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IN THIS CHAPTER we discuss boundary value problems and eigenvalue problems for linear second
order ordinary differential equations.

Section 13.1 discusses point two-point boundary value problems for linear second order ordinary
differential equations.

Section 13.2 deals with generalizations of the eigenvalue problems considered in Section 11.1

677

Answers to selected exercises in this chapter

13.1 Two-Point Boundary Value Problems

In Section 5.3 we considered initial value problems for the linear second order equation
Py(x)y” + Pi(z)y’ + Py(z)y = F(x). (13.1.1)

Suppose Py, P, P,, and F are continuous and P, has no zeros on an open interval (a,b). From
Theorem 5.3.1, if z, is in (a,b) and k; and &, are arbitrary real numbers then (13.1.1) has a unique
solution on (a,b) such that y(z¢) = k; and y’(z¢) = k2. Now we consider a different problem for (13.1.1).

PROBLEM Suppose Py, P;, P,, and F are continous and P, has no zeros on a closed interval [a, b].
Let o, 3, p, and ¢ be real numbers such that

a?+B%2#0 and p*+ 8% #0, (13.1.2)
and let k; and k. be arbitrary real numbers. Find a solution of
Py(z)y” + Pi(x)y’ + Py(x)y = F(z) (13.1.3)

on the closed interval [a, b] such that
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ay(a) + By ' (a) = k (13.1.4)
and
py(b) + 3y’ (b) = k. (13.1.5)

The assumptions stated in this problem apply throughout this section and won't be repeated. Note that
we imposed conditions on Py, P;, P,, and F on the closed interval [a,b], and we are interested in
solutions of (13.1.3) on the closed interval. This is different from the situation considered in Chapter 5,
where we imposed conditions on Py, P;, P,, and F on the open interval (a,b) and we were interested in
solutions on the open interval. There is really no problem here; we can always extend Py, P;, P,, and F
to an open interval (¢, d) (for example, by defining them to be constant on (c,d] and [, d)) so that they
are continuous and P, has no zeros on [c,d]. Then we can apply the theorems from Chapter 5 to the
equation

” Pl(m) ’ PZ(£> _ F(ZL‘)
VTRl TR@YT BE

on (c,d) to draw conclusions about solutions of (13.1.3) on [a, b].

We call a and b boundary points. The conditions (13.1.4) and (13.1.5) are boundary conditions, and the

problem is a two-point boundary value problem or, for simplicity, a boundary value problem. (We used
similar terminology in Chapter 12 with a different meaning; both meanings are in common usage.) We
require (13.1.2) to insure that we're imposing a sensible condition at each boundary point. For example,
if o? + 82 =0then a= =0, SO ay(a) + By’(a) = 0 for all choices of y(a) and y’(a). Therefore (13.1.4) is an
impossible condition if k; # 0, or no condition at all if k&; = 0.

We abbreviate (13.1.1) as Ly = F, where

Ly = Py(z)y” + Pi(z)y" + Po(x)y,

and we denote

Bi(y) = ay(a) + By’ (a) and  Bs(y) = py(b) + oy (b).

We combine (13.1.3), (13.1.4), and (13.1.5) as

Ly=F, By (y) = k1, Bs(y) = ko. (13.1.6)

This boundary value problem is homogeneous if F =0 and k; = k, = 0; otherwise it's nonhomogeneous.
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We leave it to you (Exercise 1) to verify that B; and B, are linear operators; that is, if ¢; and ¢, are
constants then

Bi(c1y1 + caya) = c1Bi(y1) + c2Bi(y2), i=1,2. (13.1.7)

The next three examples show that the question of existence and uniqueness for solutions of boundary
value problems is more complicated than for initial value problems.

ExampLE 13.1.1

Consider the boundary value problem

The general solution of y” + y=1is

y=1+4cysinz + cocosz,

so y(0) = 0 if and only if ¢; = —1 and y(n/2) = 0 if and only if ¢; = —1. Therefore

y=1—sinx —coszx

is the unique solution of the boundary value problem.

ExampLE 13.1.2

Consider the boundary value problem

Again, the general solution of y” + y=11is

y=14cysinz + cocosz,

so y(0) = 0 if and only if ¢; = —1, but y(=) = 0 if and only if ¢c; = 1. Therefore the boundary value
problem has no solution.
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ExampLE 13.1.3

Consider the boundary value problem

vy’ +y=-sin2z, y(0)=0, y(r)=0.

You can use the method of undetermined coefficients (Section 5.5) to find that the general
solution of y” + y = sin 2z is

sin 2x .
Yy=— 3 +cisinx 4+ copcosx.

The boundary conditions y(0) = 0 and y(=) = 0 both require that ¢, = 0, but they don’t restrict c;.
Therefore the boundary value problem has infinitely many solutions

sin 2z

== + ¢y sinz,

where ¢, is arbitrary.

THeorem 13.1.1

If 2; and z, are solutions of Ly = 0 such that either B;(z;) = Bi(z2) = 0 Or By(21) = Ba(22) = 0, then
{z1, 22} is linearly dependent. Equivalently, if {21, 2,} is linearly independent, then

B%(Zl) + B%(ZQ) 7é 0 and Bg(zl) + B%(ZQ) 75 0.

Proor Recall that B, (z) = az(a) + 82’ (a) and a? + B2 # 0. Therefore, if Bi(z1) = Bi(z2) = 0 then («, p) is a
nontrivial solution of the system

azi(a) + Bz(a)

0
azy(a) + B2'(a) =0

This implies that

z1(a)z3(a) — z1(a)z2(a) = 0,
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SO {z1, 22} Is linearly dependent, by Theorem 5.1.6. We leave it to you to show that {z1, z»} is linearly
dependent if By(21) = Ba(z2) = 0.

THeorem 13.1.2

The following statements are equivalent; that is, they are either all true or all false.

a. There’s a fundamental set {21, 25} of solutions of Ly = 0 such that

BI(ZI)BQ(ZQ) - Bl(ZQ)Bg(zl) 5"é 0. (1318)

b. If {y1,v2} is a fundamental set of solutions of Ly = 0 then

Bi(y1)Ba(y2) — B1(y2)B2(y1) # 0. (13.1.9)

c. For each continuous F and pair of constants (k1, k), the boundary value problem

Ly=F, Bi(y)=ki, Ba(y) =k

has a unique solution.

d. The homogeneous boundary value problem

Ly=0, Bi(y)=0, By(y)=0 (13.1.10)

has only the trivial solution y = 0.

e. The homogeneous equation Ly = 0 has linearly independent solutions z; and z, such that
Bi(z1)=0 and Bg(zz) =0.

Proor We'll show that

\parta = \partb = \partc = \partd = \parte = \parta.

(@) = (b): Since {z1,2,} is a fundamental set of solutions for Ly = 0, there are constants a,, as, b;, and
by such that

Y1 = ai121 + a2

13.1.11
Y2 = b121 + bazs. ( )
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Moreover,

ap a2

. 13.1.12
b1 b2 # 0 ( 3 )

because if this determinant were zero, its rows would be linearly dependent and therefore {y;,y»} would
be linearly dependent, contrary to our assumption that {y, y.} is a fundamental set of solutions of Ly
=0. From (13.1.7) and (13.1.11),

s s -1 e

Since the determinant of a product of matrices is the product of the determinants of the matrices,
(13.1.8) and (13.1.12) imply (13.1.9).

(b) = (c): Since {y1,y-} is a fundamental set of solutions of Ly = 0, the general solution of Ly = F is

Y =1Yp+c1y1 + c2y2,

where ¢; and ¢; are arbitrary constants and y, is a particular solution of Ly = F. To satisfy the boundary
conditions, we must choose c¢: and ¢» so that

k1 = B1(yp) + c1B1(y1) + c2B1(y2)
k2 = By(yp) + c1B2(y1) + caBa(y2),

(recall (13.1.7)), which is equivalent to

c1B1(y1) + c2Bi(y2) = k1 — Bi(y,)
c1B2(y1) + c2Ba(22) = ko — Ba(yp).

From (13.1.9), this system always has a unique solution (ci, cs).

(c) = (d): Obviously, y = 0 is a solution of (13.1.10). From (c) with F =0 and &k, = k, = 0, it's the only
solution.

(d) = (e): Let {y1,y.} be a fundamental system for Ly = 0 and let

z1 = Bi(y2)y1 — Bi(y1)y2 and 22 = Ba(ya2)y1 — Ba(y1)ye.

Then B;(z1) = 0 and By(z2) = 0. To see that z; and 2, are linearly independent, note that
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a121 + azzs = a1[B1(y2)y1 — B1(y1)ya] + aa[Ba(y2)y1 — B2(y1)y2]
= [Bi(y2)a1 + Ba(y2)az]y: — [B1(y1)a1 + Ba(y1)as]ye.

Therefore, since y; and y, are linearly independent, a,z; + ayz, = 0 if and only if
[ Bi(y1) Ba(y1) ] [ ay } _ { 0 ]
Bi(ya) Ba(y2) as 0]
If this system has a nontrivial solution then so does the system
[ Bi(y1) Bi(y2) ] [ c1 ] _ [ 0 ]
Bs(y1) Ba(y2) o] [0]

This and (13.1.7) imply that y = ¢,2; + c225 iS @ nontrivial solution of (13.1.10), which contradicts (d).

(e) = (a). Theorem 13.1.1 implies that if B;(z1) = 0 and Ba(z2) = 0 then B;(z;) # 0 and By (z;) # 0. This
implies (13.1.8), which completes the proof.

ExampLE 13.1.4

Solve the boundary value problem
oy’ — 2y +2—22° =0, y(1)=4, ¢ (2)=3, (13.1.13)

given that {z,z?} is a fundamental set of solutions of the complementary equation

SovruTtion Using variation of parameters (Section 5.7), you can show that y, = z* is a solution of the
complementary equation

z?y” — 2xy’ + 2y =223 = 0.
Therefore the solution of (13.1.13) can be written as
Y= z3 +cix + 02$2.

Then

y =3z + c1 + 2cy,
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and imposing the boundary conditions yields the system

c1+ co= 3
c1+4co = —9,

SO ¢; = 7 and ¢y, = —4. Therefore

y=a*+Tr —4a°

is the unique solution of (13.1.13)

ExampLE 13.1.5

Solve the boundary value problem

y' =Ty +12y=4e¥, y(0)=3, y(1)=>5e’.

Sorution From Example 5.4.1, y, = 2¢?* is a particular solution of
Yy’ — Ty + 12y = 4e?*. (13.1.14)

Since {e%, ¢} is a fundamental set for the complementary equation, we could write the solution of
(13.1.13) as

y:262z+0163z+6264z

and determine ¢; and ¢, by imposing the boundary conditions. However, this would lead to some
tedious algebra, and the form of the solution would be very unappealing. (Try it!) In this case it's
convenient to use the fundamental system {zi, 2o} mentioned in Theorem 13.1.2(e); that is, we choose
{z1, 22} SO that Bi(z1) = 21(0) = 0 and Bs(z3) = 2z3(1) = 0. It is easy to see that

3z 4z

z1=e —e* and 29 = e3@—1)

64(171)

satisfy these requirements. Now we write the solution of (13.1.14) as

y= 2027 +e (631 _ 641) + ¢y <e3(zfl) _ 64(171)) )
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Imposing the boundary conditions y(0) = 3 and y(1) = 5¢* yields

3=2+4+coe*(e—1) and 5e? =2e?+cie3(1—e).

Therefore

and

_3
e(l—e)

y:2€2z+ (e3z_e4z)+

Sometimes it's useful to have a formula for the solution of a general boundary problem. Our next
theorem addresses this question.

THeorEm 13.1.3

Suppose the homogeneous boundary value problem
Ly=0, Bi(y) =0, By(y) =0 (13.1.15)

has only the trivial solution. Let y; and y, be linearly independent solutions of Ly = 0 such that
Bi(y1) =0 and Bs(y2) = 0, and let

W = 4195 — 192
Then the unique solution of

Ly=F, Bi(y)=0, By(y)=0 (13.1.16)

FOn® (13.1.17)

Proor In Section 5.7 we saw that if
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Y = uU1y1 + U2y2 (13.1.18)

where

uy1 + upyz = 0
/ / !’/
Uiy + ugyy = F

then Ly = F. Solving for v} and v} yields

u = — Fyo and ul = £y
1 PW 2T pw’
which hold if
Ft)ya(t) [T F®u()
/ Roawy @ and ua@) = / Pyw ) ot

This and (13.1.18) show that (13.1.17) is a solution of Ly = F. Differentiating (13.1.17) yields

_ F(t)y F(t)yl(t)
=y (z / SO0l dt+y2 )/ (13.1.19)

(Verify.) From (13.1.17) and (13.1.19),

_ P F)ys(t) .
Bl =5 | Howe *=°
because B;(y;) = 0, and
Ba(y) = Ba(yn) b F(t)yi(t) Q=0

a PO (t)W(t)

because B;(y:) = 0. Hence, y satisfies (13.1.16). This completes the proof.

We can rewrite (13.1.17) as

y= /bG(:r,t)F(t) dt, (13.1.20)

where
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4 i(t)ys ()
\dst NOLAG a<t<cz

]
@)
\dstpowe

This is the Green'’s function for the boundary value problem (13.1.16). The Green’s function is related to
the boundary value problem (13.1.16) in much the same way that the inverse of a square matrix A is
related to the linear algebraic system y = Ax; just as we substitute the given vector y into the formula x
= A 'y to solve y = Az, we substitute the given function F into the formula (13.1.20) to obtain the
solution of (13.1.16). The analogy goes further: just as A~! exists if and only if Ax = 0 has only the
trivial solution, the boundary value problem (13.1.16) has a Green'’s function if and only the
homogeneous boundary value problem (13.1.15) has only the trivial solution.

We leave it to you (Exercise 32) to show that the assumptions of Theorem 13.1.3 imply that the unique
solution of the boundary value problem

Ly=F, Bi(y) =k, Ba(y) =ks

_ b ko k1
y(z) = /a G(z,t)F(t)dt + Balyr) Y1 + ZADS) Yo.

ExampLE 13.1.6
Solve the boundary value problem
Y +y="F(x). y0)+y'(0)=0, y(m)—y(r)=0, (13.1.21)

and find the Green’s function for this problem.

SoLuTioN Here

Bi(y) = y(0) +4'(0) and  Bs(y) = y(m) —y'(n).

Let {21, 22} = {cosz,sinz}, which is a fundamental set of solutions of y” + y = 0. Then

Bi(z1) = (cosx — sinm)’zzo = 1
Bsy(z1) = (cosz +sinz)| __ =—1

T=T
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and

Bi(z) = (sinz +cosz)| _, =1

By (z2) = (sinz —cosz)| __ =1

=T

Therefore
Bi(21)Ba(22) — Bi(22) B2(21) = 2,
so Theorem 13.1.2 implies that (13.1.21) has a unique solution. Let
y1 = B1(22)z1 — Bi(21)22 = cosz —sinz
and
y2 = Ba(z2)z1 — Bs(21)22 = cosz + sinz.

Then B;(y1) = 0, Ba(y2) = 0, and the Wronskian of {y,ys} is

W(z) =

cosx —sinzx cosx + sinzx
—sinx —cosx —sinx 4+ cosz

Since P, =1, (13.1.17) vyields the solution

cosx —sinx

y(z) = \dst 5

/ F(t)(cost + sint) dt

+ \dstw / F(t)(cost —sint) dt.
0

The Green’s function is

_+ (cost—sint)(cos z+sin z)
\dst 5

G(z,t) =

\dSt (cos z—sin z%(cos t+sint)
We’'ll now consider the situation not covered by Theorem 13.1.3.

THeorem 13.1.4
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Suppose the homogeneous boundary value problem
Ly=0, Bi(y)=0, B(y)=0 (13.1.22)

has a nontrivial solution y,, and let y, be any solution of Ly = 0 that isn’t a constant multiple of y;.
Let W = y1y, — yye. If

b Ft)yi(t)
/a Wdt—o, (13.1.23)

then the homogeneous boundary value problem
Ly=F, Bi(y)=0, By(y)=0 (13.1.24)

has infinitely many solutions, all of the form y = y,, + c¢1v1, where

" F(t)ya(t) ¢ F(t)y(t)
Yp = yl(x)/z PO(t)W_(t) dt + y2($)/a PO(t)W(t) dt

and ¢; is a constant. If

/” F(t)y:(t)

Aowe 470

then (13.1.24) has no solution.

Proor From the proof of Theorem 13.1.3, y, is a particular solution of Ly = F, and

’ ’ b F(t)yZ(t) ’ * F(t)yl(t)
i@ =) [ paa e | Ee ¢

Therefore the general solution of (13.1.22) is of the form
Yy =Yp+c1y1 + 2y,

where ¢; and ¢, are constants. Then
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Bi(y) = B1(yp + c1y1 + cay2) = B1(yp) + c1Bi(y1) + c2B1y

b
= Bi(y1) L % dt + c1B1(y1) + coB1(y2)
= c3B1(y2)

Since B (y1) = 0, Theorem 13.1.1 implies that B;(y.) # 0; hence, B;(y) = 0 if and only if ¢, = 0. Therefore
y =y, +ciyr and

b
By (y) = Ba(yp + c1y1) = Bz(y2)/ % dt + c1Ba(y1)
b F(t)y(t)

R J R

dt,

since By(y;) = 0. From Theorem 13.1.1, B,(y,) # 0 (Since By(y; = 0). Therefore Ly = 0 if and only if
(13.1.23) holds. This completes the proof.

ExampLE 13.1.7

Applying Theorem 13.1.4 to the boundary value problem
y' +y=F(z), y0)=0, y(m)=0 (13.1.25)

explains the Examples 13.1.2 and 13.1.3. The complementary equation y” +y = 0 has the linear
independent solutions y; = sinz and y; = cos z, and y; satisfies both boundary conditions. Since P,
=1and

sinx COS T

W= =1,

cosxr —sinx

(13.1.23) reduces to
/Oﬁ F(z)sinz dz = 0.
From Example 13.1.2, F(z) = 1 and
/OWF(az)sinxdx = /Oﬂsinxdx =2,

so Theorem 13.1.3 implies that (13.1.25) has no solution. In Example 13.1.3,
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F(z) =sin2z = 2sinz cosz
and

™ s 2 ™
/ F(z)sinz dz = 2/ sin’ zcoszdr = —sin®z| =0,
0 0 3 0

so Theorem 13.1.3 implies that (13.1.25) has infinitely many solutions, differing by constant
multiples of y;(z) = sin .

13.1 Exercises

1. Verify that B, and B, are linear operators; that is, if ¢c; and ¢, are constants then

Bi(ciy1 + cay2) = c1Bi(y1) + c2Bi(y2), i=1,2.

In Exercises 2—7 solve the boundary value problem.
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2. y—y=2, y0)=-2, yl)=1

3. y=2-3z, y(0)=0, y1)—y'(1)=0

Show answer

4. y' —y==z, y0)+y(0)=3 y1)—y'(1)=2

Show answer

o

v +dy=1, y(0)=3, yn/2)+y (n/2)=-T

Show answer

6.y —2y +y=2¢", y(0)—2y'(0)=3, y(1)+y'(1)=06e

Show answer

7. o — Ty +12y =4e*, y(0)+y'(0) =8, y(1)=—7e? (see Example 13.1.5)

Show answer

8. State a condition on F such that the boundary value problem

y' =F(z), y0)=0, y(1)—y'(1)=0

has a solution, and find all solutions.

Show answer

9. a. State a condition on « and b such that the boundary value problem
y' +y=F(z), yla)=0, yb)=0 (A)
has a unique solution for every continuous F, and find the solution by the method used to

prove Theorem 13.1.3

b. In the case where a and b don't satisfy the condition you gave for (a), state necessary and
sufficient on F such that (A) has a solution, and find all solutions by the method used to
prove Theorem 13.1.4.

Show answer
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10. Follow the instructions in Exercise 9 for the boundary value problem

y' +y=F(x), yla)=0, y'(b)=0.

Show answer

Show answer

In Exercises 12-15 find a formula for the solution of the boundary problem by the method used to prove
Theorem 13.1.3. Assume that a < b.

Show answer

In Exercises 16—19 find all values of w such that boundary problem has a unique solution, and find the
solution by the method used to prove Theorem 13.1.3. For other values of w, find conditions on F such
that the problem has a solution, and find all solutions by the method used to prove Theorem 13.1.4.
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y' +wly=F(z), y(0)=0, y(m)=0

Show answer

v +wly=Fz), y0)=0, y(m)=0

Show answer

Y +wy="F(z), 9 (0)=0, y(r)=0

Show answer

y' +wly=F(z), y(0)=0 y'(m)=0

Show answer

Let {21, 22} be a fundamental set of solutions of Ly = 0. Given that the homogeneous boundary
value problem

Ly=0, Bi(y)=0, By(y) =0

has a nontrivial solution, express it explicity in terms of z; and z,.

Show answer

If the boundary value problem has a solution for every continuous F, then find the Green’s
function for the problem and use it to write an explicit formula for the solution. Otherwise, if the
boundary value problem does not have a solution for every continuous F, find a necessary and
sufficient condition on F for the problem to have a solution, and find all solutions. Assume that a
< b.

d.y"=F(z), y(a)=0, y'{0)=0

Show answer

Find the Green'’s function for the boundary value problem
y' =F(z), y(0)—2y(0)=0, y(1)+2y'(1)=0. (A)

Then use the Green'’s function to solve (A) with (a) F(z) = 1, (b) F(z) = =, and (c) F(z) = z°.

Show answer
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Find the Green'’s function for the boundary value problem
2y’ + oy + (a* —1/4)y = F(z), y(n/2) =0, y(m) =0, (A)
given that
y1(z) = C\O/S; and  yo(x) = s\i;;

are solutions of the complementary equation. Then use the Green’s function to solve (A) with (a)
F(z) = z%? and (b) F(z) = z°/2.

Show answer

Find the Green'’s function for the boundary value problem
a?y” —2xy’ +2y=F(z), y(1)=0, y(2)=0, (4)

given that {z,z?} is a fundamental set of solutions of the complementary equation. Then use the
Green’s function to solve (A) with (a) F(z) = 2z* and (b) F(z) = 6z*.

Show answer

Find the Green'’s function for the boundary value problem
2y’ +ay —y=F(x), y(1)—2/(1)=0, y'(2)=0, (A)

given that {z,1/z} is a fundamental set of solutions of the complementary equation. Then use the
Green'’s function to solve (A) with (a) F(z) = 1, (b) F(z) = 22, and (c) F(z) = 3.

Show answer

In Exercises 26—30 find necessary and sufficient conditions on o, 8, p, and § for the boundary value
problem to have a unique solution for every continuous F, and find the Green’s function.
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13 Boundary Value Problems for Second Order Ordinary Differential Equations

Show answer

Yy +y=F(z), ay(0)+py'(0)=0, py(m)+dy (m)=0

Show answer

y' +y=F(z), ay0)+py'(0)=0, py(r/2)+dy (7/2)=0

Show answer

v =2 +2y=F(z), oy(0)+pBy'(0)=0, py(m)+dy'(m)=0

Show answer

v =2 +2y=F(z), ay(0)+pBy'(0)=0, py(r/2)+dy'(7/2)=0

Show answer

Find necessary and sufficient conditions on «, 3, p, and ¢ for the boundary value problem

y' —y=F(z), ay(a)+ By (a)=0, py(b)+dy (b)=0 (A)

to have a unique solution for every continuous F, and find the Green'’s function for (A). Assume
that a < b.

Show answer

Show that the assumptions of Theorem 13.1.3 imply that the unique solution of

Ly=F, Bi(y) =k, By =rfo

T

b
ko k1

= G(x,t)F(t)dt + — + = yo.

Y /a (z,t)F(t) B, (y1)y Bl(yg)y2

13.2 Sturm-Liouville Problems

In this section we consider eigenvalue problems of the form

Po(z)y” + Pi(z)y" + P2(z)y+ AR(z)y =0, Bi(y) =0, Ba(y)=0, (13.2.1)

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 20 of 54
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where

Bi(y) = ay(a) + By’ (a) and Bs(y) = py(b) + 6y’ (b).

As in Section 13.1, o, 3, p, and § are real numbers, with

a’+p42>0 and p?+6%>0,

P, P, P,, and R are continuous, and P, and R are positive on [a, b].

We say that )\ is an eigenvalue of (13.2.1) if (13.2.1) has a nontrivial solution y. In this case, y is an
eigenfunction associated with X, or a A-eigenfunction. Solving the eigenvalue problem means finding all
eigenvalues and associated eigenfunctions of (13.2.1).

ExavpLE 13.2.1

Solve the eigenvalue problem

Yy +3y +2y+Ay=0, y0)=0, y(1)=0. (13.2.2)

SocuTion The characteristic equation of (13.2.2) is
r?+3r+24+X=0,
with zeros

—3—v1—4\

and 79 = 5

T1

3 4+VI—A
e

If X < 1/4 then r, and r, are real and distinct, so the general solution of the differential equation in
(13.2.2)is

y = cre™t + coe™.

The boundary conditions require that

(] + co =0
cie’ + coe™ = 0.

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 21 of 54
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Since the determinant of this system is ez — e™ # 0, the system has only the trivial solution. Therefore X
isn't an eigenvalue of (13.2.2).

If X\ =1/4then r, = r, = —3/2, so the general solution of (13.2.2) is
y=e3(c; + cpz).

The boundary condition »(0) = 0 requires that ¢, = 0, S0 y = c,ze*/2 and the boundary condition y(0)
requires that ¢, = 0. Therefore A = 1/4 isn’t an eigenvalue of (13.2.2).

If x> 1/4 then
ry = 5 W an ro = 5 w,
with

4r—1 1+ 4w?
w= ——— or, equivalently, A= +4 )

(13.2.3)

In this case the general solution of the differential equation in (13.2.2) is

Y= 6731/2(01 cos wz + ¢g sin wz).

The boundary condition (0) = 0 requires that ¢; = 0, SO y = ¢ye%*/? sinwz, which holds with ¢, # 0 if and
only if w = nm, where n is an integer. We may assume that n is a positive integer. (Why?). From (13.2.3),
the eigenvalues are )\, = (1 + 4n%n?)/4, with associated eigenfunctions

_ 673z/2

Un sinnmx, n=1,2,3,....

ExavpLE 13.2.2

Solve the eigenvalue problem

22y +zy + y=0, y(1)=0, y(2)=0. (13.2.4)

SoruTion If X = 0, the differential equation in (13.2.4) reduces to z(zy’)’ =0, SO zy’ = ¢y,
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13 Boundary Value Problems for Second Order Ordinary Differential Equations

c
y ==, and y=clnz+c,.
x

The boundary condition y(1) = 0 requires that ¢, = 0, SO y = ¢; Inz. The boundary condition y(2) =0
requires that c; In2 = 0, S0 ¢; = 0. Therefore zero isn’t an eigenvalue of (13.2.4).

If X <0, we write A = —k2 with k > 0, so (13.2.4) becomes
22y +ay —ky=0,
an Euler equation (Section 7.4) with indicial equation
r? — k= (r—k)(r+k) =0.
Therefore
Y= clxk + 02;1:7]“.
The boundary conditions require that

C1 + Cy = O
2Fc; +27%cy = 0.

Since the determinant of this system is 2—* — 2% £ 0, ¢; = ¢, = 0. Therefore (13.2.4) has no negative
eigenvalues.

If A > 0 we write A = k2 with £ > 0. Then (13.2.4) becomes
22y” +xy’ + k*y =0,
an Euler equation with indicial equation
24+ k= (r—ik)(r +ik) =0,
SO

y=cicos(klnz) + cosin(klnz).
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The boundary condition y(1) = 0 requires that ¢; = 0. Therefore y = cysin(klnz). This holds with ¢, # 0 if
and only if k = n7/1In 2, where n is a positive integer. Hence, the eigenvalues of (13.2.4) are A,
= (nm/1n2)?2, with associated eigenfunctions

Yn = sin (ﬂlnaz) , n=123, ...
In2

For theoretical purposes, it's useful to rewrite the differential equation in (13.2.1) in a different form,
provided by the next theorem.

THeorem 13.2.1

If Py, Pi, P>, and R are continuous and P, and R are positive on a closed interval [a, b], then the
eguation

Py(z)y” + Pi(z)y’ + Py(z)y+ AR(z)y =0 (13.2.5)
can be rewritten as
(p(x)y")" + q(x)y + Ar(z)y =0, (13.2.6)

where p, p’, ¢ and r are continuous and p and r are positive on [a, b].

Proor We begin by rewriting (13.2.5) as

y' +u(z)y’ +v(z)y+ AR (z)y =0, (13.2.7)

with uw = P,/ Py, v= P,/P,, and R; = R/P,. (Note that R, is positive on [a,b].) Now let p(z) = eV®), where U
is any antiderivative of ». Then p is positive on [a,b] and, since U’ = u,

' (z) = p(z)u(z) (13.2.8)

is continuous on [a, b]. Multiplying (13.2.7) by p(x) yields

p(@)y” + p(z)u(z)y’ + p(z)v()y + Ap(z) R1(z)y = 0. (13.2.9)

Since p is positive on [, b], this equation has the same solutions as (13.2.5). From (13.2.8),

/

(p(2)y") =p(x)y” +p'(2)y" = p(x)y” + p(z)u(z)y’,
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S0 (13.2.9) can be rewritten as in (13.2.6), with ¢(z) = p(z)v(z) and r(z) = p(z)R:(z). This completes the
proof.

It is to be understood throughout the rest of this section that p, ¢, and r have the properties stated in
Theorem 13.2.1. Moreover, whenever we write Ly in a general statement, we mean

Ly = (p(=)y")" + q(x)y.

The differential equation (13.2.6) is called a Sturm (http://www-history.mes.st-and.ac.uk/Mathematicians/Sturm.htm
I)—_Liouville equation (http://www-history.mcs.st-and.ac.uk/Mathematicians/Liouville.html), and the eigenvalue
problem

(p(@)y") + q(x)y+ Ar(z)y =0, Bi(y) =0, Bs(y) =0, (13.2.10)

which is equivalent to (13.2.1), is called a Sturm-Liouville problem (http://www-history.mcs.st-and.ac.uk/Mathemat

icians/Sturm.html).

ExampLE 13.2.3

Rewrite the eigenvalue problem

Yy +3y +(2+Ny=0, y(0)=0, y(1)=0 (13.2.11)

of Example 13.2.1 as a Sturm-Liouville problem.

SoruTion Comparing (13.2.11) to (13.2.7) shows that u(x) = 3, so we take U(z) = 3z and p(z) = 3",
Multiplying the differential equation in (13.2.11) by ¢3¢ yields

e3(y” + 3y’) + 23y + Ay = 0.

Since

e (y" +3y') = (e¥y'),

(13.2.11) is equivalent to the Sturm—Liouville problem

(€3%y") + 23y + Xe**y =0, y(0)=0, y(1)=0. (13.2.12)
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13 Boundary Value Problems for Second Order Ordinary Differential Equations

ExampLE 13.2.4

Rewrite the eigenvalue problem

of Example 13.2.2 as a Sturm-Liouville problem.

SovruTion Dividing the differential equation in (13.2.13) by z? yields
v 1 / A
y +—y +-—y=0.
T x

Comparing this to (13.2.7) shows that u(z) = 1/z, so we take U(z) = Inz and p(z) = ¢ = z. Multiplying
the differntial equation by z yields

4 / A
zy' +y +—y=0
X
Since
vy’ +y = (xy),
(13.2.13) is equivalent to the Sturm—Liouville problem
N/ )\
(@y) +—y=0, y(1)=0, y2)=0. (13.2.14)

Problems 1-4 of Section 11.1 are Sturm-Liouville problems. (Problem 5 isn’'t , although some authors =
use a definition of Sturm-Liouville problem (http://www-history.mcs.st-and.ac.uk/Mathematicians/Sturm.html) that
does include it.) We were able to find the eigenvalues of Problems 1-4 explicitly because in each
problem the coefficients in the boundary conditions satisfy a3 = 0 and pd = 0; that is, each boundary
condition involves either y or ', but not both. If this isn’t true then the eigenvalues can’t in general be
expressed exactly by simple formulas; rather, approximate values must be obtained by numerical
solution of equations derived by requiring the determinants of certain 2 x 2 systems of homogeneous
eqguations to be zero. To apply the numerical methods effectively, graphical methods must be used to
determine approximate locations of the zeros of these determinants. Then the zeros can be computed
accurately by numerical methods.
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ExampLE 13.2.5

Solve the Sturm-Liouville problem

¥ +2y=0, y(0)+y(0)=0, y(1)+3y(1)=0. (13.2.15)

SocuTion If X = 0, the differential equation in (13.2.15) reduces to y” = 0, with general solution y = ¢;
+ coz. The boundary conditions require that

c1+ co=0
c1+4c2 =0,

S0 ¢; = c; = 0. Therefore zero isn’'t an eigenvalue of (13.2.15).

If X <0, we write A\ = —k? where &k > 0, and the differential equation in (13.2.15) becomes y” — k%*y = 0,
with general solution

y = c1 cosh kx + co sinh kz, (13.2.16)

SO

y" = k(cy sinh kz + ¢ cosh kx).

The boundary conditions require that

c1+ ke =0
(cosh k + 3ksinh k)c; + (sinh k + 3k cosh k)ca = 0. (13:2.17)
The determinant of this system is
1 k
D (k) = coshk 4 3ksinh k sinh k + 3kcosh k
= (1 — 3k®) sinh k + 2k cosh k.
Therefore the system (13.2.17) has a nontrivial solution if and only if Dy(k) = 0 or, equivalently,
2k
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The graph of the right side (Figure 13.2.1) has a vertical asymptote at k = 1//3. Since the two sides
have different signs if k¥ < 1/1/3, this equation has no solution in (0,1/v/3). Figure 13.2.1 shows the
graphs of the two sides of (13.2.18) on an interval to the right of the vertical asymptote, which is
indicated by the dashed line. You can see that the two curves intersect near k, = 1.2, Given this
estmate, you can use Newton'’s to compute k, more accurately. We computed k, ~ 1.1219395. Therefore
—k3 ~ —1.2587483 is an eigenvalue of (13.2.15). From (13.2.16) and the first equation in (13.2.17),

Yo = ko cosh kox — sinh kyz.

Figure 13.2.1. v = tanh k and v = —2k/(1 — 3k?)

If X\ > 0 we write A = k¥* where k > 0, and differential equation in (13.2.15) becomes y” + k?y = 0, with
general solution

y = coskx + cosin kz, (13.2.19)

SO

y' = k(—cy sinkz + cq cos kx).

The boundary conditions require that

c1+ ke =0

13.2.2
(cosk — 3ksink)cy + (sink + 3kcosk)cy = 0. (13:2:20)

The determinant of this system is

1 k
cosk — 3ksink sink+ 3kcosk

= (14 3k%)sink + 2k cos k.

Dp(k) =

The system (13.2.20) has a nontrivial solution if and only if Dp(k) = 0 or, equivalently,

2k

tank = —W

Figure 13.2.2 shows the graphs of the two sides of this equation. You can see from the figure that the
graphs intersect at infinitely many points &, ~ n7 (n = 1, 2, 3,...), where the error in this approximation
approaches zero as n — co. Given this estimate, you can use Newton’s method to compute &, more
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accurately. We computed

ki~ 2.9256856,
ks~ 6.1765914,
ks~ 9.3538950,
ky ~ 12.5132570.

The estimates of the corresponding eigenvalues A, = k2 are

A1 8.5596361,
A2 38.1502809,
A3~ 87.4953676,
A4 ~ 156.5815998.

R

From (13.2.19) and the first equation in (13.2.20),

Yn = kycosky,x —sink,x

is an eigenfunction associated with X, ]

Figure 13.2.2. v = tank and u = —2k/(1 + k)

Since the differential equations in (13.2.12) and (13.2.14) are more complicated than those in (13.2.11),
and (13.2.13) respectively, what is the point of Theorem 13.2.1? The point is this: to solve a specific
problem, it may be better to deal with it directly, as we did in Examples 13.2.1 and 13.2.2; however,
we’ll see that transforming the general eigenvalue problem (13.2.1) to the Sturm—Liouville problem
(13.2.10) leads to results applicable to all eigenvalue problems of the form (13.2.1).

THeoRrREM 13.2.2
If

Ly = (p(x)y") + q(z)y

and v and v are twice continuously functions on [a, b] that satisfy the boundary conditions B;(y) =0
and By(y) = 0, then

b
/ [u(z)Lv(z) — v(z) Lu(z)] dz = 0. (13.2.21)
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Proor Integration by parts yields

b b
/ fu(z) Lo(z) — () Lu(z)) de = / () ()0’ ()’ — () ()’ (2))') da
b
— p(@)[u(@) (2) — o (2)(z)]

a

b
- [ bl @ @)~ ' (@) (@) da
Since the last integral equals zero,
b
/ [u(z)Lv(z) — v(z)Lu(z)] dz = p(z)[u(z)v' () — ' (z)v' (z)]| . (13.2.22)

By assumption, B;(u) = Bi(v) = 0 and Bs(u) = By(v) = 0. Therefore

au(a) + B’ (a)
av(a) + B’ (a)

pu(b) +ou’(b) =0

0
0 pv(b) + v’ (b) = 0.

and

Since a? + 2 > 0 and p? + §2 > 0, the determinants of these two systems must both be zero; that is,

This and (13.2.22) imply (13.2.21), which completes the proof.

The next theorem shows that a Sturm—Liouville problem has no complex eigenvalues.

THeEorREM 13.2.3

If A = p+ ¢i with ¢ # 0 then the boundary value problem

Ly+ Ar(z)y=0, Bi(y)=0, By(y)=0

has only the trivial solution.

Proor For this theorem to make sense, we must consider complex-valued solutions of

Ly + (p+iq)r(z,y)y = 0. (13.2.23)
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If y = u + iv where u and v are real-valued and twice differentiable, we define ¢y = v’ + v’ and y” = u”
+iv”. We say that y is a solution of (13.2.23) if the real and imaginary parts of the left side of (13.2.23)
are both zero. Since Ly = (p(z)'y)’ + q(z)y and p, ¢, and r are real-valued,

Ly+ Ar(z)y = L(u+ ) + (p+ iq)r(z)(u + iv)
= Lu +r(z)(pu — qv) + i[Lv + r(z) (pu + qv)],

SO Ly + Ar(z)y = 0 if and only if

Lu+r(z)(pu—qu) =0
Lo+ r(z)(qu + pv) = 0.

Multiplying the first equation by » and the second by « yields

vLu + r(z)(puv — qv?) =0
uLv + r(z) (qu? + puv) = 0.

Subtracting the first equation from the second yields

uLv — vLu + qr(z)(u? 4+ v?) = 0,

SO
b b
/ [u(z)Lv(z) — v(z)Lu(z)] dz + / r(z)[u?(z) + v*(z)] dz = 0. (13.2.24)
Since
Bi(y) = Bi(u+1iv) = Bi(u) +iB1(v)
and

Bs(y) = Ba(u + iv) = By(u) + iB2(v),

Bi(y) = 0 and B, (y) = 0 implies that

Bi(u) = Ba(u) = Bi(v) = Ba(v) = 0.
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Therefore Theorem 13.2.2 implies that first integral in (13.2.24) equals zero, so (13.2.24) reduces to

b
q/ r(z)[u?(z) + v*(z)] dz = 0.

Since r is positive on [a,b] and ¢ # 0 by assumption, this implies that v = 0 and v = 0 on [a, b]. Therefore y
= 0 on [a, b], which completes the proof.

THeorem 13.2.4

If \; and ), are distinct eigenvalues of the Sturm—Liouville problem

Ly+ Mr(z)y=0, Bi(y) =0, By(y)=0 (13.2.25)

with associated eigenfunctions u and v respectively, then

b
[ @yt dz —o. (13.2.26)

Proor Since u and v satisfy the boundary conditions in (13.2.25), Theorem 13.2.2 implies that

b
/ [u(z)Lv(z) — v(z)Lu(x)] dz = 0.

Since Lu = —\ru and Lv = —\qrv, this implies that

b
(A — A2) / r(z)u(z)v(z) de = 0.

Since \; # X, this implies (13.2.26), which completes the proof.

If w and v are any integrable functions on [a, 5] and

we say that « and v orthogonal on [a, b] with respect to r = r(z).

Theorem 13.1.1 implies the next theorem.
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THeorem 13.2.5

If w % 0 and v both satisfy

Ly+ Mr(z)y=0, Bi(y) =0, By(y)=0,

then v = cu for some constant c.

We've now proved parts of the next theorem. A complete proof is beyond the scope of this book.

THeEorem 13.2.6

The set of all eigenvalues of the Sturm—Liouville problem
Ly+ Mr(z)y=0, Bi(y)=0, Ba(y)=0
can be ordered as
AL <Ag << Ay <oy,
and

lim A, = co.
n—oo

For each n, if y, is an arbitrary \,-eigenfunction, then every \,-eigenfunction is a constant multiple
of y,,. If m # n, y,,, and y,, are orthogonal [a, b] with respect to r = r(z); that is,

b
/ 7(@)ym(2)yn(z) dz = 0. (13.2.27)

You may want to verify (13.2.27) for the eigenfunctions obtained in Examples 13.2.1 and 13.2.2.

In conclusion, we mention the next theorem. The proof is beyond the scope of this book.

THeEoOREM 13.2.7

Let Ay < Xp < - < X, < - be the eigenvalues of the Sturm—Liouville problem
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Ly+ Ar(z)y =0, Bi(y) =0, Bs(y) =0,

with associated eigenvectors y1, v, ..., ¥, .... SUPPOSE f is piecewise smooth (Definition ???) on
[a,b]. For each n, let

o — \dstf:r(x)f(x)yn(gv) da |
' \dst [/r(2)y2(z) do

Then

fod)+fah)

n=1

for all z in the open interval (a,b).

13.2 Exercises

In Exercises ?77-7?? rewrite the equation in Sturm—Liouville form (with X = 0). Assume that b, ¢, o, and v
are contants.
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Yy +by +cy=0

Show answer

L2y’ oy + (z2—v2)y=0 (Bessel's equation)

Show answer

1—2%)y” —zy +a’y=0 (Chebyshev's equation)

—~

Show answer

z2y” +bxy’ +cy=0  (Euler’s equation)

Show answer

y” —2xy +2ay=0 (Hermite’s equation)

Show answer

zy” +(1—z)y +ay=0 (Laguerre’s equation)

Show answer

—~

1—2%)y” —2zy’ +ala+1)y=0 (Legendre’s equation)

Show answer

In Example 13.2.4 we found that the eigenvalue problem
2y + oy’ + =0, y(1)=0, y2)=0 (A)

is equivalent to the Sturm-Liouville problem

Multiply the differential equation in (B) by y and integrate to show that

)\/12 @) = /12x(y/(x))2da:.

X

Conclude from this that the eigenvalues of (A) are all positive.
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9. Solve the eigenvalue problem

y' +2y +y+Ay=0, y0)=0, y(1)=0.

Show answer

10. Solve the eigenvalue problem

v +2y +y+dy=0, ¢'(0)=0, y(1)=0.

Show answer

In Exercises 777?77 : (@) Determine whether X\ = 0 is an eigenvalue. If it is, find an associated
eigenfunction.

(b) Compute the negative eigenvalues with errors not greater than 5 x 10-%. State the form of the
associated eigenfunctions.

(c) Compute the first four positive eigenvalues with errors not greater than 5 x 10-% State the form of the
associated eigenfunctions.
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13 Boundary Value Problems for Second Order Ordinary Differential Equations

11 (C]y’ +ay=0, y(0)+20/(0)=0, y2) =0

Show answer

12. [C]y"+Ay=0, ' (0)=0, y(1)—2y(1)=0

Show answer

13. [C)y +2y=0, y(0)—y(0)=0, y(r)=0

Show answer

14. (C|y” + \y =0, y(0)+2y'(0) =0, gy(m)=0

Show answer

15.

G}

y' +xy=0, ¢'(0)=0, y(2)—y'(2)=0

Show answer

16. |[C|y"+ X y=0, y(0)+y(0)=0, y(2)+2y(2)=0

Show answer

17. [C)y" + =0, y(0)+24/(0)=0, y(3)—2y(3)=0

Show answer

18. [C)y"+ iy =0, 3y(0)+y'(0)=0, 3y2)—2y'(2)=0

Show answer

19. (Cly"+Ay=0, y(0)+2y'(0)=0, y(3)—y'(3)=0

Show answer

20. (C|y” + )y =0, 5y(0) +2y'(0) =0, b5y(1l) —2y' (1) =0

Show answer

21. Find the first five eigenvalues of the boundary value problem

v +2y +y+Ay=0, y0)=0, y'(1)=0

with errors not greater than 5 x 1078. State the form of the associated eigenfunctions.

Show answer
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In Exercises 22-24 take it as given that {ze**, ze=**} and {x cos kz, z sin kz} are fundamental sets of
solutions of

xz2y” — 2y + 2y — k2z%y =0

and

2y’ — 2zy’ + 2y + k2x’y =0,

respectively.
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22,

23.

24,

25.

13 Boundary Value Problems for Second Order Ordinary Differential Equations

Solve the eigenvalue problem for

a?y” —2zy’ +2y+ A’y =0, y(1)=0, y(2)=0.

Show answer

Find the first five eigenvalues of
z?y” —2zy’ + 29+ A’y =0, y'(1)=0, y2)=0

with errors no greater than 5 x 10®. State the form of the associated eienfunctions.

Show answer

Find the first five eigenvalues of
2y —2zy 4+ 2y+ Ax?y =0, y(1)=0, ¥ (2)=0

with errors no greater than 5 x 1078, State the form of the associated eienfunctions.

Show answer

Consider the Sturm-Liouville problem
¥y +Ay=0, y(0)=0, y(L)+dy'(L)=0. (A)

(a) Show that (A) can’t have more than one negative eigenvalue, and find the values of ¢ for which
it has one.

(b) Find all values of ¢ such that A = 0 is an eigenvalue of (A).

(c) Show that X = k? with k¥ > 0 is an eigenvalue of (A) if and only if

tan kL = —dk. (B)

(d) Forn =1, 2, ..., let y, be an eigenfunction associated with X\, = k2. From Theorem 13.2.4, y,,
and y,, are orthogonal over [0, L] if m #+ n. Verify this directly. Hint: Integrate by parts twice and use

(B).
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13 Boundary Value Problems for Second Order Ordinary Differential Equations

26. Solve the Sturm-Liouville problem
¥ +Ay=0, y(0)+ay'(0)=0, y(m)+ay(m)=0,

where a # 0.

Show answer

27. Consider the Sturm-Liouville problem
¥ +Ay=0, y(0)+ay'(0)=0, y(1)+(a—1y'(1) =0, (A)

where 0 < a < 1.
(a) Show that A = 0 is an eigenvalue of (A), and find an associated eigenfunction.
(b) Show that (A) has a negative eigenvalue, and find the form of an associated eigenfunction.

(c) Give a graphical argument to show that (A) has infinitely many positive eigenvalues \; < X\,
< - < A < -, and state the form of the associated eigenfunctions.

Show answer

Exercises 28—30 deal with the Sturm—Liouville problem
Y +Ay=0, ay(0)+ By (0), py(L)+dy'(L)=0, (SL)

where o? + g% > 0 and p? + 62 > 0.
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28. Show that X = 0 is an eigenvalue of (SL) if and only if
a(pL+46)—pBp=0.

29. The point of this exercise is that (SL) can’t have more than two negative eigenvalues.

(a) Show that X is a negative eigenvalue of (SL) if and only if A = —k%, where k is a positive
solution of

(ap — BOk?) sinh kL + k(ad — Bp) cosh kL.

(b) Suppose od — Bp = 0. Show that (SL) has a negative eigenvalue if and only if ap and 36 are
both nonzero. Find the negative eigenvalue and an associated eigenfunction. Hint: Show that in
this case p = pa and s = qB, where q # 0.

(c) Suppose Bp — ad # 0. We know from Section 11.1 that (SL) has no negative eigenvalues if ap
=0 and g6 = 0. Assume that either ap #+ 0 or 56§ # 0. Then we can rewrite (A) as

k(Bp — o)

tanh kL = .
ap — Bok?

By graphing both sides of this equation on the same axes (there are several possibilities for the
right side), show that it has at most two positive solutions, so (SL) has at most two negative
eigenvalues.

Show answer
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30. The point of this exercise is that (SL) has infinitely many positive eigenvalues \; < Ay < - < ),
< -, and that lim,,_,o \,, = co.

(a) Show that X is a positive eigenvalue of (SL) if and only if A = k2, where k is a positive solution
of

(ap + BOk?) sin kL + k(ad — Bp) cos kL = 0. (A)

(b) Suppose ad — Bp = 0. Show that the positive eigenvalues of (SL) are )\, = (n7/L)?, n=1, 2, 3,
.... Hint: Recall the hint in Exercise 29(b).

Now suppose ad — Bp #+ 0. From Section 11.1, if ap = 0 and 86 = 0, then (SL) has the eigenvalues
An = [(2n—D7/20)% n=1,2,3,..

(why?), so let's suppose in addition that at least one of the products ap and 34 is nonzero. Then
we can rewrite (A) as

_ k(Bp—ad)

By graphing both sides of this equation on the same axes (there are several possibilities for the
right side), convince yourself of the following:

(c) If B6 = 0, there’s a positive integer N such that (B) has one solution k, in each of the intervals
(2n—1)7/L,(2n+1)x/L)), n=N,N+1,N+2, ..., (C)

and either

. (2n—17m\ . 2n+ 17\
L O e R G ) B

(d) If 35 + 0, there’s a positive integer N such that (B) has one solution %, in each of the intervals
(C)and
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31. The following Sturm-Liouville problems are generalizations of Problems 1-4 of Section 11.1.
Problem 1:  (p(z)y’)" + Ar(z)y=0, wy(a)=0, yb)=0
Problem 2:  (p(z)y’)" + Ar(z)y=0, ¢'(a)=0, %' (b)=0
Problem 3:  (p(z)y’)" + Ar(z)y=0, y(a)=0, 3’ (b)=0
Problem 4:  (p(z)y’)" + Ar(z)y=0, ¢'(a)=0, y(b)=0

Prove: Problems 1-4 have no negative eigenvalues. Moreover, A = 0 is an eigenvalue of
Problem 2 with associated eigenfunction y, = 1, but A = 0 isn’t an eigenvalue of Problems 1, 3,
and 4. Hint: See the proof of Theorem 11.1.1.

32. Show that the eigenvalues of the Sturm-Liouville problem

(p(@)y") + Mr(x)y=0, ay(a)+ By (a) =0, py(b)+ oy (b)

are all positive if a3 <0, pé >0, and (aB)? + (pd)? > 0.
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13 Boundary Value Problems for Second Order Ordinary Differential Equations

Chapter 13 Boundary Value Problems for Second Order
Ordinary Differential Equations

13.1 Two-Point Boundary Value Problems

2 y=—a+ \dst—Z (e — el V)
3 y= 22— \dstZ + cz with c arbitrary
4y=-—z+2"+e @D

5 y=\dstg + S-cos2z + Isin 2z

6 y= (22 + 13 —8x)e”

(563’:7464’) 264(463(171)7364(171))

3
7 y=2e? + \dst e(15_16¢) T6e—15

8 \dst ” tF(t)dt =0 y=\dst—z [ ; F(t)dt — [y tF(t) dt + ¢z with ¢; arbitrary

9 (@) b—a+# kn (k= integer)
(b) \dstf: F(t)sin(t —a)dt =0

sin(z—a sin(z—b

= \dst 34 [7 F(t) sin(t — b) dt + Sme2 [T F(t)sin(t — a) dt

+c; sin(x — a) With ¢; arbitrary

Y
= —\dstsin(xz — a) ff F(t) cos(t — a) dt — cos(z — a) [} F(t)sin(t — a) dt

10 (@) b—a # (k+1/2)r (k= integer)

(b) \dst [’ F(t)sin(t —a)dt = 0
Y
= —\dst 2= [ F(t) cos(t — b) dt — =2 [ F(t)sin(t — a) dt
+c; sin(z — a) With ¢; arbitrary

Y

— —\dstsin(z — a) [ F(t) cos(t — a) dt — cos(z — a) [* F(t)sin(t — a) dt
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13 Boundary Value Problems for Second Order Ordinary Differential Equations

11 (a) b —a # kn (k = integer)

(b) \dst f” F(t) cos(t — a) dt = 0

Y
= \dst (::1 - Z)) ff F(t)cos(t — b) dt + Z?z(;f 5 [FF(t)cos(t —a) dt
y = \dstcos(z — a) f; F(t)sin(t — a) dt + sin(z — a) [ F(t) cos(t — a) dt
~+c1 cos(z
—a)
W|th C1
arbitrary

12 y = \dst S22 [ F(t)sinh(t — b) dt + Se—2t [ F(t) sinh(t — a) dt

13 y = \dst— 2505 [ F(t) cosh(t — b) dt — S5 [ F(t)sinh(t — a) dt

cosh(z b cosh(z—b
14 y= —\dst et [ F(t) cosh(t — b) dt — St [7 F(t) cosh(t — a) dt

15 y=—\dsty (e [, e 'F(t)dt + e ® [ e F(t) dt)

16 If w isn’t a positive integer, then

Yy If w=n (positive integer), then \dst [, F(¢) sinnt dt = 0 is necessary for existence
= \dst—— (sinwz [, F(t)sinw(t — m) dt + sinw(z — ) [ F(t) sinwt dt).

of
a
solution.
In this
case,

y with ¢, arbitrary.
= —\dstL (sinnz [ F(t) cosntdt + cosnz [ F(t)sinnt dt) + ¢; sinnz

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 45 of 54


http://localhost:4000/differentialEquations/13-1-two-point-boundary-value-problems/#exer-13-1-11
http://localhost:4000/differentialEquations/13-1-two-point-boundary-value-problems/#exer-13-1-12
http://localhost:4000/differentialEquations/13-1-two-point-boundary-value-problems/#exer-13-1-13
http://localhost:4000/differentialEquations/13-1-two-point-boundary-value-problems/#exer-13-1-14
http://localhost:4000/differentialEquations/13-1-two-point-boundary-value-problems/#exer-13-1-15
http://localhost:4000/differentialEquations/13-1-two-point-boundary-value-problems/#exer-13-1-16

13 Boundary Value Problems for Second Order Ordinary Differential Equations

17 Ifw#n+1/2 (n = integer), then

Y= —;{ If w=n+1/2 (n = integer), then \dst [ F(t)

for = —\dst =L [T R(t) cos(n + 1/2)¢ dt
existence
of a
solution.
In this
case,

with ¢; arbitrary,

f\d tCOS:i/lZ/Z fO sm n+1/2)tdt+cl Sln(n+1/2)

18 Ifw#n+1/2 (n = integer), then

v=—2 If w=n+1/2 (n = integer), then \dst [ F
for y=\dst<=EBE [T R () sin(n + 1/2)t dt

existence

of a

solution.

In this

case,

with ¢; arbitrary.

+\ds t%f— Jo F(t)cos(n+1/2)tdt + c1 cos(n + 1/2)z

sin(n + 1/2)tdt = 0 iS necessary

t) cos(n + 1/2)tdt = 0 iS necessary
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13 Boundary Value Problems for Second Order Ordinary Differential Equations

19 If wisn’t a positive integer, then

y If w = n (positive integer), then \dst [ F(t) cosnt dt = 0 is necessary for existence
= \dst == (coswz [ F(t) cosw(t — m) dt + cosw(z — ) [ F(t)coswt dt).

wsinwm

of
a
solution.
In this
case,

Y with ¢; arbitrary.
= —\dst= (cosnz [ F(t)sinntdt +sinna [, F(t) cosnt dt) + c; cosnz

20 y; = Bi(22)z1 — Bi(21)22

\dst%ﬂ a<t<um,

21 (a) G(x,t) = ’

\dst S0 g <t <h

vy (b) G(:v,t):{Z:tx TSIST y=\dstla—a) [LR@) de+ [ a— OF() di

=\dst32+ (& —a) [, (t—b)F(t) dt + (z —b) [ (t — a)F(t) dt)

(c) (d) \dstf: F(t)dt = 0 is a necessary condition for existence of a solution. Then

G(z,t)
_{:c—b alt<Lzx
S lt—=b z<t<b

Y
=\dst['(t — b)F(t) dt + (z —b) [* F(t)dt

Yy
= \dst [ tF(t)dt + = [T F(t)dt + ¢,
with C1
arbitrary.
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13 Boundary Value Problems for Second Order Ordinary Differential Equations

\dSt* (2+t)(3—x)
5 3 >0 4,
22 G(z,t) = @) y= \dst% (b) y = \ds g2 Ta—14 h 14
—\dstmz%ﬁ, r<t<1

(c)y

_ 529218

— \dstSzi=fe=1s
e \dst LIE\dstE <1 < g,
&9 G('Ta t) =

\dst Cj;“;j;f, r<t<m

(@ vy

= \dst ltcosz—sinz
N

0y

_ 247 cos x—m/2sinx
= \dst =

\dst 2Dy <t < g,
24 G(z,t) =
\dstZEDE2D 1y < g <2

@y

(b) y

=z(z

+3)

—\dstor B+ %) (z+ 1), 1<z<t,

—\dstzy (3z+ 1) (1+ %), z<t<2

(a) y= \dSt 1lllgzchrzl (b) y= \dst 111353310274 (C) y= \dSt 11z4fé2212728

\ dstE=eidetd—pr) “;)jg)* 55pp‘”) . 0<t<uz,
26 a(p+0)—Bp#0 G(z,t) =
\dbtw <t<1

(p+d)—Bp ?
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13 Boundary Value Problems for Second Order Ordinary Differential Equations

\dSt (ﬁcostfasir;?_(éﬁ(;oszfpsinz) . 0<t<z

27 06— fp#0  Cla,t) =

\dSt (ﬂcosxfasi;l(;ci)gpcostfpsint) L rx<t<mw

\dSt (ﬂcostfasir;:))J(r;;;osz-&-&sinz) r<t<m

28 ap+ 540 Gl,b) = |
\dSt (Becosz—a s12;J)r(;6cos t+0sint) 0<t<az

\dst e* Y (Bcos tf(aJrﬂ);i;nitgy cos z—(p+9) sinx) 0<t<z

29 ad—Pp#0 Gla,t) = : ;
\dst et (ﬁcoszf(aJrﬂLs;riz)p(écostf(eré) sin t) , z<t<m

e? (B cost—(a+p)sint)((p+J) cosz+dsinz)
\dst Bo+(a+B)(p+9 , 0<t<u,

30 B+ (a+B)(p+0) #0 G(x,t) =

e” (B cos z—(a+p) sinz)((p+0) cos t+Isint)
\dst AP , z<t<m7/2

31 (p+8)(a— B —(p—d8)(a+pe ™ +£0

G(z,1)
(a=Be 0 (atBe ) (p-8)e ) {pto)e )
At e (a0 0STS@

(0=B)el™ ) —(atBe~= ) (p=8)e I (p+8)e~ )
R e e e e Pl zstsm
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13 Boundary Value Problems for Second Order Ordinary Differential Equations

13.2 Sturm-Liouville Problems

1 (e"y') + cey =0

2

2 \dst(zy’) + (a: — "—) y=0

T

3 \dst(VI=a%y) + =y =10

4 (aby) + e’y =0
5 (e *'y') +2ae 'y = 0

6 (ze *y) +ae y=0

7((1-2)y) +ala+1)y=0

9 )\, =n?n?, y, =e “sinnmz (n = positive integer)

10 \g=—1,yo =1\, = n’7?, y, = e “(nmcosnmz + sinnnz) (n = positive

integer)

11 (a) A =0 is an eigenvalue y, = 2 —z (b) none (c) 5.0476821, 14.9198790,

29.7249673,
49.4644528

Y
= 2\/X cosx/x

T

— sin \/Xx
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13 Boundary Value Problems for Second Order Ordinary Differential Equations

12 (a) A = 0 isn’t an eigenvalue (b) —0.5955245 y = coshv/—\z (C) 8.8511386,

38.4741053,
87.8245457,
156.9126094

Y
= cos Vz

13 (a) A = 0 isn’t an eigenvalue (b) none (c) 0.1470328, 1.4852833, 4.5761411,

9.6059439

Yy
=vXcos Vx

+ sin \/Xx

14 (a) A = 0 isn’t an eigenvalue (b) —0.1945921

y 19.9317507 y = 2V cos VAz —sin VI z
=2v/—\
cosh \/—_)\
X
— sinh \/—_A
z (C)
1.9323619,
5.9318981,
11.9317920,

15 (a) A = 0 isn’t an eigenvalue (b) —1.0664054 y = coshv/—Xz (€) 1.5113188,

8.8785880,
21.2104662,
38.4805610

Y
=cos VA

T
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13 Boundary Value Problems for Second Order Ordinary Differential Equations

16 (a) A = 0isn’t an eigenvalue (b) —1.0239346

y 38.9842177 y= VA cosVAz —sinVz
=vV=X
cosh \/—_)\
X
— sinh \/j
z (C)
2.0565705,
9.3927144,
21.7169130,

17 (a) A = 0 isn’t an eigenvalue (b) —0.4357577,

Y 16.8760401 y = 2V X cosVAz —sinVz
=2v/—\
cosh v/—X
T
— sinh \/j
z (C)
0.3171423,
3.7055350,
9.1970150,

18 (a) A = 0 isn’t an eigenvalue (b) —2.1790546, —9.0006633

y (c) 5.8453181, 17.9260967, 35.1038567, 57.2659330 y = VA cos VAz — 3sin VA x

==\
cosh v —\
T

— 3sinhv—A\

T
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13 Boundary Value Problems for Second Order Ordinary Differential Equations

19 (a) A =0is an eigenvalue y, =2 —z (b) —1.0273046

Y 38.4784094 y = 2V X cosVAz —sinVAz
=2v/—\
cosh v/—X
T
— sinh \/j
z (C)
8.8694608,
16.5459202,
26.4155505,

20 (a) A = 0isn't an eigenvalue (b) —7.9394171, —3.1542806

y 236.7229622 y = 2V X cosVAz — 5sinV Az
=2v/—\
cosh \/—_)\
X
— 5sinh \/—_)\
z (C)
29.3617465,
78.777456,
147.8866417,

|N
[

A=0, y=ze * 20.1907286, 118.8998692, 296.5544121, 553.1646458

= e ®sinV\

N

2 )\, =n’n?, y, = xsinnn(z —2) (n = positive integer)

23 A\ =0, y=z(2—x) 20.1907286, 118.8998692, 296.5544121

553.1646458,
Y

= zsin VX
(z—2)
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13 Boundary Value Problems for Second Order Ordinary Differential Equations

24 3.3730893, 23.1923372, 62.6797232, 121.8999231, 200.8578309

Y
= zsin VA
(z—1)

25 (@) -L<é<0(b)d=-L

26 \g=—1/a? yg=e*/* )\, =n2, y, =nacosnz —sinnz, n=1,2, ...

27 (@) y=2z—a (b) y= akcoshkx —sinkx (C) y = akcos kx — sin kz

29 (b) A= —a?/p? y=e2/F
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