z + u) + 3uz

3,/ 2 7
=Tr U —Tru.

Therefore y = uz is a solution of (5.6.18) if and only if

/
3" — 2% = 0.

Separating the variables »’ and z yields
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SO

In|u'|=1In|z|+k, or, equivalently, u = Cjz.

Therefore

u = ﬁﬁ + Cy,
2
so the general solution of (5.6.18) is
Yy=ux = %x3 + Caz,

which we rewrite as
3

Y = C1T + Cax”.

Therefore {z,z3} is a fundamental set of solutions of (5.6.18).

5.6 Exercises

In Exercises 1-17 find the general solution, given that y, satisfies the complementary equation. As a
byproduct, find a fundamental set of solutions of the complementary equation.
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20+ 1)y’ =2y — 2z +3)y= 2z +1)* y=e”

5
—~

Show answer

caty ey —y=\dstzy; yi=u

Show answer

Y —ay ty=z; yi=z

Show answer

Yy =3y +2y= \dst—Hle,, ;oY =e*

Show answer

. y//72y/+y: 71.3/26:6; m — e®

Show answer

. 42y’ + (4o — 8x?)y + (42 — 4o — 1)y = 422 (1 4 4x); oy = x'/%e”

Show answer

.y =2y +2y=-¢e"secx; y; =e"cosx

Show answer

Y+ dxy + (42 4 2)y = 8e T,y = e

Show answer

o2y +ay —4dy=—6x—4; y =22

<

Show answer

oty 4 2z(— 1)y + (2% =22+ 2)y = 2%, y =2

Show answer

T

2ty (22— 1)y + (22 —x— 1)y =x%%; y; =ze

Show answer

1—2z)y” +2y + (22 —3)y = (1 — 4z + 422)e”; y; =€

H
—~

Show answer

. 2%y’ — 3y + 4y = dzt;  y; = 2?

Show answer
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14. 2zy” + (v + 1)y + (2 + 1)y = 321277, y; =€ ®

Show answer

15. zy" — 22+ 1)y + (z+ 1)y =—e®; y; =¢€*

Show answer

16. 42%y” —da(z+ 1)y + 2z + 3)y = 42°/%e?;  y; = &1/

Show answer

17. z%y” —5zy’ + 8y = 4z?; y; =2’

Show answer

In Exercises 18-30 find a fundamental set of solutions, given that y, is a solution.
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18.

19.

20.

21.

22,

23.

24,

25.

26.

27.

28.

29.

30.

5 Linear Second Order Equations

zy' +(2—-22)y +(z—2)y=0; y;=¢€"

Show answer

z?y” —4zy’ +6y=0; y; =a?

Show answer

22(In|z))%y” — 2zln|z|)y’ + (2+In|z))y=0; y; =In|z|

Show answer

4ay” + 2y +y=0; y =sinyz

Show answer

vy’ — 2z +2)y' +(z+2)y=0; y1=¢€"

Show answer

*y” — (2a— Dy +a’y=0; y = z*

Show answer

—~

2%y’ — 2wy +

Show answer

22 4+2)y=0; y =azsinz

zy’ —(dz+ 1)y + 4z +2)y=0; y1 =e*

Show answer

4z%(sinz)y” — 4x(xcosx + sinz)y’ + (2xcosx + 3sinz)y = 0; y; = x'/2

Show answer

W~

z%y” — dzy’ +

Show answer

—~

Show answer

332 _ 237)3/” +

—~
—~

Show answer

(3—162%)y=0; 3 =x'/%e>

22+ Day” —2(222 - 1)y —4(z+1)y=0; y,=1/x

2—2hy +(22—2)y=0; y =e°

zy’ — (dz+ 1)y + (dz+2)y=0; y; =e**

Show answer
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In Exercises 31-33 solve the initial value problem, given that y, satisfies the complementary equation.

3L. 2%y —3zy +4y=4a!, y(-1)=7, y(-1)=-8 y =2’

Show answer

32. B3z—1)y"—(Bz+2)y — (6z—8)y=0, y(0)=2, y(0)=3; y; =e*

Show answer

33. (z+ 1% —20c+1)y —(z®+2z-1)y=(z+1)%" y(0)=1, y(0)= —1;
y1 = (z+1)e”

Show answer

In Exercises 34 and 35 solve the initial value problem and graph the solution, given that y, satisfies the
complementary equation.
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34. (CIG a2y + 20y —2y =2, y(1)=\dstZ, y/(1) = \dstd; y1 ==

Show answer

35. (22 —4)y" +doy’ +2y=x+2, y(0)=—\dstg, y'(0)=-1 ¢ =\dsti5

Show answer

36. Suppose p; and p, are continuous on (a,b). Let y; be a solution of
y" +p1(z)y +pa(z)y =0 (4)

that has no zeros on (a,b), and let zo be in (a,b). Use reduction of order to show that y; and

() = (e [ y;@) exp (— / (s) ds) it

form a fundamental set of solutions of (A) on (a,b). (Note: This exercise is related to Exercise 9.)

37. The nonlinear first order equation

Y+ +p@)y+g(x) =0 (A)

is a Riccati equation (http:/http://www-history.mes.st-and.ac.uk/Indexes/Riccati.html). (See Exercise 2.4. 55.)
Assume that p and ¢ are continuous.

a. Show that y is a solution of (A) if and only if y = 2’ /2, where
2" +p(x)z’ +q(z)z = 0. (B)
b. Show that the general solution of (A) is

/7 /7
€121 + 29 ()
===
c121 + Cco29

where {z1, z»} is a fundamental set of solutions of (B) and ¢; and ¢, are arbitrary constants.

c. Does the formula (C) imply that the first order equation (A) has a two—parameter family of
solutions? Explain your answer.
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5 Linear Second Order Equations

38. Use a method suggested by Exercise 37 to find all solutions. of the equation.

@y +y*+k=0 (b)y +y*—3y+2=0
(€)y +4*+5y—6=0 (d)y +42+8y+7=0
(e) vy + >+ 14y+50=0 M6y +6,°—y—1=0

(9) 36y" +36y°> —12y+1=0

Show answer

39. Use a method suggested by Exercise 37 and reduction of order to find all solutions of the
equation, given that y, is a solution.

a?(y +y’)—zz+2y+z+2=0 y=1/z

b.y +1y2+4zy+422+2=0; y, =2z
C.2z+1)(y+y?)—2y—(2z+3)=0;, y1=-1

d Bz—1)(y +9?)— Bz +2)y—6z+8=0; y1=2
e. \dstz?(y' +y?) +ay+ 22—+ =0; y1=—tanz — 5

f.\dstz?(y’ +4?) —Tzy+7=0; y1=1/x

Show answer
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40. The nonlinear first order equation

v +r(@)y’ +p)y+qx) =0 (A)

is the generalized Riccati equation (http://http://www-history.mcs.st-and.ac.uk/Indexes/Riccati.html). (See
Exercise 2.4. 55.) Assume that p and ¢ are continuous and r is differentiable.

a. Show that y is a solution of (A) if and only if y = 2’ /rz, where

) ] 2 +r(z)q(x)z = 0. (B)

b. Show that the general solution of (A) is

’ 7
_az + c224
- )
7’(0121 —+ 0222)

where {z1, z,} is a fundamental set of solutions of (B) and ¢; and ¢, are arbitrary constants.

5.7 Variation of Parameters

In this section we give a method called variation of parameters for finding a particular solution of
Po(z)y” + Pi(z)y’ + Py(z)y = F(x) (5.7.1)
if we know a fundamental set {y;,y,} of solutions of the complementary equation
Py(z)y” + Pi(z)y" + Pa(z)y = 0. (5.7.2)
Having found a particular solution y, by this method, we can write the general solution of (5.7.1) as
Y = yp + c1y1 + c2y2.

Since we need only one nontrivial solution of (5.7.2) to find the general solution of (5.7.1) by reduction
of order, it's natural to ask why we’re interested in variation of parameters, which requires two linearly
independent solutions of (5.7.2) to achieve the same goal. Here’s the answer:
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5 Linear Second Order Equations

 If we already know two linearly independent solutions of (5.7.2) then variation of parameters will
probably be simpler than reduction of order.

» Variation of parameters generalizes naturally to a method for finding particular solutions of higher
order linear equations (Section 9.4) and linear systems of equations (Section 10.7), while
reduction of order doesn't.

» Variation of parameters is a powerful theoretical tool used by researchers in differential
equations. Although a detailed discussion of this is beyond the scope of this book, you can get an
idea of what it means from Exercises 37—-39.

We’'ll now derive the method. As usual, we consider solutions of (5.7.1) and (5.7.2) on an interval (a, b)
where Py, P;, P,, and F are continuous and P, has no zeros. Suppose that {y;,y.} is a fundamental set
of solutions of the complementary equation (5.7.2). We look for a particular solution of (5.7.1) in the
form

Yp = U1Y1 + U2Y2 (5.7.3)

where u; and u, are functions to be determined so that y, satisfies (5.7.1). You may not think this is a
good idea, since there are now two unknown functions to be determined, rather than one. However,
since «; and u, have to satisfy only one condition (that y, is a solution of (5.7.1)), we can impose a
second condition that produces a convenient simplification, as follows.

Differentiating (5.7.3) vields

Y, = uryy + Usys + uiy1 + usys. (5.7.4)

As our second condition on u; and u, we require that

uy1 + uys = 0. (5.7.5)

Then (5.7.4) becomes

Y, = u1yy + Ugys; (5.7.6)

that is, (5.7.5) permits us to differentiate y, (once!) as if v; and u, are constants. Differentiating (5.7.4)
yields

V4

Yy = wry) + usys +UYs + usys. (5.7.7)
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(There are no terms involving «; and 5 here, as there would be if we hadn't required (5.7.5).)
Substituting (5.7.3), (5.7.6), and (5.7.7) into (5.7.1) and collecting the coefficients of «; and u, yields

u1(Poy] + Pryy + Payr) + ua(Poys + Pryy + Pays) + Po(ujy) + usys) = F.

As in the derivation of the method of reduction of order, the coefficients of «; and u, here are both zero
because y; and y, satisfy the complementary equation. Hence, we can rewrite the last equation as

Po(uiy) + usys) = F. (5.7.8)
Therefore y, in (5.7.3) satisfies (5.7.1) if
iy +uyyy = 0 5.19)
uiy) +usyy = \dstf,

where the first equation is the same as (5.7.5) and the second is from (5.7.8).

We'll now show that you can always solve (5.7.9) for »; and «5. (The method that we use here will
always work, but simpler methods usually work when you're dealing with specific equations.) To obtain
uy, multiply the first equation in (5.7.9) by y; and the second equation by y,. This yields

U Y1y + UsY2yy = 0

’ 7 ’ 7 FyQ
U1Y1Y2 + UsYalY2 = R

Subtracting the second equation from the first yields

Fy,
wi (Y1 — yiy2) = — = (5.7.10)

Since {y1,y2} is a fundamental set of solutions of (5.7.2) on (a,b), Theorem 5.1.6 implies that the
Wronskian yy5 — 319> has no zeros on (a,b). Therefore we can solve (5.7.10) for «}, to obtain

’ Fy2
U = ——— 5.7.11
! Po(y1v5 — viy2) ( )

We leave it to you to start from (5.7.9) and show by a similar argument that

’ Fyl
W= — (5.7.12)
27 Po(nivh — vl ye)
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We can now obtain «; and u, by integrating «; and u5. The constants of integration can be taken to be
zero, since any choice of u; and u, in (5.7.3) will suffice.

You should not memorize (5.7.11) and (5.7.12). On the other hand, you don’t want to rederive the whole
procedure for every specific problem. We recommend the a compromise:

a. Write
Yp = U1Y1 + U2y (5.7.13)
to remind yourself of what you're doing.
b. Write the system
w1y + us = 0
iy} ?yf _ F (5.7.14)
ujyy +ugys = \dstgr

for the specific problem you're trying to solve.
c. Solve (5.7.14) for «; and u;, by any convenient method.
d. Obtain »; and u, by integrating «; and «;, taking the constants of integration to be zero.

e. Substitute »; and u, into (5.7.13) to obtain y,.

ExampLE 5.7.1

Find a particular solution y, of
22y —2zy + 2y = 2”2, (5.7.15)
given that y; = z and y, = 2 are solutions of the complementary equation
z?y” —2zy’ + 2y = 0.

Then find the general solution of (5.7.15).

SoruTtion We set

2
Yp = ULIT + u2x”,
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where

’ /7
wiz+ upz? =0
2972

/ / 5/2
u; + 2usr = .

From the first equation, u; = —uyz. Substituting this into the second equation yields uyz = %2, S0 u),
= 2%/2 and therefore u] = —ujz = —z%2. Integrating and taking the constants of integration to be zero

yields

2 2
Uy = — 22 and Uy = 2252,

Therefore

2 2 4
Yp = 1T + ugx? = —7337/2;1: + €x5/2 = ga:wz,

and the general solution of (5.7.15) is

4
Y= gxg/z +cix + 62x2.

ExampLE 5.7.2

Find a particular solution y, of
(z—1Dy" —zy +y=(z—1)%
given that y; = z and y, = ¢ are solutions of the complementary equation
(z—1)y" —zy' +y=0.

Then find the general solution of (5.7.16).

SoruTtion We set

T
yp = U1x+u2€ b
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where

u)z + uge” =0
(z—1)°

=z—1.
r—1 v

/ /T
U +uge” =

Subtracting the first equation from the second yields —u/(z — 1) = z — 1, S0 u; = —1. From this and the
first equation, us = —ze®u; = ze~®. Integrating and taking the constants of integration to be zero yields

up=-—x and us=—(z+1)e .
Therefore
Yp = WT + uge” = (—x)z + (—(z + e “)e" = —z® —z — 1,
so the general solution of (5.7.16) is
2

y=yp+car+ce’ =—a"—z—14+c1z+cre” = —z? -1+ (c1 — 1)z + coe”. (5.7.17)

However, since c; is an arbitrary constant, so is ¢; — 1; therefore, we improve the appearance of this
result by renaming the constant and writing the general solution as

y=—22 — 1+ c12 + cpe®.\bbox (5.7.18)

There’s nothing wrong with leaving the general solution of (5.7.16) in the form (5.7.17); however, we
think you'll agree that (5.7.18) is preferable. We can also view the transition from (5.7.17) to (5.7.18),
differently. In this example the particular solution y, = —z% — z — 1 contained the term —z, which satisfies
the complementary equation. We can drop this term and redefine y, = —2* — 1, since —z*> —z—1lis a

solution of (5.7.16) and = is a solution of the complementary equation; hence, —2?> — 1= (—z?—2z—1)+ =z
is also a solution of (5.7.16). In general, it's always legitimate to drop linear combinations of {y;,y>} from
particular solutions obtained by variation of parameters. (See Exercise 36 for a general discussion of
this question.) We'll do this in the following examples and in the answers to exercises that ask for a
particular solution. Therefore, don't be concerned if your answer to such an exercise differs from ours
only by a solution of the complementary equation.

ExampLE 5.7.3

Find a particular solution of
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1
¢ "2y = : 7.1
vy +3y +2y T (5.7.19)
Then find the general solution.
SoLuTION
The characteristic polynomial of the complementary equation
y +3y +2y=0 (5.7.20)

isp(r)=r’+3r+2=(r+1)(r+2),50y; =e* and y, = e % form a fundamental set of solutions of
(5.7.20). We look for a particular solution of (5.7.19) in the form

- -2
Yp = ure” " + uge”

where

uje ™ 4+ uge =0

—uje ™ —2upe 2 = 1 —:ex .
Adding these two equations yields
—u;e*% _ . -:eﬂ” , SO ué = — li—%ez
From the first equation,
ui = —u;e_z =7 j_:x

Integrating by means of the substitution v = ez and taking the constants of integration to be zero yields

e’ dv -
ul—/mdw—/1+v =1In(1+4+v) =1In(1+¢€")

and
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e v 1
Uy = —/1_’_690 dx——/1+vdv—/[1+v—1] dv

=In(l4+v) —v=1In(l+e")—e".

Therefore

SO

- 2
Yp = ure 4+ uge "

= [In(1 +e%)]e " + [In(1 + €*) — e e,

yp=(e " +e ) In(l+e")—e .

Since the last term on the right satisfies the complementary equation, we drop it and redefine

yp = (e +e ) In(1 +€").

The general solution of (5.7.19) is

y=y,+cie "+ coe X = (efz + 672I> In(1+€®)+cre ®+ coe 2,

ExawvpLE 5.7.4

Solve the initial value problem
(a® =1y +4ay’ + 2= ——, y(0)=-1, y'(0)=-5, (5.7.21)

given that

d =
an Y2 e 1

are solutions of the complementary equation

(x? —1)y” + 4zy’ +2y = 0.
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SoruTion We first use variation of parameters to find a particular solution of

2
(z? = 1)y" + 4oy’ +2y = ——

z+1
on (—1,1) in the form
_ (5% U9
Y= r—1 z+1’

where

il Y2 _ 9 (5.7.22)

z—1 z+1
ul uh 2

@12 @+1? @+D@-1)

Multiplying the first equation by 1/(z — 1) and adding the result to the second equation yields

1 1 ;L 2
[$2—1 N (g)+1)2:| Uy = (x+1)(x2_1)' (5.7.23)

Since

[1 1 J:(:c—l-l)—(x ) 2

—1
2—1 (z+1)? (z+1)(z2—1) (z+1D@=2—-1)"

(5.7.23) implies that us; = 1. From (5.7.22),

’ ZL'—]. ’ Zl,'—].
B T oz417

Integrating and taking the constants of integration to be zero yields

up = ,/x_ldI:,/Ll_zdx
z+1 z+1

:/{ 2 —1]dac:2ln(m+1)fx

r+1

and
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U2:/d$:.’l3.

Therefore

U1 U2 1 1
Y :v—1+:c—|—1 [2In(z +1) x]x—l—i_x:v—i—l
2In(z + 1) 1 1 2In(z + 1) 2z
= xT — = —_— .
x—1 z+1 x—1 z—1 (z+1)(z—1)

However, since

(x+12)ic—1) B [:chrl + mil]

is a solution of the complementary equation, we redefine

2In(z + 1)
O
Therefore the general solution of (5.7.24) is
_ 2In(z+1) ¢ o
=1 Tz-1itz:1T (5.7.24)
Differentiating this yields
, 2 2In(z +1) c1 c

Y= 17 T@-1?  (@-12 (@+D2

Setting z = 0 in the last two equations and imposing the initial conditions y(0) = —1 and 4’(0) = —5 yields
the system

—c1+c=—1
—2—01—62: — 5.

The solution of this system is ¢; = 2, ¢, = 1. Substituting these into (5.7.24) yields
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2In(z + 1) 2 1
a z—1 :c—1+:c+1
2In(z+1) 3z +1
= +
z—1 2 —1

as the solution of (5.7.21). Figure 5.7.1 is a graph of the solution.

2In(z+1)

Figure 5.7.1. y = \dst——— + Szl

Comparison of Methods

We’ve now considered three methods for solving nonhomogeneous linear equations: undetermined
coefficients, reduction of order, and variation of parameters. It's natural to ask which method is best for
a given problem. The method of undetermined coefficients should be used for constant coefficient
eqguations with forcing functions that are linear combinations of polynomials multiplied by functions of
the form e2?, e’ coswz, Or e’ sinwz. Although the other two methods can be used to solve such
problems, they will be more difficult except in the most trivial cases, because of the integrations
involved.

If the equation isn’t a constant coefficient equation or the forcing function isn’t of the form just specified,
the method of undetermined coefficients does not apply and the choice is necessarily between the
other two methods. The case could be made that reduction of order is better because it requires only
one solution of the complementary equation while variation of parameters requires two. However,
variation of parameters will probably be easier if you already know a fundamental set of solutions of the
complementary equation.

5.7 Exercises

In Exercises 1-6 use variation of parameters to find a particular solution.
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1. ¥y +9y=tan3zx

Show answer

2. y” + 4y = sin 2z sec? 2z

Show answer

3. vy -3y +2y= \dst%

Show answer

4. y" — 2y + 2y =3e"secx

Show answer

5. y' — 2y +y=14z2¢"

Show answer

o
<

7 —y=\dst-4

1—e 20

Show answer

In Exercises 7-29 use variation of parameters to find a particular solution, given the solutions y,, y, of
the complementary equation.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Show answer

\dstzy” + (2 —

Show answer

5 Linear Second Order Equations

2ty oy —y=2224+2; yi=2x, Y= \dst%

T

20)y’ + (z —2)y=e€?; yr=e", Y=<

4z%y" + (4x — 8x?)y + (42 — 4o — Ny = 4z'%e®, x>0,y = x'/%e”, yp =z~ /%e®

Show answer

Y’ +dzy + (42 +2)y=4e "Dy =e T,y = ze

Show answer

o2y’ —dzy +6y=22 >0, y1=2% yp=zx

Show answer

oy’ — 3wy’ +3y=2a'sing; Y=g, =2

Show answer

—~

Show answer

3

20+ 1)y” — 2y — 2z +3)y= 2z +1)%e ™ y =€ % yy=ze"

doy” +2y +y=sinVz; y1=cosvz, yr=sinVz

Show answer

zy” — 2z 4+ 2)y + (z + 2)y = 6x3e®; y; =€, yo ="

Show answer

2y — (2a—1

~—

Show answer

z2y” — 2y’ +

—~

Show answer

oy’ —y —4ady=8z% y =€, ypp=e

Show answer

—

Show answer

zy +a’y=z"" oy =2% y=zlnz

2?2 +2)y=ax3cosw; 1y =zxcosz, yy=axsinx

2
T

—x -

sinz)y” + (2sinz —cosx)y’ + (sinz —cosz)y=e%; y1 =€ %, ys=e€ “coszw
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5 Linear Second Order Equations

20.

I

z2y” —dzy’ + (3 — 162%)y = 82°/%;  y1 = Vae¥, yy = Jre

Show answer

21. 4x2%y” —Adxy’ + (422 +3)y =27/%; y; = /Tsinz, ys = /T cosT

Show answer

T

22. 2%y —2xy —

—~

2? —2)y =3z, y1 = ze?, yo = ze~

Show answer

23. 2% —2z(x+ 1)y + (2% + 22+ 2)y = 2%e%;  y = we®, 1y, = z’e”

Show answer

24. 22y —azy —3y=2a% y = 1/z, yr==x

Show answer

25. 2%y —z(z+4)y +2(@+3)y=a'e”; yi=a? y=a’e

~—

Show answer

26. 2%y —2x(x+2)y + (2?2 + 42+ 6)y = 2ze”; y; = 2%, yp = x’e”

Show answer

27. 2%y —dzy +

—~

22 +6)y=ax'; y; =z%cosz, y;=a’sinx

Show answer

28. (z— 1)y —ay +y=2z—1)%" y1=z, yr=¢"
29. 422y —4dx(z+ 1)y + 22+ 3)y = 5%y =z, ys=+/TE"

Show answer

In Exercises 30-32 use variation of parameters to solve the initial value problem, given y,,y, are
solutions of the complementary equation.
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5 Linear Second Order Equations

30. 3z—1)y" — 3z +2)y — (6z —8)y = (3z —1)%e**, y(0) =1, y'(0) =2;

_ L2z _ —.
Yy =€, Yy2 =€

Show answer

31. (z—-1)%" —2(=—-1y +2y=(z—1)2, y0)=3, y'(0)=—6

T

yp=x—1, yp=a2—1

Show answer

32. (- 1% — (= +(@+y=(z—1)%", y0) =4, 3(0)=-6;
y1=(z—1)e", ya=z-1

Show answer

In Exercises 33-35 use variation of parameters to solve the initial value problem and graph the

solution, given that y,,y, are solutions of the complementary equation.
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33

34.

35.

36.

5 Linear Second Order Equations

: \dst(z? — 1)y” + 4y’ + 2y =22, y(0) =0, y'(0) =2 =7, =5
\dste®y” + 22y’ — 2y = 227, y(1)=1,¢y' (1) =1 yi=2, 9= 5

(6] (z+ 1)+ 3)y" +2(x+2y —2y=(22+3)% y(0)=0, y(0)=0;p=a+2, yo=)\dst

Show answer

Suppose
Yp =Y+ a1y1 + azy2
is a particular solution of
Py(z)y” + Pi(z)y" + Pa(z)y = F(z),
where y; and y, are solutions of the complementary equation
Py(z)y” + Pi()y’ + Pa(z)y = 0.

Show that 3 is also a solution of (A).
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5 Linear Second Order Equations

37. Suppose p, q, and f are continuous on (a,b) and let z, be in (a,b). Let y; and y, be the solutions of
Y’ +p()y +aq(z)y=0
such that
yi(wo) =1, ¢i(z0) =0, ya(zo) =0, yh(zo) =1
Use variation of parameters to show that the solution of the initial value problem

y" +p(x)y +qlx)y = f(x), ylxo) = ko, ¥ (z0) = ku,

y(x) = koyi(z) + kiya(z)
Vst ST (0@ — 1 (@) £ exp (J7 pls) ds) d.

Hint: Use Abel’s formula for the Wronskian of {y.,y.}, and integrate v; and u} from =z, to z. Show
also that

y'(z) = koyi(z) + kiys(2)

st + 7 (@) — vi @) £ exp ([ pls) ds) d.

38. Suppose f is continuous on an open interval that contains z, = 0. Use variation of parameters to
find a formula for the solution of the initial value problem

y' —y=f(z), y0)=ko y(0)=rk.

Show answer
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5 Linear Second Order Equations

39. Suppose f is continuous on (a, o), where a < 0, SO zo = 0iS in (a, ).

a. Use variation of parameters to find a formula for the solution of the initial value problem

y' +y=f(z), y0)=ko, y(0)=k:.

HinT

You will need the addition formulas for the sine and cosine:

sin(A + B) = sin A cos B + cos Asin B
cos(A + B) = cos A cos B — sin Asin B.

For the rest of this exercise assume that the improper integral [, f(¢) dt is absolutely convergent.

a. Show that if y is a solution of

Y +y=f(z) (A)
on (a, ), then
lim (y(x) — Agcosz — Ay sin) =0 (B)
and
zlggo (y'(z) + Apsinz — A cosz) = 0, (C)
where

Ao = ko —/ f(t)sintdt and Ay =k —|—/ f(t) costdt.
0 0

Hint: Recall from calculus that if [ f(t) dt converges absolutely, then lim, .., [ |f(t)| dt
= 0.

b. Show that if 4, and A; are arbitrary constants, then there’s a unique solution of y” +y = f(x)
on (a, co) that satisfies (B) and (C).

Show answer
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5 Linear Second Order Equations

Chapter 5 Linear Second Order Equations

5.1 Homogeneous Linear Equations

1 (c)y=—2e*+e% (d) y = (5ko — kl)\dste—;z + (k1 — 2k0)\dstL;.
2 (c) y=e"(3cosz —5sinz) (d) y = e® (kocosz + (k1 — ko) sinz)
3 (¢) y=e(7—3z) (d) y = e” (ko + (k1 — ko))

4 (a) y = \dstz2y +\dst 37 (b) y = \dst 2 — 375 (—1,1)

5 (a) e* (b) ¢ cos (€) 2 + 2z — 2 (d) _%ﬁ/ﬁ (€) _% (f) (z1Ina))? (9) \dst-£z

60

7 W)= (1-a?)"!

8 W(z)=—
10 y,=¢"
11 yy = ze®
12 ) = ze™
13 y, = \dstd
14 y, =zInzx
15 yp = 2"Inzx

16 yp — 21/% 2
17 y, ==
18 y, = zsinz

19 y, = z'/%cosz
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5 Linear Second Order Equations

20 yy =ze™®
A Y2 = \dSt z21,4
22 y, =e*

23 y, =12

35 (@) y" —2y +5y=0(b) 2z —1)y" —4dzy’ +4y=0(Cc) 2*y" —zy’ +y=0

(d)
2%y

+ zy’
+y=0
(e)y”
—y=0
(f) zy”

-y
37 (C) y = koyr + k1y2
lezL y2=$—$0;y=ko+k1(x—x0)

39 y; = cosh(z — xy), y2 = sinh(x — z¢); y = kg cosh(z — z¢) + ki1 sinh(z — z¢)

40 y; = cosw(z — x9), Y2 = \dst= sinw(z — z0) y = ko cosw(z — x¢) + \dst% sinw(z — xg)

41 y, = \dst=1, yo = \dst%5 y = \dSt%
c1x? + cax3, 2 > 0,

iz + 03333,&0 <0

42 (c) ko = k1 =0; y=\dst{

(d)

(0, 00)
if zg
>0,
(—00,0)
if 2

<0
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5 Linear Second Order Equations

43 (c) ko =0, k; arbitrary y = ki + cox?

ﬂ(c)kozklzwz\dst{

(d)

(0, 00)
if zg
>0,
(—00,0)
if 2o

<0

a1z® + a2x4, x>0,
biz® 4+ bozt,z < 0
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5 Linear Second Order Equations

5.2 Constant Coefficient Homogeneous Egquations

1 y=cie % 4 cpe®
2 y=e?*(cicosT + co8in )

T

3y=cie ™+ ce”

5 y=e"*(c1cos 3z + co8in 3x)
6 y=e3%(cicosz + cysin )
7 y=-e*(c; +cox)
8y=ci+ce™®

9 y = e”(c; cos V2x + ¢y 8in V21)
10 y = e=3%(cy cos 2z + ¢o 8in 27)
11 \dsty = e /2 (c1 cos 37”” + cosin 379”)
1_2 y= cle—z/s 4 C2ez/2
13 y=e "®(2cosz — 3sinz)
14 y = 4e*/? + 6e /3
15 = 3¢7/3 — 4/

z/2 3¢30/2

16 y = \dst<5— + \dst25

17 y = e3%/2(3 — 27)
g y= 36—4x — 4e 3%
19 y = 2ze?”

20 y = e*/5(3 + 22)
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5 Linear Second Order Equations

21 \dsty=e > (3 cos V6z + 2—‘3/5 sin Gx)

E y= 267(171) o 3672@71)

24 y=\dstde "V — 270D

&

y=e"D(2-3(z—1))

|N
[*2]

y=e @25 (2 —4(z—2))

|N
~

y=\dst2cos = (r — &) —3sin 3 (z — )

28 yz\dst2cosx/§(x—§)—%sin\/g(m—g)

30 Y= \dst rzli]m (rQGTl(I*zo) _ Tleh(z*xo)) + 1"zk+h (erz(z*zo) _ erl(z*zo))

|00
[y

y = e"@—0) [ko + (k1 — r1ko)(z — z0)]

32 y = \dsterz =) [ko cosw(z — o) + (%) sinw(z — :co)]
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5 Linear Second Order Equations

5.3 Nonhomogeneous Linear Equations

1 Yp = —1+4 2z + 32%; Y= —14 22+ 322+ c1e % 4 coe®

2y, =1+z,y=1+2z+e*(cicosz+cysinz)
Byy=—=a+2dy=—za+2>+cre ™ +ce”
4y,=1-2%y=1—2>+e"(c; + co7)
5y, =22+2% y=2x+ 2%+ e (c; cos 3z + cy5in 37);
Y
=2z
+ a3
+ e ¥(2cos 3z
+ 3sin 3x)
6y, =1+2z;y=1+2z+e % (cicosz+ cysinz); y=1+ 2z + e 3 (cosz — sinx)
8 yp= \dSt%
9 y, =4z'?
10 y, = \dst 4
11 y, = \dst
12 y, = 9z'/°
13 y, = \dst 35
16 y, = \dst%x; y= \dst%m +c1e7% 4 che”
17 y, = e?; y=e?*(1 + ¢y cosz + cysinx)
18 y= —2e 2 y= —2e 2 4 cre T b ege Ty = -2 —e T 4o

19 y, =e% y=e" +e*(c1 + com); y = €% + e**(1 — 31)

20 y, = \dst%ezﬂ; y= \dstzli“,]em/2 + e7*(¢1 cos 3z + co sin 3x)
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5 Linear Second Order Equations

21 Yp = e y= 6_3“(1 +crcosz + cosinz)

24 Yp =COST —sinz, y = cosT —sinx + 64“”(01 + cox)

25 Yp = cos2x — 2sin 2z, y = cos 2z — 2sin 2z + ¢1 + coe”

T

26 y, = cos3z; y = cos 3z + €”(cq cos V2x + ¢9sin \/ﬁm)

27 y, =cosz +sinz; y = cosz + sinx + e **(cy cos 2z + ¢ sin 2x)

28 Yp = —2cos 2z + sin 2z, y = —2 cos 2z + sin 2z + cre 4 4 che 3

Y

= —2cos 2z

+ sin 2z
4 2%

— 373

29 y, = cos 3z —sin3z; y = cos 3z — sin 3z + €37 (¢ + cox)

Y
= cos 3z
— sin 3z
+ e’ (1
+ 2x)

30 y = \dst

— (M coswz + N sinwz) + ¢1 cos woz + ¢ sin wox

33y, =—-1+2x+32”+ \dst%; y=—1+2z+3z>+ \dste—? +c1e7% 4 coe®

34y, =1+z+e?, y=1+z+e?(1+cicosz+ cysinx)

—2e B y=—x+2° 22 +cre T+ e ®

36 y,=1-2"+e" y=1—a+e" +e¥(c1 + co1)

37 y, =2z + z3 + \dst%exﬂ; y=2z+z3+ \ds‘c%e‘”/2 + e *(c1 cos 3z + ¢y sin 3x)

38y, =1+2r+e 3% y=1+22+e (1 +cicosz + casinz)
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5 Linear Second Order Equations

5.4 The Method of Undetermined Coefficients

1y, = \dste3® (—% +

g

)
2 y, = \dste ¥ (1— §)
8 yp = \dste” (2 )

4y,=e"(1—3z+2?)

e (1 +2?%)

o
<
S

Il

6 y, =e*(—2+ 1z +22?)

= \dstze™ (% +

B

)

N
<
S

|

8 y, = ze®(1+ 2z)

9 y, = \dstze® (—1 + &)
10 Yp = e (—2+ 1)
11 y, = \dstz’e “ (1 + %)
12 y, = \dstz2e” (+ —z)

13 y, = \dst%(l — 1z +2?)

14 y, = \dst =5~ (3 — 22 + 2?)

15 y= \dst%iz(—l +22) 4 c1e” + coe™
16 y = e"(1 — 2z) + c1e* + cpe®®

17 y= \dsteTh(l — 1)+ e73%(c; + cox)
18 y = ze®(1 — 2x) + cre® + cpe

19 y=e" [z%(1 — 2z) + c1 + co7]

20 y=—e>(1+x)+2e e
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5 Linear Second Order Equations

25 y, = e(3 + Tz) + we”
26 y, = z3e* + 1+ 2z + 22

27 y, = ze* (1 —2z) + ze”

31 y, = 2>
32 y, = 5ze'”
33 y, = x?%el”

34 y, = —\dst4-(1+ 2z — 22?)

35 y, = ze’* (4 — x + 222)

36 y, = z2e*/2(—1 + 2z + 322)

37 (a) y = \dste @ (32%% + c1z + ¢2) (b) y = \dste ™" [fl—z(2lnx —3)+cix+ 02]
(c)

)
= \dste® [(x +1)In|z + 1| + 12 + c3]

(d)y
= \dste /2 (:E In|z| + %3 +caz+ cz)
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5 Linear Second Order Equations

39 (@) e*(B+ ) +c(b) —e (1 +2)2 +c(c) —\dst ezz (34 6z + 62> + 423) + ¢

(d)
e’ (1
+ z?)
+c(e)
¥ (—6
+ 4z
+9z%)
+c(f)
—e (1
— 223
+ 3z%)
+c
PRPRYSITEL VS

ak+1 r=0 P
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5 Linear Second Order Equations

5.5 The Method of Undetermined Coefficients Il

1 y,=cosz+2sinz
2 y,=cosz+ (2—2z)sinz
3 y, =e*(—2cosz + 3sinx)
4y,= \dst%h(cos 2x — sin 2x)
5 y,=—€"(zcosz —sinzx)
6 y, = e 2*(1 — 2z)(cos 3z — sin 3x)
7 y, = z(cos 2z — 3sin 2x)
8 y,=—x[(2—1x)cosz + (3 — 2z)sinz]
9 y, = z\dst[z cos (£) — 3sin (£)]
10 y, = ze*(3cosz + 4sinx)

11 y, = ze” [(—1 + z) cos 2z + (1 + ) sin 2z]

12 y, = —(14 — 10z) cosz — (2 + 8z — 42?) sin =.
13 y, = (1 + 22+ 2?) cosz + (1 + 3z%)sinz

14 y, = \dst%z(cos 2z — sin 2x)

15 y, = e%(z% cosz + 2sin )

16 y, = (1 — 2?)(cosz + sin )

17 y, = e"(x? — 23)(cosz + sinz)

18 y, =e " [(1+2z)cosz — (1 — 3z)sinz]

19 y, = z(2cos 3z — sin 3x)

20 y, = —2*cosz + (v + 22°%)sinx
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5 Linear Second Order Equations

|N
[

yp = —e “[(z + x?) cosz — (1 + 27) sin z]

|N
N

y = e*(2cosz + 3sinz) 4 3e® — b7
23 y=e"[(1+2z)cosz + (1 — 3z)sin z]
339(

24 y=e”(cosx — 2sinzx) + e **(cosz + sin )

25 y = €3 [(2422)cosx — (1 + 3x) sinz]

26 y=e%[(2+3z)cosz + (4 — x)sinz] + 3e® — He?®

27 y, = \dstze® — %(cosaz — 2sinz)

28 y, = \dstz(cosz + 2sinz) — 5 (1 — ) + &
29 y, = \dst—%(2 +z) + 2ze*” + £ (3cos z + sin z)

30 y, = \dstze®(cosz + xsinz) + &= (4 +5z) + 1+ = + %2
31y, = \dst#@ + ) — ¥ (cosz —sinx) + 3¢* + 1(2 4 )
32 y=(1—2x+32%)e* +4cosx + 3sinz

33 y=2ze *cosz + 3cos 2z

34 y=\dst—2 cos2x + L sin2z + e — Be % — e

40 (a) 2z cosz — (2— %) sinz + ¢ (b) —\dstS [(1 — 22) cosz — (1 — z)?sinz] + ¢

(c) (d) —\dstS [(1 +z)?cosz — (1 — x?)sinz] + ¢
—\dst %= [(4 + 10z) cos 2z — (3 — 5z) sin 27
+c
(e) (f) —e*[(1 — 2x)cosz + (1 + z)sinz] + ¢ (@) e * [zcosz + x(1 + x)sinz] + ¢
—\dst < [z(3 — 3z 4 z2) cosz — (3 — 3z + z%) sin z]
+c
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5 Linear Second Order Equations

5.6 Reduction of Order

1y=1—2z+cie®+coze®; {e %, ze”}

2y

\dstiz + 1z + 2, {z,1/x}
Sy= \dstw(lnT‘ID2 +c1z + cozln|z|;, {z,zln|z|}

4 y=(+e")In(l+e ")+ cre® + cpe”; {e*,e"}

59y= ew\dst(%x7/2 +c1 + C2x); {e*,ze"}

(<)}

y=e*(22%2 + 212 Inx + c13'/2 + cox—1/2); {z1/2e, x71/2e 7}

7 y=e“(xsinx + coszln|cosz|+ c; cosz + cosinx); {e”cosz,e”sinz}

(o)

y=e " (2% +¢1 + com); {e ", ze ™’}

9 y=2z+1+ iz’ + \dst%; {2*,1/2%}
10 y= \dst%m + ze %(cy + cox); {ze T, x2e "}
11 y=ze’\dst(5 +c1 + %), {ze”,e”/z}
12 y = —\dstw + c1e” + coze™®; {e*,ze *}
13 y=z* + 12’ + cox?ln|z|; {22, 2% In|z|}
14 y= e (2% + e1 + caz?); {e ",z 2%}
15 y = e%(xz 4 c1 + cox?); {e”, 12}
16 y= xl/Q\dst(% +c + 02ez>; {x1/? z1/2e"}
17 y= —222Inz + c12? + cox?; {22, 2%}
18 {e”,e”/x}

19 {2%,2%}

0 {ln|z|,zIn|z|}
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5 Linear Second Order Equations

21 {sin\/z,cos vz}
22 {e*,z3e%}

23 {z% zInz}

24 {zsinz,zcosz}
25 {e*,z%e*"}

26 {z'/2,z'/2cosz}
27 {z'?e* g'?e 2"}
28 {1/z,¢e*}

29 {e® 27}

@ {621, .'13262x}

32 y=2e¥ —ge*®
33 y= \dst@ [—e*(3 —2x) + Te™™]
34 y= \dst%z +z

2z

2
& y= \dSt%:_E%T + z2—4

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 142 of 146


http://localhost:4000/differentialEquations/5-6-reduction-of-order/#exer-5-6-21
http://localhost:4000/differentialEquations/5-6-reduction-of-order/#exer-5-6-22
http://localhost:4000/differentialEquations/5-6-reduction-of-order/#exer-5-6-23
http://localhost:4000/differentialEquations/5-6-reduction-of-order/#exer-5-6-24
http://localhost:4000/differentialEquations/5-6-reduction-of-order/#exer-5-6-25
http://localhost:4000/differentialEquations/5-6-reduction-of-order/#exer-5-6-26
http://localhost:4000/differentialEquations/5-6-reduction-of-order/#exer-5-6-27
http://localhost:4000/differentialEquations/5-6-reduction-of-order/#exer-5-6-28
http://localhost:4000/differentialEquations/5-6-reduction-of-order/#exer-5-6-29
http://localhost:4000/differentialEquations/5-6-reduction-of-order/#exer-5-6-30
http://localhost:4000/differentialEquations/5-6-reduction-of-order/#exer-5-6-31
http://localhost:4000/differentialEquations/5-6-reduction-of-order/#exer-5-6-32
http://localhost:4000/differentialEquations/5-6-reduction-of-order/#exer-5-6-33
http://localhost:4000/differentialEquations/5-6-reduction-of-order/#exer-5-6-34
http://localhost:4000/differentialEquations/5-6-reduction-of-order/#exer-5-6-35

5 Linear Second Order Equations

—kcy sin kx+k k.
38 (a) y = \dst—tasinfetio ke () 5 — \dst 2t2ec
[2]

(€) y = —\dst Tu—cleonr (et Ty sina

€y COS T+Cy Sin T

(©)y
—6citcae™
= \dst =22
(d) y

o 7c1+coeb%
= —\dst—2=25— p——

My

—2¢143c¢pe5%/6
= \dst —/—"—"=2——
\ 6(c1-+cae™ /%)

(9)y
o \d t cl+cz(z+6)

6(c1+caz)

39 (a) y = \dst D () = \ s 2artel2)

z(c1+c2e”) c1+c2x
[2]

(e) y = \dSt (2coz—c1) cos z7(2011-:+02) sinz (f) y = \dS 01+7021

2z(cy cos T+ sinz) z(c1+cozb)

(©vy

_ \dSt —c1+coe? (z+1)

c1+coze?®
(d) y
_ \dSt 2¢;+cye 37 (1—1x)

c1+cyre3e
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5 Linear Second Order Equations

5.7 Variation of Parameters

o — cos 3z In | sec 3z+tan 3z|
1y, =\dst 9

2y, = \dsi— sin2w1n4\0032:v\ JERSSE
3y,=4e"(1+e")In(l+e ")
4 y, =3e”(coszIn|cosz|+ zsinz)
5y,= \dst%x”zew
6 y,=e”In(l —e2%) —e*In(e?* — 1)
7y, = \dst 22
8y, = \dSteTzz
9y, =z Inx

10 y, = e—ol=+2)

1y, = —42?

12 y, = —2x%sinz — 2z cosz

13 y, = —\dstw

14 y, = *\dStA&gS@

15 Yp = \dSt#

1_6 Yp = rotl

2 .
17 y, = \dst =5+
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5 Linear Second Order Equations

21 y, = \dst2-
22 y, = 32

23 y, = \dst 4
24 y, = —\dst 457
25 y, = x3e”

26 y, = ze”

27 y, =z

28 y, = ze"(z — 2)

29 y, = \dsty/ze*(z —1)/4

@ y = \dSt e2x(3z2g2z+6) + \dst%ﬂ

31y=(x—1)2In(1 —2) +22>—5z+3

32 y=(z2—1)e* —5(x— 1)

o z(2246)
33 y=\dst 3(22-1)
34 y:\dstf%z—{-x—i- T

_ z*(4049)
35 y = \dst oo

38 (@) y = ko coshz + ky sinhz + \dst [ sinh(z —t) f(t) dt

(b) v

= kgsinhz

+ ki coshzx

+ \dst [, cosh(x
— /(1)

dt
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5 Linear Second Order Equations

39 (@) y(z) = kocosz + ky sinz + \dst [ sin(z — ) f(£) dt

(b)

Yy (z)

= —kgsinzx
+ kjcoszx
+ [y cos(z
—t)f(t)

dt
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