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IN THIS CHAPTER we study first order equations for which there are general methods of solution.

SECTION 2.1 deals with linear equations, the simplest kind of first order equations. In this section we
introduce the method of variation of parameters. The idea underlying this method will be a unifying
theme for our approach to solving many different kinds of differential equations throughout the book.

SECTION 2.2 deals with separable equations, the simplest nonlinear equations. In this section we
introduce the idea of implicit and constant solutions of differential equations, and we point out some
differences between the properties of linear and nonlinear equations.

SECTION 2.3 discusses existence and uniqueness of solutions of nonlinear equations. Although it may
seem logical to place this section before Section 2.2, we presented Section 2.2 first so we could have
illustrative examples in Section 2.3.

SECTION 2.4 deals with nonlinear equations that are not separable, but can be transformed into
separable equations by a procedure similar to variation of parameters.

SECTION 2.5 covers exact differential equations, which are given this name because the method for
solving them uses the idea of an exact differential from calculus.

SECTION 2.6 deals with equations that are not exact, but can made exact by multiplying them by a
function known called integrating factor.

29

Answers to selected exercises in this chapter

2.1 Linear First Order Equations

A first order differential equation is said to be linear if it can be written as
y' +p(2)y = f(z). (2.1.1)

A first order differential equation that can’t be written like this is nonlinear. We say that (2.1.1) is
homogeneous if f = 0; otherwise it's nonhomogeneous. Since y = 0 is obviously a solution of the
homgeneous equation

y' +p(x)y =0,

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 1 of 125


http://localhost:4000/differentialEquations/answers/2-first-order-equations/

2 First Order Equations

we call it the trivial solution. Any other solution is nontrivial.

ExampLE 2.1.1

The first order equations

a’y’ + 3y =2’

’ 2 .
zy — 8x°y =sinz,
zy’ + (Inz)y =0,
y =a’y—2,

are not in the form (2.1.1), but they are linear, since they can be rewritten as

3
¥y +=y=1,
w .
of — Gy = SlIl.T’
xr
, Inz
y +—y=0,
xr

y —zly= —2.

ExampLE 2.1.2

Here are some nonlinear first order equations:

zy +3y° = 22 (because y is squared),
yw = 3 (because of the product yy’),
y +ze? = 12 (because of eY).

General Solution of a Linear First Order Equation

To motivate a definition that we’ll need, consider the simple linear first order equation

From calculus we know that y satisfies this equation if and only if
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2 First Order Equations

_ 1 2.1.3
Yy —+e (2.1.3)

where c is an arbitrary constant. We call ¢ a parameter and say that (2.1.3) defines a one—parameter
family of functions. For each real number ¢, the function defined by (2.1.3) is a solution of (2.1.2) on
(—o0,0) and (0, 00); moreover, every solution of (2.1.2) on either of these intervals is of the form (2.1.3)
for some choice of c. We say that (2.1.3) is the general solution of (2.1.2).

We'll see that a similar situation occurs in connection with any first order linear equation

Y +p(x)y = f(z); (2.1.4)

that is, if p and f are continuous on some open interval (a,b) then there’s a unique formula y = y(z, ¢
analogous to (2.1.3) that involves z and a parameter ¢ and has the these properties:

» For each fixed value of ¢, the resulting function of z is a solution of (2.1.4) on (a, b).

« If yis a solution of (2.1.4) on (a,b), then y can be obtained from the formula by choosing ¢
appropriately.

We'll call y = y(z, ¢) the general solution of (2.1.4).

When this has been established, it will follow that an equation of the form

Po(z)y + Pi(z)y = F(x) (2.1.5)

has a general solution on any open interval (a,b) on which Py, P;, and F are all continuous and P, has
no zeros, since in this case we can rewrite (2.1.5) in the form (2.1.4) with p = P, /P, and f = F/P,, which
are both continuous on (a, b).

To avoid awkward wording in examples and exercises, we won't specify the interval (a,b) when we ask
for the general solution of a specific linear first order equation. Let’s agree that this always means that
we want the general solution on every open interval on which p and f are continuous if the equation is
of the form (2.1.4), or on which P,, P;, and F are continuous and P, has no zeros, if the equation is of
the form (2.1.5). We leave it to you to identify these intervals in specific examples and exercises.

For completeness, we point out that if P,, P;, and F are all continuous on an open interval (a,b), but P,
does have a zero in (a,b), then (2.1.5) may fail to have a general solution on (a,b) in the sense just
defined. Since this isn’t a major point that needs to be developed in depth, we won't discuss it further;
however, see Exercise 44 for an example.
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2 First Order Equations

Homogeneous Linear First Order Equations

We begin with the problem of finding the general solution of a homogeneous linear first order equation.
The next example recalls a familiar result from calculus.

ExampLE 2.1.3

Let ¢ be a constant.

a. Find the general solution of
y —ay=0. (2.1.6)
b. Solve the initial value problem

y —ay=0, y(xo)=yo.

SocuTion (A) You already know from calculus that if ¢ is any constant, then y = ce®* satisfies (2.1.6).
However, let's pretend you've forgotten this, and use this problem to illustrate a general method for
solving a homogeneous linear first order equation.

We know that (2.1.6) has the trivial solution y = 0. Now suppose y is a nontrivial solution of (2.1.6).
Then, since a differentiable function must be continuous, there must be some open interval I on which y
has no zeros. We rewrite (2.1.6) as

y/
g
Yy
for z in I. Integrating this shows that
Inly|=az+k, so |y =e"e™,

where k is an arbitrary constant. Since % can never equal zero, y has no zeros, so y is either always
positive or always negative. Therefore we can rewrite y as

y = ce®” (2.1.7)

where
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2 First Order Equations

k

ek if y>0,
CcC =
—e¥ ify<O.

This shows that every nontrivial solution of (2.1.6) is of the form y = ce%® for some nonzero constant c.
Since setting ¢ = 0 yields the trivial solution, all solutions of (2.1.6) are of the form (2.1.7). Conversely,
(2.1.7) is a solution of (2.1.6) for every choice of ¢, since differentiating (2.1.7) yields ¢y’ = ace® = ay.

SocuTion (B) Imposing the initial condition y(zq) = yo Yields yo = ce®®?, SO ¢ = ye™** and
y= yoefazoeaz — yoea(zfzo).

Figure 2.1.1 show the graphs of this function with zy = 0, yo = 1, and various values of a.

Figure 2.1.1. Solutions of y' —ay =0, y(0) =1

ExampLE 2.1.4

a. Find the general solution of
zy +y=0. (2.1.8)
b. Solve the initial value problem

zy' +y=0, y(l)=3. (2.1.9)
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2 First Order Equations

SovruTion (A) We rewrite (2.1.8) as

1
v +—y=0, (2.1.10)

where z is restricted to either (—o,0) or (0, ). If y is a nontrivial solution of (2.1.10), there must be
some open interval | on which y has no zeros. We can rewrite (2.1.10) as

for z in I. Integrating shows that

k

e
||

Injyl = —Inlz|+k so [y =

Since a function that satisfies the last equation can’t change sign on either (—oo,0) or (0, 00), We can
rewrite this result more simply as

(2.1.11)

8o

where

ek if y >0,
CcC =
—ef ify<o.

We’ve now shown that every solution of (2.1.10) is given by (2.1.11) for some choice of ¢. (Even though
we assumed that y was nontrivial to derive (2.1.11), we can get the trivial solution by setting ¢ =0 in
(2.1.11).) Conversely, any function of the form (2.1.11) is a solution of (2.1.10), since differentiating
(2.1.11) yields
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2 First Order Equations

Figure 2.1.2 shows the graphs of some solutions corresponding to various values of ¢

SovruTion (B) Imposing the initial condition y(1) = 3 in (2.1.11) yields ¢ = 3. Therefore the solution of
(2.1.9)is

3
y=—
x
The interval of validity of this solution is (0, o).
y
c<0 c>0
c>0 c<0

Figure 2.1.2. Solutions of zy’ +y = 0 on (0, 00) and (—oo, 0)

The results in Examples 2.1.3(a) and 2.1.4(b) are special cases of the next theorem.

THEOREM 2.1.1
If p is continuous on (a,b), then the general solution of the homogeneous equation
Y +p(z)y=0 (2.1.12)
on (a,b) is
y=ce ",
where
P(z) = / p(z) dx (2.1.13)
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2 First Order Equations

is any antiderivative of p on (a,b); that is,

P'(z) =p(z), a<z<b. (2.1.14)

S0y’ + p(z)y = 0; that is, y is a solution of (2.1.12), for any choice of c.

Now we’ll show that any solution of (2.1.12) can be written as y = ce7®) for some constant ¢. The trivial
solution can be written this way, with ¢ = 0. Now suppose y is a nontrivial solution. Then there’s an open
subinterval I of (a,b) on which y has no zeros. We can rewrite (2.1.12) as

y?' . (2.1.15)

for z in I. Integrating (2.1.15) and recalling (2.1.13) yields
In[y| = —P(z) + k,

where k is a constant. This implies that

k_—P(z) )

lyl = eFe”
Since P is defined for all z in (a,b) and an exponential can never equal zero, we can take I = (a,b), SO y
has zeros on (a,b) (a,b), SO we can rewrite the last equation as y = ce "), where

{ e if y>0on (a,b),
c =

ek if y <0 on (a,b).

REMARK

Rewriting a first order differential equation so that one side depends only on y and 3" and the other
depends only on z is called separation of variables. We did this in Examples 2.1.3 and 2.1.4, and
in rewriting (2.1.12) as (2.1.15).We'llapply this method to nonlinear equations in Section 2.2.
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Linear Nonhomogeneous First Order Equations

We’'ll now solve the nonhomogeneous equation
Y +p()y = f(z). (2.1.16)
When considering this equation we call
y +px)y=0

the complementary equation.

We'll find solutions of (2.1.16) in the form y = uy;, where y; is a nontrivial solution of the complementary
eguation and u is to be determined. This method of using a solution of the complementary equation to
obtain solutions of a nonhomogeneous equation is a special case of a method called variation of
parameters, which you'll encounter several times in this book. (Obviously, » can’'t be constant, since if it
were, the left side of (2.1.16) would be zero. Recognizing this, the early users of this method viewed «
as a “parameter” that varies; hence, the name “variation of parameters.”)

If
y=uy;, then y =u'y;+uy;.
Substituting these expressions for y and ¥’ into (2.1.16) yields
u'yy + u(y) +pla)y) = f(z),
which reduces to
u'yr = f(z), (2.1.17)
since y; is a solution of the complementary equation; that is,
Y1+ p(z)y1 = 0.

In the proof of Theorem 2.2.1 we saw that y; has no zeros on an interval where p is continuous.
Therefore we can divide (2.1.17) through by y; to obtain

u’ = f(z)/y1(x).
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We can integrate this (introducing a constant of integration), and multiply the result by y,; to get the
general solution of (2.1.16). Before turning to the formal proof of this claim, let's consider some
examples.

ExawvpLE 2.1.5

Find the general solution of

Y +2y=ae (2.1.18)

By applying (a) of Example 2.1.3 with a = —2, we see that y; = e2* is a solution of the complementary
equation y’ + 2y = 0. Therefore we seek solutions of (2.1.18) in the form y = ue %, so that

y =ue ™ —2ue® and y +2y=u'e * —2ue ¥ +2ue ¥ =u'e . (2.1.19)
Therefore y is a solution of (2.1.18) if and only if

/e—Zx — p3p 2z / 3

U e or, equivalently, u’ = x°.

Therefore

and

is the general solution of (2.1.18).

Figure 2.1.3 shows a direction field and some integral curves for (2.1.18).

Figure 2.1.3. A direction field and integral curves for y' + 2y = z2e=2*

ExampLE 2.1.6
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2 First Order Equations

a. Find the general solution

y' + (cot z)y = Tescx. (2.1.20)

b. Solve the initial value problem

y' + (cotx)y = xcscx, y(r/2) =1. (2.1.21)

SovruTion (A) Here p(z) = cotz and f(z) = z csc z are both continuous except at the points = = rr, where r
is an integer. Therefore we seek solutions of (2.1.20) on the intervals (rr, (r + 1)7). We need a nontrival
solution y; of the complementary equation; thus, y; must satisfy y; + (cot 2)y; = 0, which we rewrite as

/
ot = 28T (2.1.22)
Y1 sinzx
Integrating this yields
In|y;| = —In|sinz|,

where we take the constant of integration to be zero since we need only one function that satisfies
(2.1.22). Clearly y; = 1/sinz is a suitable choice. Therefore we seek solutions of (2.1.20) in the form

sinz’
so that

¥ =—-——= (2.1.23)

and

ucosz ucotx
y + (cotx)y = \dstm= — \dst + \dst5=
= \dst—- — \dstL&EE 4 \dstloss (2.1.24)
= \dbt sinz

Therefore y is a solution of (2.1.20) if and only if
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u'/sinz = xcscx = z/sinz or, equivalently, u' = z.

Integrating this yields

2 u 1‘2 Cc

S d y= = + (2.1.25)
U= 76 an Y= Sinz  2sinz | sinz’ o

is the general solution of (2.1.20) on every interval (rx, (r + 1)7) (r =integer).

SovruTion (B) Imposing the initial condition y(r/2) = 1 in (2.1.25) yields

l=—+4¢c or ¢c=1——.

Thus,

z? N (1—7%/8)

v= 2sinx sinx
is a solution of (2.1.21). The interval of validity of this solution is (0, 7); Figure 2.1.4 shows its graph.
Figure 2.1.4. Solution of y’ + (cot )y = z cscx,y(n/2) = 1

REMARK

It wasn't necessary to do the computations (2.1.23) and (2.1.24) in Example 2.1.6, since we
showed in the discussion preceding Example 2.1.5 that if y = uy, where y; + p(z)y; = 0, then y’

+ p(z)y = v'y;. We did these computations so you would see this happen in this specific example.
We recommend that you include these “unnecesary” computations in doing exercises, until you're
confident that you really understand the method. After that, omit them.

We summarize the method of variation of parameters for solving
¥ +p(@)y = f(z) (2.1.26)

as follows:
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a. Find a function y; such that

For convenience, take the constant of integration to be zero.

b. Write
Y = uyr (2.1.27)

to remind yourself of what you're doing.
c. Write u’y; = f and solve for v’; thus, v" = f/y;.
d. Integrate u’ to obtain w, with an arbitrary constant of integration.

e. Substitute « into (2.1.27) to obtain y.

To solve an equation written as
Py(z)y’ + Pi(z)y = F(x),

we recommend that you divide through by Py(z) to obtain an equation of the form (2.1.26) and then
follow this procedure.

Solutions in Integral Form

Sometimes the integrals that arise in solving a linear first order equation can't be evaluated in terms of
elementary functions. In this case the solution must be left in terms of an integral.

ExampLE 2.1.7

a. Find the general solution of
y —2zy=1.
b. Solve the initial value problem

y —2zy=1, y(0)=yo. (2.1.28)
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SovruTion (A) To apply variation of parameters, we need a nontrivial solution y; of the complementary
equation; thus, y; — 22y, = 0, which we rewrite as

= =2x.
Y1

Integrating this and taking the constant of integration to be zero yields
In[y;| = z?, 5o ly1| = e

We choose y; = ¢** and seek solutions of (2.1.28) in the form y = ue*’, where

Therefore

u=c+ /efzzdac,

but we can’t simplify the integral on the right because there’s no elementary function with derivative
equal to e—**. Therefore the best available form for the general solution of (2.1.28) is

y=ue” =e* (c—!— /e‘xzdx) . (2.1.29)

SovruTion (B) Since the initial condition in (2.1.28) is imposed at z, = 0, it iS convenient to rewrite
(2.1.29) as

T 0
y=e" (c —|—/ etht> , since / e dt =0.
0 0

Setting z = 0 and y = y, here shows that ¢ = y,. Therefore the solution of the initial value problem is

y=e" (yo +/ etzdt) . (2.1.30)
0

For a given value of y, and each fixed z, the integral on the right can be evaluated by numerical
methods. An alternate procedure is to apply the numerical integration procedures discussed in
Chapter 3 directly to the initial value problem (2.1.28). Figure 2.1.5 shows graphs of of (2.1.30) for
several values of y,.
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Figure 2.1.5. Solutions of y' — 2zy = 1, y(0) = y,

An Existence and Uniqueness Theorem

The method of variation of parameters leads to this theorem.

THEOREM 2.1.2
Suppose p and f are continuous on an open interval (a,b), and let y; be any nontrivial solution of
the complementary equation

y +p(x)y=0

N (a,b). Then:

a. The general solution of the nonhomogeneous equation
y' +p(2)y = f() (2.1.31)

on (a,b) is
v=u@) (c+ [ fo)/n@ ). (2132

b. If z is an arbitrary point in (a,b) and y, is an arbitrary real number, then the initial value
problem

Y +p@)y = f(z), y(@o) =10

has the unique solution

. Yo °f()
¥ =l )<y1($0) M ey dt)

on (a,b).

Proor (@) To show that (2.1.32) is the general solution of (2.1.31) on (a,b), we must prove that:
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i. If ¢ is any constant, the function y in (2.1.32) is a solution of (2.1.31) on (a, b).

ii. If y is a solution of (2.1.31) on (a, b) then y is of the form (2.1.32) for some constant c.

To prove (i), we first observe that any function of the form (2.1.32) is defined on (a,b), since p and f are
continuous on (a,b). Differentiating (2.1.32) yields

v =ui(a) (c+ [ 1@)/n(@)do) + fa).
Since y; = —p(x)y, this and (2.1.32) imply that

v = —pen@ (c+ [ f)/no)dz) + 0
= —pohy(@) + f(a),

which implies that y is a solution of (2.1.31).

To prove (ii), suppose y is a solution of (2.1.31) on (a,b). From the proof of Theorem 2.1.1, we know that
y1 has no zeros on (a,b), so the function v = y/y, is defined on (a,b). Moreover, since

y =-py+f and y;=—py,

oy iy
v

ey ) —Cpyply  f

y2 Y1

u

Integrating v’ = f/y; yields

u= (e [ f@)/n@) o).

which implies (2.1.32), since y = uy;.

(b) We've proved (a), where [ f(z)/y:(z)dz in (2.1.32) is an arbitrary antiderivative of f/y,. Now it's
convenient to choose the antiderivative that equals zero when z = z, and write the general solution of
(2.1.31) as
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Since

y(@o) = y1(zo) (c+/% )

s dt) — ey (w0),

we see that y(xq) = y if and only if ¢ = yo/y1(z0).

2.1 Exercises

In Exercises 1-5 find the general solution.

1. v’ + ay = 0 (e=constant)

Show answer

N

y' +3z%y =0

Show answer

w

zy 4+ (lnz)y=0

Show answer

4. ' +3y=0

Show answer

(3]

.22y +y=0

Show answer

In Exercises 6—11 solve the initial value problem.
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6. \dsty' + (£L)y=0, y(1)=1

Show answer

7. \dstzy' + (1+ =)y =0, yle)=1

Show answer

8. \dstzy' + (1+=zcotz)y=0, y(F)=2

Show answer

9. \dsty’ —( e

1+z?

~—

y=0, y(0)=2

Show answer

10.

Show answer

11.

Show answer

— —
= =
— =
w w
o o
= =
E =
< <
w w
= =
! !
S S
S S
=3 =
™ m
a o
= =
5 =
=i =
2 jor)
Z 2
= =
=l =
o o
a a
™ m

In Exercises 12 —15 find the general solution. Also, plot a direction field and some integral curves on the
rectangular region {—2 <z <2, —2<y<2}.

12. y’+3y:1

Show answer

T-ly=—3

13. [CIG |\dsty' +

—~

Show answer

14. |CIG |y + 22y = ze ™’

Show answer

15. [CIG |\dsty’ + 12y = 1o

Show answer

In Exercises 16 —24 find the general solution.
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16. \dsty' + Ly= 5 +3

Show answer

17. \dsty’ + xil Y= ﬁ + %

Show answer

18. zy’ + (1 + 222y = aPe ™

Show answer

19. \dstzy' +2y= % +1

Show answer

20. ¢ + (tanz)y = cosx

Show answer

21, \dst(1+ =)y +2y = oL

Show answer

22, (z—2)(z— 1)y — (4z —3)y = (z —2)3

—~

Show answer

23. y + (2sinzcosz)y = e~ Sn’®

Show answer

24. 2%y 4 3xy=e”

Show answer

In Exercises 25-29 solve the initial value problem and sketch the graph of the solution.
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25. |CIG |y +Ty=¢%, y(0)=0

Show answer

26. \dst(1 + 22)y’ +4ay = T2, y(0) =1

Show answer

27. [CIG|\dstzy' +3y = wtmy. y(—1) =0

Show answer

28. [CIG | \dsty’ + (cotz)y = cosz, y(&)=1

Show answer

29. (CIG|\dsty’ + Ly=2 +1, y(-1)=0

Show answer

In Exercises 30-37 solve the initial value problem.
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30. \dst(z — 1)y’ +3y = ﬁ + (;iil_lx)z; y(0) =1

Show answer

31. 2y +2y=282% y(1)=3

Show answer

V]

32. zy —2y=—2*, y(1)=1

Show answer

33. y +2zy==z, y(0)=3

Show answer

— Se(32$
34. \dst(z — 1)y’ + 3y = LU y(0) = -1

Show answer

35. \dst(z+2)y +4y = I—l(l%, y(—=1) =2

Show answer

36. (22 —1)y —2zy==x(2>—1), y(0)=4

—~

Show answer

37.

—~

z? —58)y —2zy=—2z(z2-5), y(2)=7

Show answer

In Exercises 38—42 solve the initial value problem and leave the answer in a form involving a definite
integral. (You can solve these problems numerically by methods discussed in Chapter 3.)
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40

41

42.

43.
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y +2xy =22 y0)=3

Show answer

. \dsty’ 4+ Ty = -2 y(1) =2

x2

Show answer

. \dsty +y=22 0 (1) =0

Show answer

- \dsty' + 25y = w5, ¥(0) =1

Show answer

gy + (z+ 1y =e", y(1)=2

Show answer

Experiments indicate that glucose is absorbed by the body at a rate proportional to the amount of
glucose present in the bloodstream. Let A denote the (positive) constant of proportionality. Now
suppose glucose is injected into a patient’s bloodstream at a constant rate of r units per unit of
time. Let G = G(t) be the number of units in the patient’'s bloodstream at time ¢ > 0. Then

G = -\G+r,

where the first term on the right is due to the absorption of the glucose by the patient’s body and
the second term is due to the injection. Determine G for ¢ > 0, given that G(0) = G,. Also, find

Show answer
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2 First Order Equations

44, a. L] Plot a direction field and some integral curves for
zy —2y=—1 (A)

on the rectangular region {—1 <z < 1,—.5 <y < 1.5}. What do all the integral curves have in
common?

b. Show that the general solution of (A) on (—oo,0) and (0, o) is

_1+ 2
y=5 e

c. Show that y is a solution of (A) on (—co, ) if and only if

{ \dst% + 22, x>0,
y:

\dst% +coz?, 2 <0,

where ¢; and ¢, are arbitrary constants.

d. Conclude from (c) that all solutions of (A) on (—oo, 00) are solutions of the initial value
problem

zy —2y=-1, y(0)=

No| =

e. Use (b) to show that if 2o # 0 and y, is arbitrary, then the initial value problem

azy —2y=—1, y(zo) =yo

has infinitely many solutions on (—oo, 00). Explain why this does’nt contradict
Theorem 2.1.1(b).
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2 First Order Equations

45. Suppose f is continuous on an open interval (a,b) and « is a constant.

a. Derive a formula for the solution of the initial value problem
y +ay = flz), ylxo) =y, (A)

where z is in (a,b) and y, is an arbitrary real number.

b. Suppose (a,b) = (a,0), a > 0 and lim f(z) = L. Show that if y is the solution of (A), then
lim y(z) = L/a.

r—00

Show answer

46. Assume that all functions in this exercise are defined on a common interval (a, b).

a. Prove: If y; and y, are solutions of
¥ +p(x)y = fi(z)
and
Y +p(2)y = fa(z)
respectively, and ¢; and ¢, are constants, then y = cyy; + coy» IS a solution of
Y +p(@)y = c1fi(z) + cafa(z).

(This is the principle of superposition.)

b. Use (a) to show that if y; and y, are solutions of the nonhomogeneous equation
Y +p(x)y = f(z), (A)
then y1 — y2 is a solution of the homogeneous equation
y +p(z)y=0. (B)

c. Use (a) to show that if y; is a solution of (A) and y, is a solution of (B), then y; +y; is a
solution of (A).
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47.

48.

49,

2 First Order Equations

Some nonlinear equations can be transformed into linear equations by changing the dependent
variable. Show that if

9 (Y)Y +p(x)gly) = f(z)

where y is a function of z and g is a function of y, then the new dependent variable z = g(y)
satisfies the linear equation

2 +p(@)z = f(@).

Solve by the method discussed in Exercise 47.

(a) (sec’y)y’ —3tany = —1 (b) \dste? (2yy’ + 2) = &
(€) \dst5- +2lny = da” () \dst e — <y = — 2=

Show answer

We've shown that if p and f are continuous on (a,b) then every solution of
y' +p(a)y = f(z) (A)
on (a,b) can be written as y = uy;, where y; is a nontrivial solution of the complementary equation

for (A) and v’ = f/y,. Now suppose f, f/, ..., f™ and p, p’, ..., p Y are continuous on (a,b),
where m is a positive integer, and define

fo=1,
fi=fia+pfis, 1<j<m.

Show that

2.2 Separable Equations

A first order differential equation is separable if it can be written as
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2 First Order Equations

h(y)y = g(z), (2.2.1)

where the left side is a product of ' and a function of y and the right side is a function of z. Rewriting a
separable differential equation in this form is called separation of variables. In Section 2.1 we used
separation of variables to solve homogeneous linear equations. In this section we’ll apply this method
to nonlinear equations.

To see how to solve (2.2.1), let’s first assume that y is a solution. Let G(z) and H(y) be antiderivatives of
g(z) and h(y); that is,

H'(y)=h(y) and G'(z)=g(x). (2.2.2)

Then, from the chain rule,

Therefore (2.2.1) is equivalent to

L Hy(e) = - Gla)

Integrating both sides of this equation and combining the constants of integration yields
H(y(z)) = G(z) +c. (2.2.3)

Although we derived this equation on the assumption that y is a solution of (2.2.1), we can now view it
differently: Any differentiable function y that satisfies (2.2.3) for some constant c is a solution of (2.2.1).
To see this, we differentiate both sides of (2.2.3), using the chain rule on the left, to obtain

H'(y(x))y (z) = G’ (z),

which is equivalent to

because of (2.2.2).

In conclusion, to solve (2.2.1) it suffices to find functions G = G(x) and H = H(y) that satisfy (2.2.2).
Then any differentiable function y = y(z) that satisfies (2.2.3) is a solution of (2.2.1).

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 26 of 125



ExampLE 2.2.1

Solve the equation

SovruTion Separating variables yields

Integrating yields

Therefore

ExawvpLE 2.2.2

a. Solve the equation

b. Solve the initial value problem

c. Solve the initial value problem
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y =z(1+y°).

1+y?

=t $2+
y=tan|{—+c/|.

, x
y =—=
Y
y, = y(l) =1
’ xr
Y

(2.2.4)

(2.2.5)

(2.2.6)



2 First Order Equations

SovruTion (A) Separating variables in (2.2.4) yields

I
[
8

vy
Integrating yields

y? z2
5 =7 +¢, or, equivalently, z2 4 y? = 2c.

The last equation shows that ¢ must be positive if y is to be a solution of (2.2.4) on an open interval.
Therefore we let 2¢ = o? (with a > 0) and rewrite the last equation as

z? +y? =a’. (2.2.7)

This equation has two differentiable solutions for y in terms of z:

y= Va®—2z? —a<z<a, (2.2.8)
and
y=—Va?—22, —a<z<a. (2.2.9)

The solution curves defined by (2.2.8) are semicircles above the z-axis and those defined by (2.2.9) are
semicircles below the z-axis (Figure 2.2.1).

SovruTion (B) The solution of (2.2.5) is positive when z = 1; hence, it is of the form (2.2.8). Substituting =
=1and y=1into (2.2.7) to satisfy the initial condition yields a* = 2; hence, the solution of (2.2.5) is

y=vV2—22, —V2<z<V2

SovruTion (c) The solution of (2.2.6) is negative when z = 1 and is therefore of the form (2.2.9).
Substituting z = 1 and y = —2 into (2.2.7) to satisfy the initial condition yields «* = 5. Hence, the solution
of (2.2.6) is

y=—vb5—2a2 V5 <z <5
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2 First Order Equations

Figure2.2.1. (a) y=v2—22, —V2<z<V2 (b)y=—V/5—1a2 —/5
<z <5

Implicit Solutions of Separable Equations

In Examples 2.2.1 and 2.2.2 we were able to solve the equation H(y) = G(z) + c to obtain explicit
formulas for solutions of the given separable differential equations. As we'll see in the next example,
this isn’t always possible. In this situation we must broaden our definition of a solution of a separable
eqguation. The next theorem provides the basis for this modification. We omit the proof, which requires a
result from advanced calculus called as the implicit function theorem.

THEOREM 2.2.1

Suppose g = g(z) is continous on (a,b) and h = h(y) are continuous on (c,d). Let G be an
antiderivative of g on (a,b) and let H be an antiderivative of - on (c,d). Let z, be an arbitrary point
in (a,b), let yo be a point in (¢, d) such that r(yy) #+ 0, and define

¢ = H(yo) — G(zy). (2.2.10)

Then there’s a function y = y(z) defined on some open interval (a;,b;), where a < a; < oy < by <b,
such that y(z) = yo and

H(y) = G(z)+c (2.2.11)

for a; < x < b;. Therefore y is a solution of the initial value problem

h(y)y = g(x), y(xo) = zo. (2.2.12)

It's convenient to say that (2.2.11) with ¢ arbitrary is an implicit solution of h(y)y” = g(z). Curves defined
by (2.2.11) are integral curves of h(y)y’ = g(z). If ¢ satisfies (2.2.10), we’ll say that (2.2.11) is an implicit
solution of the initial value problem (2.2.12). However, keep these points in mind:

« For some choices of ¢ there may not be any differentiable functions y that satisfy (2.2.11).

» The function y in (2.2.11) (not (2.2.11) itself) is a solution of h(y)y’ = g(z).

ExampLE 2.2.3
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2 First Order Equations

a. Find implicit solutions of

= = 2.2.13
Y 5yt +1 ( )
b. Find an implicit solution of
2¢ +1
(S — 2) = 1. 2.2.14
) (2.2.14)

SovruTion (A) Separating variables yields
(5y* + 1)y =2z +1.
Integrating yields the implicit solution
Y4y=2+z+ec (2.2.15)

of (2.2.13).

SocuTion (8) Imposing the initial condition y(2) = 1 in (2.2.15) yields 1 + 1 =4+2+¢, SO c = —4.
Therefore

Y+y=a+z—14

is an implicit solution of the initial value problem (2.2.14). Although more than one differentiable function
y = y(z) satisfies 2.2.13) near = = 1, it can be shown that there’s only one such function that satisfies the
initial condition y(1) = 2.

Figure 2.2.2 shows a direction field and some integral curves for (2.2.13).

Figure 2.2.2. A direction field and integral curves for y’ = \dst 255

Constant Solutions of Separable Equations

An equation of the form
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2 First Order Equations

is separable, since it can be rewritten as

However, the division by p(y) is not legitimate if p(y) = 0 for some values of y. The next two examples
show how to deal with this problem.

ExampLE 2.2.4

Find all solutions of

y = 2zy’. (2.2.16)

SocruTion Here we must divide by p(y) = »* to separate variables. This isn't legitimate if y is a solution of
(2.2.16) that equals zero for some value of z. One such solution can be found by inspection: y = 0. Now
suppose y is a solution of (2.2.16) that isn’t identically zero. Since y is continuous there must be an
interval on which y is never zero. Since division by ¢? is legitimate for z in this interval, we can separate
variables in (2.2.16) to obtain

21_2 = 2zx.
Integrating this yields
fi =z + c,
Yy
which is equivalent to
Y= _x21+c, (2.2.17)

We've now shown that if y is a solution of (2.2.16) that is not identically zero, then y must be of the form
(2.2.17). By substituting (2.2.17) into (2.2.16), you can verify that (2.2.17) is a solution of (2.2.16). Thus,
solutions of (2.2.16) are y = 0 and the functions of the form (2.2.17). Note that the solution y = 0 isn’t of
the form (2.2.17) for any value of c.

Figure 2.2.3 shows a direction field and some integral curves for (2.2.16)
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2 First Order Equations

Figure 2.2.3. A direction field and integral curves for y' = 2zy?

ExampLE 2.2.5

Find all solutions of

, 1
y = 53:(1 — ). (2.2.18)

SocuTion Here we must divide by p(y) = 1 — 4? to separate variables. This isn’t legitimate if y is a solution
of (2.2.18) that equals +1 for some value of z. Two such solutions can be found by inspection: y = 1 and
y = —1. Now suppose y is a solution of (2.2.18) such that 1 — 3?2 isn't identically zero. Since 1 —3? is
continuous there must be an interval on which 1 — 4?2 is never zero. Since division by 1 — 3?2 is legitimate
for z in this interval, we can separate variables in (2.2.18) to obtain

2y" .
-1
A partial fraction expansion on the left yields
[ 1 1 ,
_ —_—
y—1 y+1 Y
and integrating yields
y—1 z?
1 = 4k
n‘ y+1 2 T
hence,
y—1 ’ — ko2
y+1

Since y(z) # +1 for z on the interval under discussion, the quantity (y —1)/(y + 1) can’t change sign in
this interval. Therefore we can rewrite the last equation as

Yy— 1 _ 06712/2

)
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2 First Order Equations

where ¢ = +e*, depending upon the sign of (y — 1)/(y + 1) on the interval. Solving for y yields

1+ ce */?

— m. (2.2.19)

Y

We’ve now shown that if y is a solution of (2.2.18) that is not identically equal to +1, then y must be as
in (2.2.19). By substituting (2.2.19) into (2.2.18) you can verify that (2.2.19) is a solution of (2.2.18).
Thus, the solutions of (2.2.18) are y = 1, y = —1 and the functions of the form (2.2.19). Note that the
constant solution y = 1 can be obtained from this formula by taking ¢ = 0; however, the other constant
solution, y = —1, can’t be obtained in this way.

Figure 2.2.4 shows a direction field and some integrals for (2.2.18).

Figure 2.2.4. A direction field and integral curves for y' = \dstx(%‘“’z)

Differences Between Linear and Nonlinear Equations

Theorem 2.1.2 states that if p and f are continuous on (a,b) then every solution of
Y +p(@)y = f(z)

on (a,b) can be obtained by choosing a value for the constant c in the general solution, and if z, is any
point in (a,b) and y, is arbitrary, then the initial value problem

Y +p(x)y = f(x), y(zo) =0

has a solution on (a,b).

The not true for nonlinear equations. First, we saw in Examples 2.2.4 and 2.2.5 that a nonlinear
equation may have solutions that can’t be obtained by choosing a specific value of a constant
appearing in a one-parameter family of solutions. Second, it is in general impossible to determine the

interval of validity of a solution to an initial value problem for a nonlinear equation by simply examining
the equation, since the interval of validity may depend on the initial condition. For instance, in
Example 2.2.2 we saw that the solution of

oL e =
dx_ ya Y{Zo) = Yo

is valid on (—a, a), where a = \/z3 + 3.
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2 First Order Equations

ExampLE 2.2.6

Solve the initial value problem

y =2xy’, y(0) =1y

and determine the interval of validity of the solution.

SovruTion First suppose y, # 0. From Example 2.2.4, we know that y must be of the form

1

2 +¢c

y= (2.2.20)

Imposing the initial condition shows that ¢ = —1/y,. Substituting this into (2.2.20) and rearranging terms
yields the solution

Yo

e

This is also the solution if yo = 0. If yy < 0, the denominator isn’t zero for any value of z, so the the
solution is valid on (—oo, 00). If yo > 0, the solution is valid only on (—1/v/yo, 1/v/%0)-

2.2 Exercises

In Exercises 1-6 find all solutions.
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2 First Order Equations

1. \dsty = il

Show answer

N

sinz)(siny) + (cosy)y’ =0

Show answer

3. 2y +y*+y=0

Show answer

4, y'In|yl+2%y=0

Show answer

5. \dst(3y® + 3ycosy + 1)y’ + (Qﬁ;;z)y =0

Show answer

6. 2’y = (v’ —1)*?

8

~—

Show answer

In Exercises 7-10 find all solutions. Also, plot a direction field and some integral curves on the indicated
rectangular region.

Show answer

8. |CIG|y(1+a2)+ay=0; {-2<2<2 —1<y<1}

Show answer

10. [C/G](y—1)% =22 +3; {-2<z<2 —2<y<5)

Show answer

In Exercises 11 and 12 solve the initial value problem.
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2 First Order Equations

11. \dsty’ = %, y(1) =4

Show answer

12. ' +a(y’+y) =0, y@2)=1

Show answer

In Exercises 13-16 solve the initial value problem and graph the solution.

13. |CIG| (3y* + 4y

~

¥y +2x+cosz=0, y0)=1

Show answer

|~

1)(y—1)(y—2
y+ )(z+1)(y ) — O, y(l) =0

14. [CIG |\dsty' +

Show answer

15. (CIG |y +2x(y+1) =0, y(0)=2

Show answer

16. [CIG |y = 2zy(1 +4?), y(0)=1

—

Show answer

In Exercises 17-23 solve the initial value problem and find the interval of validity of the solution.
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17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

27.

2 First Order Equations

y' (22 +2) +4z(y’ +2y+1) =0, y(1)=-1

—~

Show answer

y = —2z(y*—-3y+2), y0)=3

Show answer

\dsty’ = 35, ¥(2)=0

Show answer

y =2y—y? y0)=1

Show answer

z+yy =0, y3)=—4

<

Show answer

Yy +22(y+1)(y—2)2=0, y4)=2

Show answer

—~

z+1)(z—2)y +y=0, y(1)=-3

Show answer

Solve \dsty’ = 81—};; explicitly. Hint: Use the identity \dsttan(A + B) = Jendtianb

Show answer

Solve \dsty’v1—z2 + /1 — y2 = 0 explicitly. Hint: Use the identity sin(A — B) = sin A cos B

— cos Asin B.

Show answer

Solve \dsty’ = =2 = 4(7) = £ explicitly. Hint: Use the identity cos(z + /2) = —sinz and the

siny ’

periodicity of the cosine.

Show answer

Solve the initial value problem
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28.

29.

2 First Order Equations

The population P = P(t) of a species satisfies the logistic equation
P’ =aP(1—aP)

and P(0) = Py > 0. Find P for ¢t > 0, and find lim;_,., P(t).

Show answer

An epidemic spreads through a population at a rate proportional to the product of the number of
people already infected and the number of people susceptible, but not yet infected. Therefore, if S
denotes the total population of susceptible people and I = I(¢) denotes the number of infected
people at time ¢, then

I' =rI(S—1),

where r is a positive constant. Assuming that 7(0) = I,,, find 1(¢) for ¢ > 0, and show that lim;_,, (t)
=85.

Show answer
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2 First Order Equations

30. The result of Exercise 29 is discouraging: if any susceptible member of the group is initially
infected, then in the long run all susceptible members are infected! On a more hopeful note,
suppose the disease spreads according to the model of Exercise 29, but there’'s a medication that
cures the infected population at a rate proportional to the number of infected individuals. Now the
equation for the number of infected individuals becomes

I'=rI(S—1)—ql (A)

where ¢ is a positive constant.

a. Choose r and S positive. By plotting direction fields and solutions of (A) on suitable

rectangular grids

R={0<t<T, 0<I<d}

in the (¢, I)-plane, verify that if T is any solution of (A) such that 7(0) > 0, then lim; ,,, I(t) = S
—q/rifg<rSand lim; ., I(t) =0if g > rS.

b. To verify the experimental results of (a), use separation of variables to solve (A) with initial
condition 1(0) = I, > 0, and find lim,,., I(t). Hint: There are three cases to consider: (i) q

< rS; (ii) ¢ > rS; (iii) ¢=rS.

Show answer
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2 First Order Equations

31. Consider the differential equation

"=ay—by’ —q, (A)

where a, b are positive constants, and q is an arbitrary constant. Suppose y denotes a solution of
this equation that satisfies the initial condition y(0) = yp.

a. Choose a and b positive and ¢ < a?/4b. By plotting direction fields and solutions of (A) on

suitable rectangular grids

R={0<t<T, c<y<d} (B)

in the (¢, y)-plane, discover that there are numbers y; and y, with y; < y» such that if yo > y;
then lim;_,., y(t) = y2, and if yo < y; then y(t) = —oo for some finite value of ¢t. (What happens

if yo = 11?)

. Choose a and b positive and q = a?/4b. By plotting direction fields and solutions of (A) on
suitable rectangular grids of the form (B), discover that there’'s a number y; such that if y,
>y then lim; . y(t) = y1, While if yg < y; then y(¢) = —oo for some finite value of ¢.

. Choose positive a, b and ¢ > a?/4b. By plotting direction fields and solutions of (A) on
suitable rectangular grids of the form (B), discover that no matter what v, is, y(t) = —oo for
some finite value of ¢.

. Verify your results experiments analytically. Start by separating variables in (A) to obtain

/

Y
ay—by2—q

To decide what to do next you'll have to use the quadratic formula. This should lead you to
see why there are three cases. Take it from there!

Because of its role in the transition between these three cases, ¢y = a?/4b is called a
bifurcation value of ¢. In general, if q is a parameter in any differential equation, ¢ is said to
be a bifurcation value of ¢ if the nature of the solutions of the equation with ¢ < ¢ is
qualitatively different from the nature of the solutions with ¢ > qo.

32. By plotting direction fields and solutions of

v =qy—1°,

convince yourself that ¢o = 0 is a bifurcation value of ¢ for this equation. Explain what makes you

draw this conclusion.
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2 First Order Equations

33. Suppose a disease spreads according to the model of Exercise 29, but there’s a medication that
cures the infected population at a constant rate of ¢ individuals per unit time, where ¢ > 0. Then
the equation for the number of infected individuals becomes

I'=rI(S—1I)—gq

Assuming that 1(0) = I, > 0, use the results of Exercise 31 to describe what happens as ¢ — cc.

34. Assuming that p # 0, state conditions under which the linear equation
y' +p(2)y = f(z)

is separable. If the equation satisfies these conditions, solve it by separation of variables and by
the method developed in Section 2.1.

Show answer

Solve the equations in Exercises 35—38 using variation of parameters followed by separation of
variables.
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2 First Order Equations

35. \dsty' +y= %ﬁ;

Show answer

36. \dstzy —2y= 2

yt+a?

Show answer

37. \dsty' —y= %ile)f)z

Show answer

38. y —2y=\dst e’

1—ye—2z

Show answer

39. Use variation of parameters to show that the solutions of the following equations are of the form y
= uy;, Where v satisfies a separable equation «" = g(z)p(u). Find y; and g for each equation.

(@) 2y’ +y = h(z)p(zy) (b) \dstzy’ —y = h(z)p (%)

(©) v +y = h(z)p(e™y) (d) =y’ +ry = h(z)p(z"y)

(€) \dsty’ + 2=y = h(z)p (v(x)y)

Show answer

2.3 Existence and Uniqueness of Solutions of Nonlinear
Equations

Although there are methods for solving some nonlinear equations, it's impossible to find useful formulas
for the solutions of most. Whether we're looking for exact solutions or numerical approximations, it's
useful to know conditions that imply the existence and uniqueness of solutions of initial value problems
for nonlinear equations. In this section we state such a condition and illustrate it with examples.

Figure 2.3.1. An open rectangle

Some terminology: an open rectangle R is a set of points (z,y) such that
a<zr<b and c<y<d

(Figure 2.3.1). We'll denote this setby R: {a < z < b,c < y < d}. “Open” means that the boundary
rectangle (indicated by the dashed lines in Figure 2.3.1) isn’'t included in R .
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2 First Order Equations

The next theorem gives sufficient conditions for existence and uniqueness of solutions of initial value

problems for first order nonlinear differential equations. We omit the proof, which is beyond the scope of
this book.

THeorEM 2.3.1

a. If fis continuous on an open rectangle
R:{a<z<bec<y<d}
that contains (z, yo) then the initial value problem

v = f(z,y), y(@o) =vo (2.3.1)

has at least one solution on some open subinterval of (a,b) that contains z,.

b. If both f and f, are continuous on R then (2.3.1) has a unique solution on some open
subinterval of (a, ) that contains zy.

It's important to understand exactly what Theorem 2.3.1 says.
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» (a) is an existence theorem. It guarantees that a solution exists on some open interval that
contains zg, but provides no information on how to find the solution, or to determine the open
interval on which it exists. Moreover, (a) provides no information on the number of solutions that
(2.3.1) may have. It leaves open the possibility that (2.3.1) may have two or more solutions that
differ for values of z arbitrarily close to z,. We will see in Example 2.3.6 that this can happen.

« (b) is a uniqueness theorem. It guarantees that (2.3.1) has a unique solution on some open
interval (a,b) that contains x,. However, if (a,b) # (—o00, ), (2.3.1) may have more than one
solution on a larger interval that contains (a, b). For example, it may happen that b < c and all
solutions have the same values on (a,b), but two solutions y; and y, are defined on some interval
(a,b1) With b; > b, and have different values for b < z < by; thus, the graphs of the y; and y, “branch
off” in different directions at z = b. (See Example 2.3.7 and Figure 2.3.3). In this case, continuity
implies that y; (b) = y2(b) (call their common value ), and y; and y, are both solutions of the initial
value problem

y = flz,y), yb)=y (2.3.2)

that differ on every open interval that contains . Therefore f or f, must have a discontinuity at
some point in each open rectangle that contains (b,7%), since if this were not so, (2.3.2) would
have a unique solution on some open interval that contains ». We leave it to you to give a similar
analysis of the case where a > —cc.

ExampLE 2.3.1

Consider the initial value problem

2

e =Yy

Vs z0) = Y. 2.3.3
Y Tt + 2 y(w0) = yo ( )
Since
x? —y? 2y(1 + 22?%)
z,y) = ———— and T,y =——

are continuous for all (z,y), Theorem 2.3.1 implies that if (z,, o) is arbitrary, then (2.3.3) has a
unique solution on some open interval that contains z,.

ExampLE 2.3.2

Consider the initial value problem
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’ r—Yy
- (o) = o, 2.3.4
Y Rz y(@o) = Yo ( )
Here
22 — 42 4zy
fl@y) = 3 G fy(z,y) = \dst — @2

are continuous everywhere except at (0,0). If (z¢,v0) # (0,0), there’s an open rectangle R that
contains (zo, yo) that does not contain (0,0). Since f and f, are continuous on R, Theorem 2.3.1
implies that if (z¢,0) # (0,0) then (2.3.4) has a unique solution on some open interval that contains

o

ExampLE 2.3.3

Consider the initial value problem

/= — y0. 2.3.5
V=T, y(zo) = yo (2.3.5)

Here

243
(z—y)?

fo) =L and  fy(wy) =

are continuous everywhere except on the line y = z. If yo #+ z,, there’s an open rectangle R that
contains (zo, yo) that does not intersect the line y = z. Since f and f, are continuous on R,
Theorem 2.3.1 implies that if y, # ¢, (2.3.5) has a unique solution on some open interval that
contains z.

ExampLE 2.3.4

In Example 2.2.4 we saw that the solutions of
" = 219 (2.3.6)

are
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1

- )
24 c

y=0 and y=

where c is an arbitrary constant. In particular, this implies that no solution of (2.3.6) other than y
= 0 can equal zero for any value of z. Show that Theorem 2.3.1(b) implies this.

SocruTion We'll obtain a contradiction by assuming that (2.3.6) has a solution y: that equals zero for
some value of z, but isn’t identically zero. If y; has this property, there’s a point xo such that y1(z0) = 0,
but 41 (z) # 0 for some value of = in every open interval that contains zo. This means that the initial value
problem

Y =2z, y(zo) =0 (2.3.7)

has two solutions y = 0 and y = y, that differ for some value of z on every open interval that contains z.
This contradicts Theorem 2.3.1(b), since in (2.3.6) the functions

flz,y) =22y® and  fy(z,y) = day.

are both continuous for all (x,y), which implies that (2.3.7) has a unique solution on some open interval
that contains z.

ExawvpLE 2.3.5

Consider the initial value problem

, 10
Yy = ?Iy2/57 y(wo) = Yo- (2.3.8)

a. For what points (zg, y,) does Theorem 2.3.1(a) imply that (2.3.8) has a solution?

b. For what points (zg,y0) does Theorem 2.3.1(b) imply that (2.3.8) has a unique solution on
some open interval that contains z,?

SocruTion (A) Since

1
Fay) = gyl
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is continuous for all (z,y), Theorem 2.3.1 implies that (2.3.8) has a solution for every (z, y).

SovruTion (B) Here

4
fy(z,y) = gmy*‘"’/ 5

is continuous for all (z,y) with y # 0. Therefore, if y, # 0 there’s an open rectangle on which both f and f,
are continuous, and Theorem 2.3.1 implies that (2.3.8) has a unigue solution on some open interval that
contains z.

If y =0 then f,(z,y) is undefined, and therefore discontinuous; hence, Theorem 2.3.1 does not apply to
(2.3.8) if yo = 0.

ExampLE 2.3.6

Example 2.3.5 leaves open the possibility that the initial value problem

10
y = ?ﬂcyM, y(0) =0 (2.3.9)

has more than one solution on every open interval that contains z, = 0. Show that this is true.

SovruTion By inspection, y = 0 is a solution of the differential equation

10
y = ?xyl’/f’. (2.3.10)

Since y = 0 satisfies the initial condition y(0) = 0, it's a solution of (2.3.9).

Now suppose y is a solution of (2.3.10) that isn't identically zero. Separating variables in (2.3.10) yields

10
y_2/5y/ = ?x

on any open interval where y has no zeros. Integrating this and rewriting the arbitrary constant as 5¢/3
yields

5 3/5_5 2
¥ =5 +o)

Therefore
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y = (22 + )3, (2.3.11)

Since we divided by y to separate variables in (2.3.10), our derivation of (2.3.11) is legitimate only on
open intervals where y has no zeros. However, (2.3.11) actually defines y for all z, and differentiating
(2.3.11) shows that

/7

10 10
y = ?x(mz +c>2/3 _ ?xyZ/B

, —00 < x < 00.

Therefore (2.3.11) satisfies (2.3.10) on (—oo, o) even if ¢ < 0, so that y(v/]c]) = y(—v/|¢) = 0. In particular,
taking ¢ =0 in (2.3.11) yields

y = 313

as a second solution of (2.3.9). Both solutions are defined on (—co, o), and they differ on every open
interval that contains z, = 0 (see Figure 2.3.2.) In fact, there are four distinct solutions of (2.3.9) defined
on (—oo, co) that differ from each other on every open interval that contains z, = 0. Can you identify the
other two?

Figure 2.3.2. Two solutions (y = 0 and y = z'/2) of (2.3.9) that differ on
every interval containing xo = 0

ExampLE 2.3.7

From Example 2.3.5, the initial value problem
y = —ay, y(0) =—1 (2.3.12)

has a unique solution on some open interval that contains z, = 0. Find a solution and determine
the largest open interval (a,b) on which it's unique.

SoLuTion Let y be any solution of (2.3.12). Because of the initial condition y(0) = —1 and the continuity of
y, there’s an open interval I that contains z, = 0 on which y has no zeros, and is consequently of the
form (2.3.11). Setting z =0 and y = —1 in (2.3.11) yields ¢ = —1, so

y=(z?—1)°3 (2.3.13)
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for z in I. Therefore every solution of (2.3.12) differs from zero and is given by (2.3.13) on (—1,1); that
is, (2.3.13) is the unique solution of (2.3.12) on (-1, 1). This is the largest open interval on which
(2.3.12) has a unique solution. To see this, note that (2.3.13) is a solution of (2.3.12) on (—oo, c0). From
Exercise 2.2. 15, there are infinitely many other solutions of (2.3.12) that differ from (2.3.13) on every
open interval larger than (—1,1). One such solution is

{ (z2—1)%3, —1<=z<1,
y:

0, |z| > 1.

(Figure 2.3.3).

Figure 2.3.3. Two solutions of (2.3.12) on (—o, co) that coincide on
(—1,1), but on no larger open interval

Figure 2.3.4. The unique solution of (2.3.14)

ExawvpLE 2.3.8

From Example 2.3.5, the initial value problem

, 10
y = ?xy2/5, y(0) =1 (2.3.14)

has a unique solution on some open interval that contains z, = 0. Find the solution and determine
the largest open interval on which it's unique.

SoLuTion Let y be any solution of (2.3.14). Because of the initial condition y(0) = 1 and the continuity of
y, there’s an open interval I that contains z, = 0 on which y has no zeros, and is consequently of the
form (2.3.11). Setting z =0 and y =1 in (2.3.11) yields c =1, so

5/3

y=(a®+1) (2.3.15)

for z in I. Therefore every solution of (2.3.14) differs from zero and is given by (2.3.15) on (—co, c0); that
is, (2.3.15) is the unique solution of (2.3.14) on (—oo, co). Figure 2.3.4 shows the graph of this solution.
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2.3 Exercises

In Exercises 1-13 find all (z¢,yo) for which Theorem 2.3.1 implies that the initial value problem 3’
= f(z,y), y(zo) = yo has (a) a solution (b) a unique solution on some open interval that contains =,.
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1. \dsty' = Ty

sinx

Show answer

x

2. \dsty’ = ﬁ’;

Show answer

3. y =tanzy

Show answer

4, \dsty’ = 24y

Inzy

Show answer

5.y =+ 9y

Show answer

6. ' =2zy

Show answer

7. \dsty’ = In(1 + 22 + ¢?)

Show answer

8. \dsty’ = szﬁ

Show answer

9. \dsty’ = (22 4?2

Show answer

~

10. ¢ =z(y? —1)*/3

<

Show answer

11 3 = (2% + )2

<

Show answer

12, y = (z +y)'/?

<

Show answer

13. \dsty’ = 2L

z—1

Show answer
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14. Apply Theorem 2.3.1 to the initial value problem
Y +p(@)y=q@), ylzo)=1yo

for a linear equation, and compare the conclusions that can be drawn from it to those that follow
from Theorem 2.1.2.

15. a. Verify that the function

{ (2 —1)53, —1<z<1,
y:

0, || > 1,

is a solution of the initial value problem

on (—oo, 00).

HinT

You'll need the definition

to verify that y satisfies the differential equation at z = +1.

b. Verify that if e, = 0 or 1 fori = 1, 2 and q, b > 1, then the function

[ e1(22 —a2)53, —oc0 <z < —a,
0, —a<z<—1,
y=< (22—1)53, —“1<z<l,
0, 1<z<b,
ea(x? — 023, b< 1z < oo,

is a solution of the initial value problem of (a) on (—co, o).
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16. Use the ideas developed in Exercise 15 to find infinitely many solutions of the initial value problem

on (—oo, 00).

Show answer

17. Consider the initial value problem
y =3z(y—1)"%,  y(zo) = yo. (A)

a. For what points (zo,yo0) does Theorem 2.3.1 imply that (A) has a solution?

b. For what points (zo,y0) does Theorem 2.3.1 imply that (A) has a unique solution on some
open interval that contains z,?

Show answer

18. Find nine solutions of the initial value problem
y =3e(y—1", y(0)=1

that are all defined on (—o0, ) and differ from each other for values of z in every open interval
that contains z, = 0.

Show answer

19. From Theorem 2.3.1, the initial value problem
v =3z(y— 1", y0)=9

has a unique solution on an open interval that contains zo = 0. Find the solution and determine the
largest open interval on which it's unique.

Show answer
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20. a. From Theorem 2.3.1, the initial value problem
y =3a(y— 1) y@3)=-7 (A)

has a unique solution on some open interval that contains z, = 3. Determine the largest
such open interval, and find the solution on this interval.

b. Find infinitely many solutions of (A), all defined on (—oo, ).

Show answer

21. Prove:

a. If
flz,90) =0, a<z<b, (A)
and z is in (a,b), then y = y, is a solution of
v =f(z,y), y(@)=1yo

on (a,b).

b. If f and f, are continuous on an open rectangle that contains (z,y,) and (A) holds, no
solution of y’ = f(z,y) other than y = y, can equal y, at any pointin (a,b).

2.4 Transformation of Nonlinear Equations into Separable
Equations

In Section 2.1 we found that the solutions of a linear nonhomogeneous equation
y +p(z)y = f(z)
are of the form y = uy;, where y; is a nontrivial solution of the complementary equation
y +plx)y=0 (2.4.1)

and w is a solution of

u'y1(z) = f(z).

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 54 of 125



2 First Order Equations

Note that this last equation is separable, since it can be rewritten as

In this section we’ll consider nonlinear differential equations that are not separable to begin with, but
can be solved in a similar fashion by writing their solutions in the form y = uy;, where y; is a suitably
chosen known function and « satisfies a separable equation. We'llsay in this case that we transformed
the given equation into a separable equation.

Bernoulli Equations

A Bernoulli equation (http://www-history.mes.st-and.ac.uk/Mathematicians/Bernoulli_Jacob.html) iS an equation of the

form
Y +p(@)y = f(2)y, (2.4.2)

where r can be any real number other than 0 or 1. (Note that (2.4.2) is linear if and only if r =0 or r = 1.)
We can transform (2.4.2) into a separable equation by variation of parameters: if y; is a nontrivial
solution of (2.4.1), substituting y = uy; into (2.4.2) yields

w'yr +u(y) +p(@)y1) = fz)(uy)’,

which is equivalent to the separable equation

/

w'yi(@) = (@) @) v or  — = f(z) (1 ()",
since y; + p(z)y: = 0.

ExampLE 2.4.1

Solve the Bernoulli equation

y —y =y’ (2.4.3)

SoLuTioN Since y; = e* is a solution of y* — y = 0, we look for solutions of (2.4.3).in the form y = ue®,
where
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u'e’ = zu’e or, equivalently, ' = xu“e”.

Separating variables yields

and integrating yields
1 xr
——=(z—1)€"+c

Hence,

and

1
x—1+ce=’

y=—
Figure 2.4.1 shows direction field and some integral curves of (2.4.3).

Figure 2.4.1. A direction field and integral curves for y' — y = xy?

Other Nonlinear Equations That Can be Transformed Into
Separable Equations

We've seen that the nonlinear Bernoulli equation can be transformed into a separable equation by the
substitution y = uy; if y; is suitably chosen. Now let’s discover a sufficient condition for a nonlinear first
order differential equation

y' = f(z,y) (2.4.4)

to be transformable into a separable equation in the same way. Substituting y = uy, into (2.4.4) yields

u'yi(2) + uyy (z) = f(z, uy (),
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which is equivalent to

w'yi(z) = f(z, uyi (z)) — wy) (). (24.5)

f(@,uyi(z)) = q(u)y; ()
for some function ¢, then (2.4.5) becomes
w'yi(z) = (q(u) — u)y; (2), (2.4.6)

which is separable. After checking for constant solutions u = u such that ¢(uq) = uo, We can separate
variables to obtain

’ /

_ Y1 (z)
quv) —u  yi(z)

u

Homogeneous Nonlinear Equations

In the text we'll consider only the most widely studied class of equations for which the method of the
preceding paragraph works. Other types of equations appear in Exercises 44-51.

The differential equation (2.4.4) is said to be homogeneous if z and y occur in f in such a way that
f(z,y) depends only on the ratio y/x; that is, (2.4.4) can be written as

y = q(y/x), (2.4.7)

where ¢ = ¢(u) is a function of a single variable. For example,

— L +6_y/x
T T

J — y+aze VT gy

and

are of the form (2.4.7), with
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gu)=u+e™ and qlu)=u’+u—1,

respectively. The general method discussed above can be applied to (2.4.7) with y; = = (and therefore
y1 = 1). Thus, substituting y = uz in (2.4.7) yields

vz +u=q(u),

and separation of variables (after checking for constant solutions « = u, such that g(ug) = ) yields

Before turning to examples, we point out something that you may’ve have already noticed: the definition
of homogeneous equation given here isn’'t the same as the definition given in Section 2.1, where we
said that a linear equation of the form

Yy +px)y=0

is homogeneous. We make no apology for this inconsistency, since we didn’t create it historically,
homogeneous has been used in these two inconsistent ways. The one having to do with linear
equations is the most important. This is the only section of the book where the meaning defined here

will apply.

Since y/z is in general undefined if z = 0, we’ll consider solutions of nonhomogeneous equations only
on open intervals that do not contain the point z = 0.

ExawvpLE 2.4.2

Solve
—y/z
r_ytme T (2.4.8)
&
SoruTion Substituting y = uz into (2.4.8) yields
, uzx + ze /T _
u:r—i—u:T:u—l—e v
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Simplifying and separating variables yields

Integrating yields e* = In |z| + c¢. Therefore v = In(In |z| + ¢) and y = uz = zIn(In |z| + ¢).

Figure 2.4.2 shows a direction field and integral curves for (2.4.8).

Figure 2.4.2. A direction field and some integral curves for '

= \dst 25
ExampLE 2.4.3
a. Solve
2y = y* + 2y — 2’ (2.4.9)
b. Solve the initial value problem
2%y =y +oy—2%, y(l)=2. (2.4.10)

SocuTion (A) We first find solutions of (2.4.9) on open intervals that don’t contain = = 0. We can rewrite
(2.4.9) as

;P ray—a?
Yy =—"7">3
x

for z in any such interval. Substituting y = uz yields

(uz)? + z(uzx) — 22

5 =ul+u—1,
T

v+ u=

SO

vz =u?—1. (2.4.11)
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By inspection this equation has the constant solutions v = 1 and u = —1. Therefore y = z and y = —z are
solutions of (2.4.9). If u is a solution of (2.4.11) that doesn’t assume the values 41 on some interval,
separating variables yields

or, after a partial fraction expansion,

Multiplying by 2 and integrating yields

-1
ln’u ‘:21n|x|+k,
u+1
or
‘ u—1 ‘ _ehy?,
u+1
which holds if
u—1 9
= 2.4.12
e ( )
where c is an arbitrary constant. Solving for v yields
_ l4ca?
R

Figure 2.4.3. A direction field and integral curves for z%y’ = y? + zy — x?

Figure 2.4.4. Solutions of z2y’ =y + zy — x2, y(1) = 2

Therefore

(2.4.13)
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is a solution of (2.4.10) for any choice of the constant c. Setting ¢ = 0 in (2.4.13) yields the solution y = z.
However, the solution y = —z can’t be obtained from (2.4.13). Thus, the solutions of (2.4.9) on intervals
that don’t contain z = 0 are y = —x and functions of the form (2.4.13).

The situation is more complicated if z = 0 is the open interval. First, note that y = —z satisfies (2.4.9) on
(—o0, ). If ¢; and ¢, are arbitrary constants, the function

\dst ==+ zlltaz]) a<z<O0,

1—ciz?

y= - (2.4.14)
[6pt]\ds t—zza 0<z<b,

is a solution of (2.4.9) on (a,b), where

41 ; 4L ;
o — *\dbtﬁ if c1 > 0, and b— \dbtﬁ if c2 > 0,
—00 if ¢ <0, 0 if ¢3 <0.

We leave it to you to verify this. To do so, note that if y is any function of the form (2.4.13) then y(0) =0
and y’(0) = 1.

Figure 2.4.3 shows a direction field and some integral curves for (2.4.9).

SocuTion (8) We could obtain ¢ by imposing the initial condition y(1) = 2 in (2.4.13), and then solving for
c. However, it's easier to use (2.4.12). Since u = y/x, the initial condition y(1) = 2 implies that (1) = 2.
Substituting this into (2.4.12) yields ¢ = 1/3. Hence, the solution of (2.4.10) is

z(1+ 22/3)
 1—22/3

The interval of validity of this solution is (—v/3,v/3). However, the largest interval on which (2.4.10) has a
unique solution is (0,+/3). To see this, note from (2.4.14) that any function of the form

\dst 11+Cc;2)’ a<z<0,
y = (2.4.15)
\dst 1+;2//33) , 0<2< V3,

is a solution of (2.4.10) on (a,+/3), where a = —1/y/cif ¢ > 0 Or a = —c if ¢ < 0. (Why doesn't this
contradict Theorem 2.3.17)

Figure 2.4.4 shows several solutions of the initial value problem (2.4.10). Note that these solutions
coincide on (0,/3).

In the last two examples we were able to solve the given equations explicitly. However, this isn’t always
possible, as you'll see in the exercises.
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2.4 Exercises

In Exercises 1-4 solve the given Bernoulli equation.

1Ly +y=y9

Show answer

2. \dst7zy —2y = —2—2

Show answer

3. 2%y + 2y = 2e'/7yl/?

Show answer

4, \dst(1+z%)y + 22y = m

Show answer

In Exercises 5 and 6 find all solutions. Also, plot a direction field and some integral curves on the
indicated rectangular region.

5. CIG|y —ay=a%y% {-3<z<3,\2<y>2}

Show answer

6. [Cl6]\dsty — Sy =y {2<z<2-2<y<2}

Show answer

In Exercises 7—11 solve the initial value problem.
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7.y —2y=ay®, y(0)=2V2

Show answer

Show answer

9. zy +y=zy!, y(1)=1/2

Show answer

10. ¢ — 2y =2y, y(0)=1

Show answer

11. \dsty’ —4y = 4y8—f, y(0)=1

Show answer

In Exercises 12 and 13 solve the initial value problem and graph the solution.
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12, 2y +2zy =y, y(1)=1/V2

13. y’—y:xyl/z, y(0) =4

Show answer

14. You may have noticed that the logistic equation
P’ =aP(1—aP)
from Verhulst’'s model for population growth can be written in Bernoulli form as
P’ —aP = —aaP?.

This isn’t particularly interesting, since the logistic equation is separable, and therefore solvable
by the method studied in Section 2.2. So let’s consider a more complicated model, where a is a
positive constant and « is a positive continuous function of ¢ on [0, ). The equation for this model
is

P’ —aP = —aa(t)P?,

a non-separable Bernoulli equation.

a. Assuming that P(0) = P, > 0, find P for ¢ > 0. Hint: Express your result in terms of the
integral [ a(r)e" dr.

b. Verify that your result reduces to the known results for the Malthusian model where o = 0,
and the Verhulst model where « is a honzero constant.

c. Assuming that

t—00

t
lim e’“t/ a(r)e dr =L
0

exists (finite or infinite), find lim; ., P(t).

In Exercises 15—18 solve the equation explicitly.
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15. y = \dstL£=

Show answer

16. y = \dsty—wgz

Show answer

17. zyPy = y* + 2

Show answer

18. y' = \dst£ +secL

Show answer

In Exercises 19-21 solve the equation explicitly. Also, plot a direction field and some integral curves on
the indicated rectangular region.

19. asZy’zxy+a:2+y2; {-8<2<8,-8<y<8}

Show answer

20. a:yy’:x2+2y2; {—4<z<4,—4<y<4}

Show answer

2
21. y’z\dst%; {—8<x<8,-8<y<8}

Show answer

In Exercises 22-27 solve the initial value problem.
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22, y = \dstxyz—tyz, y(—1) =2

Show answer

23. y = \dst’”g—JrLa y(1) =3

Ty

Show answer

24, ryy +22+42=0, y(1)=2

Show answer

25. y = \dstZ2E (1) = -1

Show answer

26. 2y’ =222+ y?+4zy, y(1)=1

Show answer

27. zyy’ =322 +4y%, y(1)=V3

Show answer

In Exercises 28—34 solve the given homogeneous equation implicitly.
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31.

32.

33.

34,

35.
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y = \dsti—i'g

Show answer

—~

y'z—y)(nly —In|z]) =z

Show answer

3 24 02 3
7 _ Y2y +aty+x
Y = \dst =y

Show answer

y' = \dstgr7y

Show answer

y = \dst —L?ﬁ%

Show answer

2. o3
7 _ . Ty +2y
y' = \dst 3 +ay+ay?

Show answer

3 2 3
/= Ztey+dy
y = \dSt x343xy?

Show answer

HI

a. Find a solution of the initial value problem

2’y =y? +ay—4z?, y(—1)=0 (A)

on the interval (—oo,0). Verify that this solution is actually valid on (—co, o).
b. Use Theorem 2.3.1 to show that (A) has a unique solution on (—oo, 0).

c. Plot a direction field for the differential equation in (A) on a square

{—r<z<r—r<y<r}

where r is any positive number. Graph the solution you obtained in (a) on this field.
d. Graph other solutions of (A) that are defined on (—co, o).

e. Graph other solutions of (A) that are defined only on intervals of the form (-, a), where is
a finite positive number.

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 67 of 125


http://localhost:4000/differentialEquations/2-3-existence-and-uniqueness-of-solutions-of-nonlinear-equations/#thmtype-2-3-1

36.

2 First Order Equations

. Solve the equation

zyy' =2’ —zy+y° (A)

implicitly.

. Plot a direction field for (A) on a square

{0<z<r,0<y<r}

where r is any positive number.

. Let K be a positive integer. (You may have to try several choices for K.) Graph solutions of

the initial value problems

kr

zyy' =a* —zy+y’, y(r/2) = R

fork=1, 2, ..., K. Based on your observations, find conditions on the positive numbers z,
and y, such that the initial value problem

zyy' =2* —zy+y°,  y(xo) = yo, (B)

has a unique solution (i) on (0, c0) or (ii) only on an interval (a, ), where a > 0?

. What can you say about the graph of the solution of (B) as z — oo? (Again, assume that z,

> 0and y, > 0.)
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37.

a. Solve the equation

;) 2% — zy + 222
zy + 222

implicitly.

b. Plot a direction field for (A) on a square
{—r<z<r,—r<y<r}

where r is any positive number. By graphing solutions of (A), determine necessary and
sufficient conditions on (zg, yo) such that (A) has a solution on (i) (—oo, 0) or (ii) (0,0) such
that y(zo) = yo.

38. Follow the instructions of Exercise 37 for the equation

,_myt a4y
==

39. Pick any nonlinear homogeneous equation y" = ¢(y/x) you like, and plot direction fields on the

square {-r<z<r, —r<y<r}, where r > 0. What happens to the direction field as you vary r?
Why?

40. Prove: If ad — be # 0, the equation

, ar+byt+a
cx+dy+

can be transformed into the homogeneous nonlinear equation

Y  aX+bY
dX ~— c¢X+dY

by the substitution z = X — X, y =Y — Y, where X, and Y; are suitably chosen constants.

In Exercises 41-43 use a method suggested by Exercise 40 to solve the given equation implicitly.
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—6a+y—3
41. y/ = \dst%

Show answer

20-+y+1
42. ' = \dst xj—zg—4

Show answer

—o+3y—14
43. y = \dstz—iyl%

Show answer

In Exercises 44-51 find a function y, such that the substitution y = uy, transforms the given equation
into a separable equation of the form (2.4.6). Then solve the given equation explicitly.
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46.

47.

48.

49.

50.

51.

52.

53.

54,

2 First Order Equations

Bry’y' =y’ + 2

Show answer

zyy = 3z6 + 612

Show answer

$3y’ — 2(y2 + CI)Qy— $4)

Show answer

~

=y%e % + 4y + 2¢°

<

Show answer

2 2
7 y“+ytanz+tan®
y = \dSt sin’z

Show answer

~

r(Inz)’y = —4(lnz)? + ylnx + 3>

Show answer

20(y+2vVz)y' = (y+Vz)*

Show answer

y+ ey =22y +ye” + M)

—~

Show answer

Solve the initial value problem

,+2 3z’ + 6y + 2
vy z%(2zy + 3)

Show answer

Solve the initial value problem

3 3zy? + 102%y + 6

/
-
yrzy x3(2x%y + 5)

Show answer

Prove: If y is a solution of a homogeneous nonlinear equation y’ = ¢(y/x), SO iS y; = y(ax)/a, Where

a IS any nonzero constant.
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55. A generalized Riccati equation (http:/http://www-history.mcs.st-and.ac.uk/Indexes/Riccati.html) is of the form

y = P(z) + Q(z)y + R(z)y’.

(A)

(If R=—1, (A) is a Riccati equation (http:/http://www-history.mes.st-and.ac.uk/Indexes/Riccati.html).) Let y; be

a known solution and y an arbitrary solution of (A). Let z = y — ;. Show that z is a solution of a

Bernoulli equation with n = 2.

In Exercises 56-59, given that y, is a solution of the given equation, use the method suggested by

Exercise 55 to find other solutions.

56. v =1+z—(1+2z)y+ay? y1=1

Show answer

57. v =¥+ (1—2e%)y+1?%  yi=€"

<

Show answer

58. zy/ =2—z+ 2z —2)y—xy’;, y1=1

Show answer

8

59. 2y =2 + (1 — 222)y + zy?%; Y1 =1

Show answer

2.5 Exact Equations

In this section it's convenient to write first order differential equations in the form
M(z,y)dz + N(z,y)dy = 0.

This equation can be interpreted as

dy
M(Z‘,y)—l—N(iE,y)% ;

where z is the independent variable and y is the dependent variable, or as

dx
Y
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where y is the independent variable and z is the dependent variable. Since the solutions of (2.5.2) and
(2.5.3) will often have to be left in implicit, form we’ll say that F(z,y) = c is an implicit solution of (2.5.1) if
every differentiable function y = y(z) that satisfies F(x,y) = c is a solution of (2.5.2) and every
differentiable function = = z(y) that satisfies F(z,y) = c is a solution of (2.5.3).

Here are some examples:

Equation (2.5.1), Equation (2.5.2), Equation (2.5.3)
3z2y? dx + 22%ydy =0 3z + 2x3y\dst% =0 3a%y® \dst 4L + 2z%y = 0
(224 y?)dz + 2zydy =0 (x2+y2)+2xy\dst% =0 (22 +y?) \dst‘é—z—I—Qa:y:O
3ysinz dx — 2zycosxdy =0 3ysinx—2xycosx\dstg—z =0 3ysinx\dstz—;—2xycosa::0

Note that a separable equation can be written as (2.5.1) as
M(x)dx + N(y)dy = 0.

We'll develop a method for solving (2.5.1) under appropriate assumptions on M and N. This method is

an extension of the method of separation of variables (Exercise 41). Before stating it we consider an
example.

ExawvpLE 2.5.1

Show that
gt + 2% + 2y = (2.5.4)
is an implicit solution of

(42393 + 2xy° + 2y) dz + (3z'y? + 5z’y* + 2z) dy = 0. (2.5.5)

SoruTion Regarding y as a function of z and differentiating (2.5.4) implicitly with respect to = yields
(423y® + 221° + 2y) + (3z*y® + 5zy* + 2x) % =0.

Similarly, regarding z as a function of y and differentiating (2.5.4) implicitly with respect to y yields
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dx
(4z3y® + 2z9° + 2y)d_y + (331:43/2 + 5x2y* + 2x) = 0.

Therefore (2.5.4) is an implicit solution of (2.5.5) in either of its two possible interpretations. [

You may think this example is pointless, since concocting a differential equation that has a given implicit
solution isn’t particularly interesting. However, it illustrates the next important theorem, which we’ll
prove by using implicit differentiation, as in Example 2.5.1.

THeOREM 2.5.1

If F = F(z,y) has continuous partial derivatives F, and F,, then
\mbox is only supported in math mode

is an implicit solution of the differential equation

Fy(z,y)dz + Fy(z,y)dy = 0. (2.5.7)

Proor Regarding y as a function of z and differentiating (2.5.6) implicitly with respect to z yields

dy

On the other hand, regarding z as a function of y and differentiating (2.5.6) implicitly with respect to y
yields

dx

Thus, (2.5.6) is an implicit solution of (2.5.7) in either of its two possible interpretations. [

We'll say that the equation
M(z,y)dz + N(z,y)dy =0 (2.5.8)
is exact on an an open rectangle R if there’s a function F = F(z,y) such F, and F, are continuous, and

Fy(z,y) = M(z,y) and Fy(z,y) = N(z,y) (2.5.9)
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for all (z,y) in R. This usage of “exact” is related to its usage in calculus, where the expression

Fy(z,y)dz + Fy(z,y) dy

(obtained by substituting (2.5.9) into the left side of (2.5.8)) is the exact differential of F.

Example 2.5.1 shows that it's easy to solve (2.5.8) if it's exact and we know a function F that satisfies
(2.5.9). The important questions are:

QuesTion 1. Given an equation (2.5.8), how can we determine whether it's exact?
QuesTion 2. If (2.5.8) is exact, how do we find a function F satisfying (2.5.9)?

To discover the answer to Question 1, assume that there’s a function F that satisfies (2.5.9) on some
open rectangle R, and in addition that F has continuous mixed partial derivatives F,, and F,,. Then a
theorem from calculus implies that

Fpy = F,. (2.5.10)

If 7, = M and F, = N, differentiating the first of these equations with respect to y and the second with
respect to z yields

Fpy=M, and F,=N,. (2.5.11)

From (2.5.10) and (2.5.11), we conclude that a necessary condition for exactness is that M, = N,. This
motivates the next theorem, which we state without proof.

THEOREM 2.5.2

Suppose M and N are continuous and have continuous partial derivatives M, and N, on an open
rectangle R. Then

M(z,y)dz + N(z,y)dy =0

is exact on R if and only if

My(z,y) = No(z,y) (2.5.12)

for all (z,y) in R..
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To help you remember the exactness condition, observe that the coefficients of dz and dy are
differentiated in (2.5.12) with respect to the “opposite” variables; that is, the coefficient of dz is
differentiated with respect to y, while the coefficient of dy is differentiated with respect to z.

ExawvpLE 2.5.2

Show that the equation

3z2ydx + 422 dy =0

is not exact on any open rectangle.

SoLuTioN Here

M(z,y) =32%y and N(z,y) = 42°

SO

My(z,y) =3z> and Ny(z,y) = 1222

Therefore M, = N, on the line z = 0, but not on any open rectangle, so there’s no function F such that
Fy(z,y) = M(z,y) and F,(z,y) = N(z,y) for all (z,y) on any open rectangle. [

The next example illustrates two possible methods for finding a function F that satisfies the condition F,
=Mand F,= N if Mdx+ Ndy =0 is exact.

ExampLE 2.5.3

Solve

(42%y? + 32%) dz + (3z'y? + 6y?) dy = 0. (2.5.13)

SovruTion (Method 1) Here

M(z,y) = 4zy® + 322, N(z,y) = 3z*y* + 617,

and
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M, (z,y) = N(z,y) = 1223y*
for all (z,y). Therefore Theorem 2.5.2 implies that there’s a function F such that
Fy(z,y) = M(z,y) = 42®y® + 32° (2.5.14)
and
F,(z,y) = N(z,y) = 3%y + 61> (2.5.15)
for all (z,y). To find F, we integrate (2.5.14) with respect to = to obtain
F(z,y) = ="'y’ + 2° + ¢(y), (2.5.16)

where ¢(y) is the “constant” of integration. (Here ¢ is “constant” in that it's independent of z, the variable
of integration.) If ¢ is any differentiable function of y then F satisfies (2.5.14). To determine ¢ so that F
also satisfies (2.5.15), assume that ¢ is differentiable and differentiate F with respect to y. This yields

Fy(z,y) = 32"y + ¢ (y).

Comparing this with (2.5.15) shows that

¢’ (y) = 6y°.

We integrate this with respect to y and take the constant of integration to be zero because we're
interested only in finding some F that satisfies (2.5.14) and (2.5.15). This yields

$(y) = 2¢°.
Substituting this into (2.5.16) yields
F(z,y) = z'y® + 2* + 2¢°. (2.5.17)
Now Theorem 2.5.1 implies that

zhp 4+ 2 =
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is an implicit solution of (2.5.13). Solving this for y yields the explicit solution

c— a3\
v= (2—1—3:4) '

SoruTtion (Method 2) Instead of first integrating (2.5.14) with respect to z, we could begin by integrating
(2.5.15) with respect to y to obtain

F(z,y) = a'y’ + 24 + ¢ (), (2.5.18)

where 4 is an arbitrary function of . To determine v, we assume that « is differentiable and differentiate
F with respect to z, which yields

Fo(z,y) = 42°y® + ¢/ (2).
Comparing this with (2.5.14) shows that
Y (z) = 32°.
Integrating this and again taking the constant of integration to be zero yields
Y(z) = 2°.

Substituting this into (2.5.18) yields (2.5.17).

Figure 2.5.1 shows a direction field and some integral curves of (2.5.13),

Figure 2.5.1. A direction field and integral curves for (4z3y* + 3z2?) dx
+ (3z"y* +6y%) dy =0

Here’s a summary of the procedure used in Method 1 of this example. You should summarize
procedure used in Method 2.

Procedure For Solving An Exact Equation
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Step 1. Check that the equation
M(z,y) dz + N(z,y)dy =0

satisfies the exactness condition M, = N,. If not, don’t go further with this procedure.

Step 2. Integrate

_ang, vy (z,y)

with respect to = to obtain

F(z,y) = G(z,y) + ¢(y),

where G is an antiderivative of M with respect to z, and ¢ is an unknown function of y.

Step 3. Differentiate (2.5.20) with respect to y to obtain

OF(z,) _ 9G(z.y)

o % + ¢’ (y)-

Step 4. Equate the right side of this equation to N and solve for ¢’; thus,

- / ) 0G(z,
%+¢(y)=N(w,y)» 50 ¢(y):N($’y)%'

(2.5.19)

(2.5.20)

Step 5. Integrate ¢’ with respect to y, taking the constant of integration to be zero, and substitute the

result in (2.5.20) to obtain F(z,y).

Step 6. Set F(x,y) = c to obtain an implicit solution of (2.5.19). If possible, solve for y explicitly as a

function of z.

Many equations can be conveniently solved by either of the two methods used in Example 2.5.3.
However, sometimes the integration required in one approach is more difficult than in the other. In such
cases we choose the approach that requires the easier integration.

ExampPLE 2.5.4

Solve the equation

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 79 of 125

It's a common mistake to omit Step 6. However, it's important to include this step, since F isn't itself a
solution of (2.5.19).



2 First Order Equations

(ye™ tan x 4 e™ sec® x) dx 4+ ze™ tan z dy = 0. (2.5.21)

Sorution We leave it to you to check that M, = N, on any open rectangle where tanz and sec z are
defined. Here we must find a function F such that

F,(z,y) = ye™ tanz + ™ sec’ x (2.5.22)

and

Fy(z,y) = ze™tanz. (2.5.23)

It's difficult to integrate (2.5.22) with respect to z, but easy to integrate (2.5.23) with respect to y. This
yields

F(z,y) = e"tanz + ¢(z). (2.5.24)

Differentiating this with respect to z yields

Fo(z,y) = ye™ tanz + e sec’ z + ¢ (x).

Comparing this with (2.5.22) shows that ¢’ (z) = 0. Hence, v is a constant, which we can take to be zero
in (2.5.24), and

etanx = ¢
is an implicit solution of (2.5.21). [

Attempting to apply our procedure to an equation that isn’t exact will lead to failure in Step 4, since the
function

won't be independent of z if M, # N, (Exercise 31), and therefore can’t be the derivative of a function of
y alone. Here's an example that illustrates this.

ExampLE 2.5.5
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Verify that the equation

3z%y* dz + 62°ydy = 0 (2.5.25)

is not exact, and show that the procedure for solving exact equations fails when applied to
(2.5.25).

SoLuTioN Here

M,(z,y) = 6z’y and N,(z,y) = 1827y,

so (2.5.25) isn't exact. Nevertheless, let’s try to find a function F such that

Fy(z,y) = 3z%y? (2.5.26)

and

F,(z,y) = 62°y. (2.5.27)

Integrating (2.5.26) with respect to z yields

F(z,y) = 2%y* + ¢(y),

and differentiating this with respect to y yields

Fy(z,y) = 22%y + ¢ ().

For this equation to be consistent with (2.5.27),

6%y = 223y + ¢’ (y),

or

¢’ (y) = 4z’y.

This is a contradiction, since ¢’ must be independent of z. Therefore the procedure fails.
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2.5 Exercises

In Exercises 1-17 determine which equations are exact and solve them.
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12.

13.
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622y* dr + 423y dy = 0

Show answer

—~

3ycosz + 4ze® + 2z2e%) dz + (3sinz + 3) dy =0

Show answer

14223 dx + 21222 dy = 0

Show answer

22 — 2y?) dx + (12y° — 4ay) dy = 0

—~

Show answer

z+y)’de+ (z+y)*dy=0

—~

Show answer

—~

dx + Ty)dz + 3z +4y)dy =0

Show answer

—2y?sinx + 3y® — 2z) dx + (4ycosx + 9zy?) dy = 0

—~

Show answer

—~

2+ y)dr+ (2y+2z)dy=0

Show answer

—~

3z2? + 2zy + 4y?) dz + (22 + 8zy + 18y) dy = 0

Show answer

22 + 8xy + y°) dx + (222 + 7y®/3) dy = 0

—~
~—

Show answer

\dst(L 4 2z) dz + (% +2y) dy=0

Show answer

ysin zy + xy? cos vy) dr + (z sinzy + xy® coszy) dy = 0

—~

Show answer

d
\dSt (z2i32z)3/2 + (121;2/)3/2 =0

Show answer
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14. (e*(2*y® + 2xy?) + 67) dx + (2x%ye® +2) dy =0
15. (.’L‘26x2+y(21‘2 +3) + 4:1:) dz + (z3em’+v —12y2) dy = 0

Show answer

16. (e™(z'y+ 42%) + 3y) dz + (z%e™ + 3z) dy = 0

Show answer

17. (3z2cosxy — xdysinzy + 4x) dx + (8y — zsinzy) dy = 0

—

Show answer

In Exercises 18-22 solve the initial value problem.
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18. (423y® — 62%y — 22— 3)dx + (2z'y — 223)dy =0, y(1)=3

—

Show answer

19.

—~

—4ycosz + 4sinz cosz +sec? z) dr + (dy —4sinz)dy =0, y(n/4)=0

Show answer

20. (3 —1)e®dz+3y*(e*+1)dy=0, y(0)=0

—~

Show answer

21.

—

sinx —ysinz —2cosz)dr 4+ coszdy=0, y(0)=1

Show answer

22,

—~

2 —1)(y—1)de+ (z+2)(x—3)dy=0, y(1l)=-1

Show answer

23. [CIG | Solve the exact equation

(7T + 4y) dx + (4= + 3y) dy = 0.

Plot a direction field and some integral curves for this equation on the rectangle

{-1<z<1,-1<y<1}.

Show answer

24. Solve the exact equation
e (z*y? + 423y + 1) dx + 2z ye” + 2y) dy = 0.
Plot a direction field and some integral curves for this equation on the rectangle
{—2<z<2,-1<y<1}.

Show answer
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25. Plot a direction field and some integral curves for the exact equation
(@3y* + 2)dz + (z'y> +y)dy =0

on the rectangle {-1 <z <1,—1 <y < 1}. (See Exercise 37(a)).

26. Plot a direction field and some integral curves for the exact equation
(322 4 2y) dz + 2y + 2z)dy =0

on the rectangle {—2 <z < 2,-2 <y < 2}. (See Exercise 37(b)).

27.

a. Solve the exact equation
(z’y* + 22) dz + (z'y® + 3y) dy = 0 (4)

implicitly.

b. For what choices of (zq,yo) does Theorem 2.3.1 imply that the initial value problem
(z’y" + 22) dz + (z'y’ + 3y) dy = 0, y(z0) = w0, (B)

has a unique solution on an open interval (a, ) that contains z,?

c. Plot a direction field and some integral curves for (A) on a rectangular region centered at
the origin. What is the interval of validity of the solution of (B)?
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2 First Order Equations

28.

a. Solve the exact equation
(z® + ) dz + 2zydy = 0 (A)

implicitly.

b. For what choices of (z,yo) does Theorem 2.3.1 imply that the initial value problem
(z* +9?) dz + 2zydy = 0,  y(zo) = Yo, (B)

has a unique solution y = y(x) on some open interval (a,b) that contains z,?

c. Plot a direction field and some integral curves for (A). From the plot determine, the interval
(a,b) of (b), the monotonicity properties (if any) of the solution of (B), and lim,_,,, y(z) and
lim,,, y(z). Hint: Your answers will depend upon which quadrant contains (zq, yo).

29. Find all functions M such that the equation is exact.
a. M(z,y)dz + (2> —y*)dy =0
b. M(z,y) dz + 2zysinz cosydy = 0

C. M(z,y)dx + (¢* —eYsinz)dy =0

Show answer

30. Find all functions N such that the equation is exact.
a. (z3y* + 2xy + 3y?) dx + N(z,y)dy =0
b. Inzy+ 2ysinz)dz + N(z,y)dy =0

C. (zsinz + ysiny)dz + N(z,y)dy =10

Show answer
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31.

32.

33.

34,

35.

2 First Order Equations

Suppose M, N, and their partial derivatives are continuous on an open rectangle R, and G is an
antiderivative of M with respect to z; that is,

oG
dr

Show that if M, # N, in R then the function

is not independent of z.

Prove: If the equations M, dz + N, dy = 0 and M, dz + N, dy = 0 are exact on an open rectangle R,
so is the equation

(M1 + Mz) dx + (N1 + NQ) dy = 0.
Find conditions on the constants A, B, C, and D such that the equation
(Az + By)dz + (Cx + Dy)dy =0

is exact.

Show answer

Find conditions on the constants A, B, C, D, E, and F such that the equation
(Az? + Bzy + Cy*) dx + (Dz* 4+ Exy + Fy*)dy =0

is exact.

Show answer

Suppose M and N are continuous and have continuous partial derivatives M, and N, that satisfy
the exactness condition M, = N, on an open rectangle R. Show that if (z,y) is in R and

T Y
F(:c,y)z/ M(s,y0)ds + | N(z,t)dt,

Yo

then F, = M and F, = N.
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37.

38.

39.

40.

2 First Order Equations

Under the assumptions of Exercise 35, show that

y T
F(z,y) = N(z, s) ds +/ M(t,y)dt.
To

Yo

Use the method suggested by Exercise 35, with (zo, o) = (0,0), to solve the these exact
equations:

a. (y'+2)dr + (z'y> +y)dy =0
b. (22 +y?) dx + 22ydy =0

C. (32° +2y)dz + 2y +22)dy =0

Show answer

Solve the initial value problem

Show answer

Solve the initial value problem

, 3 224 (42 — 3y)
V——y=rr 03 yl)=1
T 3x° + 3z° + 2y

Show answer

Solve the initial value problem

, e 3=+ 2ye“”2 _

Show answer
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41.

42.

43.

44,

2 First Order Equations

Rewrite the separable equation

as an exact equation
M(z,y)dz + N(z,y)dy = 0. (B)

Show that applying the method of this section to (B) yields the same solutions that would be
obtained by applying the method of separation of variables to (A)

Suppose all second partial derivatives of M = M(z,y) and N = N(z,y) are continuous and M dz
+ Ndy=0and —Ndz + Mdy =0 are exact on an open rectangle R. Show that M,, + M,, = N,
+ N, =00n R.

Suppose all second partial derivatives of F = F(z,y) are continuous and F,, + F,, = 0 on an open
rectangle R. (A function with these properties is said to be harmonic; see also Exercise 42.) Show
that —F, dz + F, dy = 0 is exact on R, and therefore there’s a function G such that G, = —F, and G,
= F, in R. (A function G with this property is said to be a harmonic conjugate of F.)

Verify that the following functions are harmonic, and find all their harmonic conjugates. (See
Exercise 43.)

(@) 2 —+* (b) e® cosy (c) z® — 3zy?

(d) cosz coshy (e) sinz coshy

Show answer

2.6 Exact Equations

In Section 2.5 we saw that if M, N, M, and N, are continuous and M, = N, on an open rectangle R then

M(z,y)dz+ N(z,y)dy =0 (2.6.1)

is exact on R. Sometimes an equation that isn’t exact can be made exact by multiplying it by an
appropriate function. For example,

(3z + 2y%) dz + 2zydy = 0 (2.6.2)

iS not exact, since M,(z,y) = 4y + N,(z,y) = 2y in (2.6.2). However, multiplying (2.6.2) by z yields
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(3;1:2 —+ 2xy2) dz + 22y dy = 0, (2.6.3)

which is exact, since M, (z,y) = N,(z,y) = 4zy in (2.6.3). Solving (2.6.3) by the procedure given in
Section 2.5 yields the implicit solution

z3 + x2y2 =c.

A function p = u(z,y) is an integrating factor for (2.6.1) if

w(z,y)M(z,y) dx + p(z,y)N(z,y) dy = 0 (2.6.4)

is exact. If we know an integrating factor  for (2.6.1), we can solve the exact equation (2.6.4) by the
method of Section 2.5. It would be nice if we could say that (2.6.1) and (2.6.4) always have the same
solutions, but this isn’'t so. For example, a solution y = y(z) of (2.6.4) such that u(z, y(z)) = 0 on some
interval a < z < b could fail to be a solution of (2.6.1) (Exercise 1), while (2.6.1) may have a solution y

= y(x) such that u(z, y(z)) isn’'t even defined (Exercise 2). Similar comments apply if y is the independent
variable and z is the dependent variable in (2.6.1) and (2.6.4). However, if u(z,y) is defined and nonzero
for all (z,y), (2.6.1) and (2.6.4) are equivalent; that is, they have the same solutions.

Finding Integrating Factors

By applying Theorem 2.5.2 (with A and N replaced by pM and uN), we see that (2.6.4) is exact on an
open rectangle R if uM, uN, (uM),, and (uN), are continuous and

0 0
a—y(uM) = %(/LN) or, equivalently,  p,M + pM, = N + uN,

on R. It's better to rewrite the last equation as

p(My — Ng) = paN — pyM, (2.6.5)

which reduces to the known result for exact equations; that is, if M, = N, then (2.6.5) holds with =1,
S0 (2.6.1) is exact.

You may think (2.6.5) is of little value, since it involves partial derivatives of the unknown integrating
factor i, and we haven't studied methods for solving such equations. However, we’'ll now show that
(2.6.5) is useful if we restrict our search to integrating factors that are products of a function of z and a
function of y; that is, u(z,y) = P(z)Q(y). We're not saying that every equation M dx + N dy = 0 has an
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integrating factor of this form; rather, we're saying that some equations have such integrating
factors.We’'llnow develop a way to determine whether a given equation has such an integrating factor,
and a method for finding the integrating factor in this case.

If p(2,y) = P(z)Q(y), then p,(z,y) = P'(2)Q(y) and p,(z,y) = P(z)Q’(y), S0 (2.6.5) becomes

P(z)Q(y)(My — N;) = P'(2)Q(y)N — P(z)Q’(y) M, (2.6.6)

or, after dividing through by P(x)Q(y),

_ Pl(z) Q' (y)
M,— N, = o) N — W) M. (2.6.7)
Now let
'(z) Q' (y)

S0 (2.6.7) becomes
M, — N, =p(z)N —q(y)M. (2.6.8)

We obtained (2.6.8) by assuming that M dx + N dy = 0 has an integrating factor u(z,y) = P(z)Q(y).
However, we can now view (2.6.7) differently: If there are functions p = p(x) and ¢ = ¢(y) that satisfy
(2.6.8) and we define

P(z) = +e/P@)dr and  Q(y) = +el MW W, (2.6.9)

then reversing the steps that led from (2.6.6) to (2.6.8) shows that u(z,y) = P(z)Q(y) is an integrating
factor for M dx + N dy = 0. In using this result, we take the constants of integration in (2.6.9) to be zero

and choose the signs conveniently so the integrating factor has the simplest form.

There’s no simple general method for ascertaining whether functions p = p(z) and ¢ = ¢(y) satisfying
(2.6.8) exist. However, the next theorem gives simple sufficient conditions for the given equation to
have an integrating factor that depends on only one of the independent variables z and y, and for
finding an integrating factor in this case.

THEOREM 2.6.1

Let M, N, M,, and N, be continuous on an open rectangle R. Then:
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a. If (M, — N,)/N is independent of y on R and we define

then
ulz) = el P&

is an integrating factor for

on R.

b. If (N, — M,)/M is independent of z on R and we define

then
'u(y) = iGIQ(y) dy

is an integrating factor for (2.6.11) on R.

M(z,y)dz + N(z,y)dy =0

(2.6.10)

(2.6.11)

(2.6.12)

Proor (a) If (M, — N,)/N is independent of y, then (2.6.8) holds with p = (M, — N,)/N and ¢ = 0.

Therefore

P(z) = +e/P@ 4 and  Q(y) = el MWW = 40 = 41,

S0 (2.6.10) is an integrating factor for (2.6.11) on R.

(b) If (N, — M,)/M is independent of z then eqrefeq:2.6.8 holds with p=0and ¢ = (N, — M,)/M, and a

similar argument shows that (2.6.12) is an integrating factor for (2.6.11) on R.

The next two examples show how to apply Theorem 2.6.1.

ExampLE 2.6.1
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Find an integrating factor for the equation

(2zy® — 223y® — 4xy® + 22) de + (32%y* + 4y) dy =0 (2.6.13)

and solve the equation.

SovruTion In (2.6.13)

M = 2zy® — 223y — dzy® + 22, N = 322y + 4y,

and

M, — N, = (6zy® — 6z3y* — 8zy) — 62y* = —62°y* — 8y,

S0 (2.6.13) isn’'t exact. However,

M, — N, 623y + Szy _

= — =2z
N 3z2y? + 4y

is independent of y, so Theorem 2.6.1(a) applies with p(z) = —2z. Since

/p(as)dm:—/Q:rdac:—xQ,

u(z) = e~ is an integrating factor. Multiplying (2.6.13) by . yields the exact equation
e (22y® — 22%y° — dzy? + 22) da + e (32 + y) dy = 0. (2.6.14)
To solve this equation, we must find a function F such that
Fo(z,y) = e (2zy® — 2239° — dzy® + 2x) (2.6.15)
and
Fy(z,y) = e (3224 + 4y). (2.6.16)

Integrating (2.6.16) with respect to y yields
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F(z,y) = e (a®y® + 2¢%) + (). (2.6.17)
Differentiating this with respect to z yields
Fy(z,y) = e " (229" — 22%y’ — day’) + ¥/ (a).

Comparing this with (2.6.15) shows that ' (z) = 2ze—*"; therefore, we can let ¢(z) = —e " in (2.6.17) and
conclude that

e (P(z*y+2)—1)=c

is an implicit solution of (2.6.14). It is also an implicit solution of (2.6.13).

Figure 2.6.1 shows a direction field and some integal curves for (2.6.13),

Figure 2.6.1. A direction field and integral curves for (2zy? — 2z3y?
—4xy? + 2z) dz + (3x2y? + 4y) dy = 0

ExAmpPLE 2.6.2
Find an integrating factor for

2zy3 dr + (32%y* + 2%y3 + 1) dy = 0 (2.6.18)

and solve the equation.

SovruTion In (2.6.18),
M =2zy®, N =322+ 2% +1,
and
M, — N, = 6zy® — (6zy> + 2zy°) = —221°,

S0 (2.6.18) isn't exact. Moreover,
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M,— N, 2ay?
N 322422241

is not independent of y, so Theorem 2.6.1(a) does not apply. However, Theorem 2.6.1(b) does apply,
since

is independent of z, so we can take ¢(y) = 1. Since

/q(y)dy=/dy=y,

u(y) = ¥ is an integrating factor. Multiplying (2.6.18) by  yields the exact equation
2zye? dz + (3zy® + 2%y + 1)eV dy = 0. (2.6.19)

To solve this equation, we must find a function F such that

Fy(z,y) = 2zy°e? (2.6.20)
and
F(z,y) = (3z%y* + 2%y® + 1)ev. (2.6.21)
Integrating (2.6.20) with respect to = yields
F(z,y) = *y’e’ + é(y). (2.6.22)

Differentiating this with respect to y yields

F, = (32" + z%y°)e? + ¢' (),

and comparing this with (2.6.21) shows that ¢’(y) = ev. Therefore we set ¢(y) = ev in (2.6.22) and
conclude that

(®y® +1)e¥ = ¢
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is an implicit solution of (2.6.19). It is also an implicit solution of (2.6.18). Figure 2.6.2 shows a direction
field and some integral curves for (2.6.18). [

Figure 2.6.2. A direction field and integral curves for 2zyeY dx + (3x%y?
+ 22y +1)evdy =0

Theorem 2.6.1 does not apply in the next example, but the more general argument that led to
Theorem 2.6.1 provides an integrating factor.

ExampLE 2.6.3

Find an integrating factor for

(3zy + 6y°) dz + (22° + 9zy) dy = 0 (2.6.23)

and solve the equation.

SocuTion In (2.6.23)
M = 3zy + 63>, N = 2z° + 9z,
and
M, — N, = 3z + 12y) — (42 + 9y) = —z + 3y.

Therefore

My_Nx —m+3y d Nx_My 1’—3y
= an = 5
M 3zy + 612 N 2z2 + 9zy

so Theorem 2.6.1 does not apply. Following the more general argument that led to Theorem 2.6.1, we
look for functions p = p(z) and q = ¢(y) such that

M, — N, =p(z)N — q(y)M;

that is,

—z + 3y = p(z)(22® + 9zy) — q(y) (Bzy + 61°).
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Since the left side contains only first degree terms in = and y, we rewrite this equation as
zp(z)(2z + 9y) — ya(y) 3z + 6y) = —z + 3.

This will be an identity if

zp(z) = A and yq(y) = B, (2.6.24)
where A and B are constants such that
—z + 3y = A(2z + 9y) — B(3z + 6y),
or, equivalently,
—z 43y = (2A—3B)z + (9A — 6B)y.

Equating the coefficients of =z and y on both sides shows that the last equation holds for all (x,y) if

24— 3B= —1
9A—6B= 3,

which has the solution A =1, B = 1. Therefore (2.6.24) implies that
1
p(z)=— and q(y)=—.
X
Since
/p(w) dr =Inl|z| and /Q(y) dy = Inly],

we can let P(z) = z and Q(y) = y; hence, u(z,y) = zy is an integrating factor. Multiplying (2.6.23) by x
yields the exact equation

(3z%y? + 6xy®) dz + (223y + 92%y?) dy = 0.

We leave it to you to use the method of Section 2.5 to show that this equation has the implicit solution
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3yt 4+ 327 = c. (2.6.25)

This is also an implicit solution of (2.6.23). Since = = 0 and y = 0 satisfy (2.6.25), you should check to
see that z = 0 and y = 0 are also solutions of (2.6.23). (Why is it necesary to check this?)

Figure 2.6.3 shows a direction field and integral curves for (2.6.23).
See Exercise 28 for a general discussion of equations like (2.6.23).

Figure 2.6.3. A direction field and integral curves for (3zy + 6y?) dz
+ (222 + 9zy) dy = 0

ExampLE 2.6.4

The separable equation

—ydz+ (z+ 2% dy=0 (2.6.26)
can be converted to the exact equation
Wy L g (2.6.27)
z + 6 y

by multiplying through by the integrating factor

1

wz,y) = PEETOR

However, to solve (2.6.27) by the method of Section 2.5 we would have to evaluate the nasty
integral

/ dx
x4+ a6’

Instead, we solve (2.6.26) explicitly for y by finding an integrating factor of the form p(z,y) = z2yb.
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Figure 2.6.4. A direction field and integral curves for —ydz + (z + z5) dy
=0

SovruTion In (2.6.26)
M=—y, N=x+z5
and
M, — N, =—1—(1+6z°) = —2 — 62°.
We look for functions p = p(x) and ¢ = ¢(y) such that
M, — N = p(x)N — q(y)M;
that is,
—2—62° = p(z)(z + %) + q(v)y. (2.6.28)
The right side will contain the term —62° if p(z) = —6/z. Then (2.6.28) becomes
—2 — 625 = —6 — 62° + q(y)y,

S0 q(y) = 4/y. Since
1
/p(x)d:c: f/gdas = —61n|z| :IHF,
and
4 4
aw)dy = [~ dy=4dlnfy| =Iny’,

we can take P(z) = =% and Q(y) = »*, which yields the integrating factor u(z,y) = 2~%y*. Multiplying
(2.6.26) by p yields the exact equation

5 4
—y—Gd:r—i— (y_5 +y4> dy = 0.
X X
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We leave it to you to use the method of the Section 2.5 to show that this equation has the implicit
solution

Solving for y yields

y=kYox(1+ 2515,

which we rewrite as

y = cx(l+z°) /P

by renaming the arbitrary constant. This is also a solution of (2.6.26).

Figure 2.6.4 shows a direction field and some integral curves for (2.6.26).
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2.6 Exercises

1.

a. Verify that u(z,y) = y is an integrating factor for

1
ydas—}—(?ac—}—;) dy=10 (A)

on any open rectangle that does not intersect the z axis or, equivalently, that
y*dr+ (2zy+1)dy =0 (B)

is exact on any such rectangle.

. Verify that y = 0 is a solution of (B), but not of (A).

. Show that

yley +1) =c (©)

is an implicit solution of (B), and explain why every differentiable function y = y(z) other than
y = 0 that satisfies (C) is also a solution of (A).

. Verify that u(z,y) = 1/(z — y)? is an integrating factor for

—y?dz +2?dy =0 (A)

on any open rectangle that does not intersect the line y = z or, equivalently, that

is exact on any such rectangle.

. Use Theorem 2.2.1 to show that

is an implicit solution of (B), and explain why it's also an implicit solution of (A)

c. Verify that y = z is a solution of (A), even though it can’t be obtained from (C).
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2 First Order Equations

In Exercises 3—16 find an integrating factor; that is a function of only one variable, and solve the given
equation.
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11.

12.

13.

14.

15.

2 First Order Equations

ydr —xdy=20

Show answer

3z2ydx + 223dy =0

Show answer

. 23de + 32 dy =0

Show answer

—~

Szy+2y+5)dr+2xdy=0

Show answer

—~

zy+r+2y+1)de+ (z+1)dy=0

Show answer

27xy* + 8y®) dx + (18z%y + 12292) dy = 0

—~

Show answer

6y + 2y) dz + (1222%y + 62+ 3)dy = 0

—~

Show answer

vy de + \dst(my2 + 3zy + %) dy=0

Show answer

1223y + 242%y?) dx + (92* + 3223y + 4y) dy = 0

—~

Show answer

22y +dzy + 2y)dr + (22 +x)dy =0

—~

Show answer

—ydz + (z* —x)dy =0

Show answer

cosx cosydr +

—~

sinzcosy—sinzsiny +y)dy =0

Show answer

—~

2xy + y?) dx + (2zy + 22 — 222y% — 22y3) dy =0

Show answer
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2 First Order Equations

16. ysinydz + z(siny — ycosy) dy =0

Show answer

In Exercises 17-23 find an integrating factor of the form u(z,y) = P(z)Q(y) and solve the given equation.

17. y(1+5In|z|)dz + 4zln|z|dy =10

Show answer

18.

—~

ay +yzy) dz + (Bz + dzy) dy = 0

Show answer

19. (322 — 4> +y

—~
=

dz 4+ (—zy+2z)dy =0

Show answer

20. 2ydz +3(2® +2%®)dy=0

Show answer

21.

—

acoszy — ysinzy) dr + (bcoszy — xsinzy) dy = 0

Show answer

22. ztytde + 253 dy =0

Show answer

23. y(zcosz +2sinz)dr+ z(y+ 1)sinzdy =0

<

Show answer

In Exercises 24-27 find an integrating factor and solve the equation. Plot a direction field and some
integral curves for the equation in the indicated rectangular region.
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2 First Order Equations

24. (CIG| (2% +y)dz+ (259 —2)dy=0; {-1<2<1,-1<y<1}

Show answer

25. |CIG | (Bzy+2y2 +y)dz+ (22 +2zy+ 2z +2y)dy=0; {—2<2<2-2<y<2}

Show answer

26. |CIG | (12xy+ 6y®)dz + (922 + 102y?)dy =0; {-2<z<2,-2<y<2}

Show answer

27. |CIG | (32%? +2y)dr +2xdy=0; {—4<x<4 -4<y<4}

Show answer

28. Suppose a, b, ¢, and d are constants such that ad — bc # 0, and let m and » be arbitrary real
numbers. Show that

(az™y + by" ) da + (cx™! + dzy™) dy = 0

has an integrating factor u(z,y) = 2.
29. Suppose M, N, M,, and N, are continuous for all (z,y), and x = u(z,y) is an integrating factor for
M(z,y)dz + N(z,y) dy = 0. (A)
Assume that x, and p, are continuous for all (z,y), and suppose y = y(z) is a differentiable function

such that u(z,y(z)) = 0 and u,(z,y(x)) # 0 for all z in some interval 1. Show that y is a solution of
(A)on 1.
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2 First Order Equations

30. According to Theorem 2.1.2, the general solution of the linear nonhomogeneous equation

¥ +p(x)y = f(z) (A)

v=u(@ (c+ [ )/ ). ®)

where y; is any nontrivial solution of the complementary equation y” + p(x)y = 0. In this exercise
we obtain this conclusion in a different way. You may find it instructive to apply the method
suggested here to solve some of the exercises in Section 2.1.

a. Rewrite (A) as
[p(z)y — f(z)]dz + dy = 0, (©)

and show that . = +e/?® % is an integrating factor for (C).

b. Multiply (A) through by x = +e/?(® ¢ and verify that the resulting equation can be rewritten
as

Then integrate both sides of this equation and solve for y to show that the general solution
of (A) is

yzua)G+/#mmww@.

Why is this form of the general solution equivalent to (B)?

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 107 of 125


http://localhost:4000/differentialEquations/2-1-linear-first-order-equations/#thmtype-2-1-2

2 First Order Equations

Chapter 2 First Order Equations

2.1 Linear First Order Equations

4 \dsty = Zr

5y=ce'”

6 \dsty = ——

7 \dsty = o5

8 \dsty = iz

9 y=2(1+2?%
10 y=3z7*

12 \dsty = + +ce ™™
13 \dsty = 2 4 Ze”
14 \dsty = e’ (2—2 + c)

15 y= —\dst 52

1422

16 \dsty= 122 4 3o 4 £
17 y=(z—1)*(Injz — 1| —cosz + c)
3

18 = (£42)

Q\dsty:%—l—%%—ﬁ

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 108 of 125


http://localhost:4000/differentialEquations/2-1-linear-first-order-equations/
http://localhost:4000/differentialEquations/2-1-linear-first-order-equations/#exer-2-1-1
http://localhost:4000/differentialEquations/2-1-linear-first-order-equations/#exer-2-1-2
http://localhost:4000/differentialEquations/2-1-linear-first-order-equations/#exer-2-1-3
http://localhost:4000/differentialEquations/2-1-linear-first-order-equations/#exer-2-1-4
http://localhost:4000/differentialEquations/2-1-linear-first-order-equations/#exer-2-1-5
http://localhost:4000/differentialEquations/2-1-linear-first-order-equations/#exer-2-1-6
http://localhost:4000/differentialEquations/2-1-linear-first-order-equations/#exer-2-1-7
http://localhost:4000/differentialEquations/2-1-linear-first-order-equations/#exer-2-1-8
http://localhost:4000/differentialEquations/2-1-linear-first-order-equations/#exer-2-1-9
http://localhost:4000/differentialEquations/2-1-linear-first-order-equations/#exer-2-1-10
http://localhost:4000/differentialEquations/2-1-linear-first-order-equations/#exer-2-1-11
http://localhost:4000/differentialEquations/2-1-linear-first-order-equations/#exer-2-1-12
http://localhost:4000/differentialEquations/2-1-linear-first-order-equations/#exer-2-1-13
http://localhost:4000/differentialEquations/2-1-linear-first-order-equations/#exer-2-1-14
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2 First Order Equations

20 y= (z+c)cosz

21 \dsty = s

22 \dsty = — 3 4 el
E y= ($+C>€75inzz

24 y=\dst5 — & + 5.

T T

e3T_o—Tx

25 y = \dst—;

26 \dst22

|N
N

y=\dstsln (45)
28 \dsty = +(sinz + cscz)

Q \dSty: 21n |z| + %_%

T

30 y=(z—1)3[In(l —z) — cos ]
31 \dsty =222+ & (0,00)

32 y=22(1—Inz)

33 \dsty =+ 4+ S

34 \dsty = lnlzf(lml_;lt?inwl

35 \dsty = Llete+l

S
36 \dsty = (2 — 1) <éln|x2—1| _4>
37 \dsty = —(2% —5) (7 + In |22 — 5|)
38 \dsty = e (34 [ %" dt)

39 \dsty = = (2 + [, L dt)

40 \dsty = e~ [} 22t gy
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2 First Order Equations

41 \dsty = L (14 [ 157 dt)

42 \dsty = L (2e~(1) 4 e~ [T eter” dt)

43 G =\dst§ + (Go — §) e ™ limy o G(t) = \dst

45 (a) \dsty = yoe ") 4 e~ [7 e f(t) dt

48 (a) \dsty = tan ' (4 +ce®)  (b) y=2\dst[In (\dstL + \dst5)]"*
(c)
\dsty = exp (22 + %)

(d)

\dSty =—1+ c+3fn\z\
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2 First Order Equations

2.2 Separable Equations

1y=2++2@3+22+x+c0)

2 In(|siny|) = cosz +¢; y=km, k= integer

543 +3siny+Injy+In(l+z2)+tanz=c;y=0
c \2)\1/2,
§y=:|:\dst(1+(m)) Ty =+1
Z\dsty:tan(’”g—z—l—c)
8 y=\dst i
12
9 \dsty = <=2 =1

1—cele-1?/2"

10 \dsty =1+ (3302 + 9z +¢)'/3

11 \dsty=2+\/%m3+3x2+4x— b
~(?-9)/2

12 \dsty = =

13 y* + 292+ 2?2 +sinz =3

14 \dst(y+ 1)(y— 1) 3(y — 2)? = —256(x + 1)°

15 y=—1+3e

16 y— \dst——L—
18y =\dst 7=
17 y=-1; (—o0,00)

18 \dsty = 450 (—o0,o0)

19 \dsty = —1+Vdz*-15 312*15 ; (3@, OO)
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2 First Order Equations

23 y=3\dst(£4)"% (—00,2)

24 y = \dst{=<

N

25 y= —zxcosc++V1—x2sinc; y=1;y=—1

|N
[*2]

y=—x+3mw/2

28 P= \dstm; lim¢ 0o P(t) = 1/

29 1 = \dst gz

§Q”qzrsmenlz\Mhﬁ%;mwhmHmKﬂ:JL”q#R&ﬂwn IZ\%ﬁﬂd%EWp”q<T&

then lim; oo I(t) = a = S — \dstZ

if
q>rS,
then
limy 00 I(2)

34 \) is only supported in math mode

|00
(3]

y=e* (—1 + V22 + c)

|00
[o2]

y:$2(—1+\/3:2——i—c)

37 y=e€"(—1+ (3ze” + 0)1/3)

|00
[ee]

y=e*(1+Vc—z?)
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2 First Order Equations

(b) v:

g(z)

= h(z)/z*
(c) v

= e y

9(z)
= e"h(x)
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2 First Order Equations

2.3 Existence and Unigueness of Solutions of Nonlinear
Equations

1 (@), (b) zo + kr (k = integer)
2 (a), (b) (z0,50) # (0,0)

3 (a), (b) zoyo # (2k+ 1)5 (k= integer)
4 (a), (b) zoyo > 0and xoyy # 1

5 (@) all (z0,50) (b) (0, 0) With yo # 0
6 (a), (b) all (zo, o)

7 (a), (b) all (zo, yo)

8 (a), (b) (zo,yo) such that z, # 4y,

9 (a) all (zo, o) (b) all (xo,70) # (0,0)

10 (a) all (zo, o)
(b) all (o, yo) with yo # +1

11 (a), (b) all (o, 70)
12 (a), (b) all (xq,yo) such that x4 + yo > 0

13 (a), (b) all (z¢,yo) With zyg # 1, yo # (2k+ 1)\dst5 (k = integer)
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2 First Order Equations

16 \dsty = (£z + 1)5/3, —o0 < = < o0, IS a solution.

Also,

is

a
solution,
For
every
\dsta > %,
the
following
function
is

also

a
solution:

17 (a) all (zo,y0) (b) all (20, yo) With yo # 1
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2 First Order Equations

18y =1,y =1+ |z)% ys=1— |z’ yu=1+2% ys =1 — 23

1+2% z>0,
1, z <0

Y7
1—2z% 2>0
= \dst ’ =
\ds 1, z <0
1, >0,

1+23, <0

1, z >0,
1—2% <0

19 \dsty =1+ (22 +4)%32, —oco<z< 0
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2 First Order Equations

20 (a) The solution is unique on (0, 00). It is given by

={ _ (b)

\dsty = is a solution of (A) on (—oo, o). If a > 0, then

y= and

y= are also solutions of (A) on (—oo, o).
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2 First Order Equations

2.4 Transformation of Nonlinear Equations into Separable
Equations

1y=\dst—=

1—ce®
2 y=2"(c—1Inlz|)"/"
3 y=e*(c—1/z)?

4 Y= :]:\dSt V2ztc

1+a2
5y=+(1—a2+ 06712)71/2

6 y = \dst |5t ]

— 2V3
1 y=\dst——==

8 y=\dst[l — Se*1/4]

1
9 y=\dstorgmym

10 y = (2¢" —1)?

11 y= (2" —1—122)'/3

12 y— \dst [z

13 y= (4e"? —z —2)?
co if L=0,

_ . Pyet . . _ . _
14 P= \dbt—1+apo et dr lim; 0 P(t) = \dst 0 if L =o0,
1/aL i 0< L < 0.

15 y=z(ln|z| + ¢)

2

16 y=\dsts*> y= -z

l—cx

17 y = +z(4ln|z| + )4
18 y = zsin !(In|z| + ¢)

19 y = ztan(ln|z| +¢)
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2 First Order Equations

20 y=4aVer? —1
21 y=+zn(Infz| +c)
22 y=—\dstm2|§m
23 y==z(3lnz +27)/3

24 y=\dst (972_904)1/2

25 y=—=x
26 y=—\dst I((2tz:3?;)
27 y=xvV4z6 -1

28 \dsttan! £ — L In(@® +4?) =

9 (z+yln|z|+y(l—Inly)+cx=0

|w
o

(y+ )% =32*(In|z| + ¢)

(<]

1(y+z)=cly—=z)* y==z y=—=x

32 y’(y—3z)=¢ y=0;y=3z

|00
W

3
34 \dstL + & =Injz|+c

40 Choose X, and Y; so that

aXo +1
cXyg+d

42 (y+z-1)(y—2-5°=c y=a+5 y=-z+1
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2 First Order Equations

44 (y; = z'3) y =z (In[z| + ¢) 1/

45 y; = 2% y = +23Vexb — 1

2(1+czt) 9
Tt Y= 7T

46 y, = 2% y = \dst=—rpr

47 y; =€ y=—\ds tﬂ; y=—2¢e"

1—cex

48 y; = tanz; y = tanz tan(ln|tanz| + c)

4
49 y1=lnx; y= \dst—2lnﬂffia—£$;z) ) i y=—2lnz

50 y; = 2% y = 2V/2(—2 + \/In[z[ +¢)
51 y, =% y26x2(—1:|:\/2:c2+c)

53 y= \dst—75+\/m

212
1
56 y =1+ \dst o

57 y=e" — \dst——

1+ce’1

58 y=1—\dst—=—

(1— cz)

59 y=1x— \dst Z?frc
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2 First Order Equations

2.5 Exact Equations

12232 =c
2 3ysinz + 2x%e* + 3y =c
3 Not exact
4 22— 2z +4y3 =c
Sz+y=c
6 Not exact
7 2y%cosz + 3z — 22 =¢
8 Not exact
9 23+ 2ly+dx® + 92 =c
10 Not exact
11 In|zy|+ 22 +9y* =c
12 Not exact
13 22+ ¢y’ =¢
14 %y’e” + 2y + 322 =¢
15 23t — 4y + 222 = ¢
16 z*e™ +3zy=—c

17 z3coszy+4y> + 222 =c

18 y = \dst &tV tde 1

19 y=sinz — \dsty/1 — 222

m \dSty — (el'fl )1/3

er+1
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2 First Order Equations

21 y=1+2tanzx

|N
N

_ 2°—z+6
y = \dst (z+2)(z+f3)

23 \dst%xz + dzy + 37y2 =c
24 (z'y*+1)e"+y2 =c

29 (@) M(z,y) = 2zy + f(z) (b) M(x,y) = 2(sinx + z cos ) (ysiny + cosy) + f(z)

30 (a) N(z,y) = \dst S + 2 + 6zy + g(y) (b) N(z,9) = \dst + 2ysinz + g(y)

(c)
N(z,y)
= z(siny
+ ycosy)
+9(y)

33 B=C
34 B=2D, E=2C

37 (@) 222+ z*y* + P =c(b) 23 + 322 =c(C) 2 + 92 + 2zy = ¢

38 y

—1—\dst

_ —3(224+1)+Vv9zi+34a2+21
39 y= ZI:3\dSt( > )

40 y= fe_”z\dst (2“— V39_59”2)
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2 First Order Equations

44 (a) G(z,y) = 2zy +c (b) G(z,y) = e"siny + ¢

(c)

G(z,y)

= 3z%y

_ y3

+c

(d)

G(z,y)

= —sinzsinhy

+c

(e)
G(z,y)
= cosxsinhy

+c
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2 First Order Equations

2.6 Exact Equations

3 p(z) =1/2% y=czand u(y) = 1/y*; 2= cy
4 p(z) =a %2 2¥Py=c

5 u(y) =1/y% y’e* =c

6 p(z) =€ ¥ P(zy+1) =c

T

7 p(z)=e" e(zy+y+z)=c
8 u(@) ==; 2?y*(9z +4y) =c
9 uly) =y y’Ba’y+22+1)=c
10 u(y) = ye¥; e(zy’ +1) =c
11 u(y) = v ¥*(Bz" + 82’y +y) = ¢
12 u(z) = ze”; 2?y(z+1)e* =c
13 pu(z) = (2® —1)7Y3; ay(@® —1)P=candz=1
14 pu(y) = e¥; e¥(sinzcosy+y—1) =c
15 p(y)=e ¥ aye V(z+y) =c
16 \dst= = c and y = kx (k = integer)
17 p(z,y) = 2'y®; 2%y nz = c
18 u(z,y) = 1/zy; |z|°[y|Pe"e =cand 2 =0,y =0
19 u(z,y) =22y 3 32?2y’ +y=1+cry*and z=0,y=0

20 \dstu(z,y) =22y —2 4+ +3Injyl=candz=0,y=0

21 p(z,y) = ee; e®et cosay = ¢

|N
N

p(z,y) = -4y 3 (and others) zy=c
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2 First Order Equations

23 p(x,y) = ze¥; xyeYsinz = ¢

24 ;(z) = 1/z% \dstz—? —\dstZ =c¢

|N
[3)]

@) =a+1; yla+ D)2(e+y) = c

|N
o

w(x,y) = 2*y% 2*y* Bz +2y°) = ¢

27 p(z,y) =2 2y 2% 3x%y=cey+2and z =0,y =0
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