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IN THIS CHAPTER we use the series discussed in Chapter 11 to solve partial differential equations that
arise in problems of mathematical physics.

SECTION 12.1 deals with the partial differential equation
2
Ut = A Ugyg,

which arises in problems of conduction of heat.

SECTION 12.2 deals with the partial differential equation
Uty = 0 Ugy,

which arises in the problem of the vibrating string.

SECTION 12.3 deals with the partial differential equation
Ugg + Uy = 0,

which arises in steady state problems of heat conduction and potential theory.

SECTION 12.4 deals with the partial differential equation

1 1
Upp + — Uy + —2U99 =0,
r r

which is the equivalent to the equation studied in Section 1.3 when the independent variables are polar
coordinates.

619

Answers to selected exercises in this chapter
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12.1 The Heat Equation

We begin the study of partial differential equations with the problem of heat flow in a uniform bar of
length L, situated on the z axis with one end at the origin and the other at z = L (Figure 12.1.1).

We assume that the bar is perfectly insulated except possibly at its endpoints, and that the temperature
is constant on each cross section and therefore depends only on z and ¢. We also assume that the
thermal properties of the bar are independent of z and ¢. In this case, it can be shown that the
temperature « = u(x,t) at time ¢ at a point z units from the origin satisfies the partial differential equation

wp = a’ug,, 0<z <L, t>0,

where « is a positive constant determined by the thermal properties. This is the heat equation.

Figure 12.1.1. A uniform bar of length L

To determine «, we must specify the temperature at every point in the bar when ¢ = 0, say

u(z,0) = f(z), 0<z<L.

We call this the initial condition. We must also specify boundary conditions that « must satisfy at the
ends of the bar for all ¢ > 0. We’ll call this problem an initial-boundary value problem.

We begin with the boundary conditions «(0,t) = u(L,t) = 0, and write the initial-boundary value problem
as
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U = a®uy,, 0<z <L, t>0,
u(0,t) =0, wu(L,t)=0, t>0, (12.1.1)
u(z,0) = f(z), 0<z<L.

Our method of solving this problem is called separation of variables (not to be confused with method of
separation of variables used in Section 2.2 for solving ordinary differential equations). We begin by
looking for functions of the form

that are not identically zero and satisfy

v = a*vy, v(0,t) =0, wv(L,t)=0

for all (z,t). Since

v =XT' and g, =X"T,

vy = a’v,, if and only if

XT' =a?’X"T,
which we rewrite as
T/ B X//
a?T X

Since the expression on the left is independent of 2 while the one on the right is independent of ¢, this
equation can hold for all (z,¢) only if the two sides equal the same constant, which we call a separation
constant, and write it as —\; thus,

X// B T/

—A.

X &7

This is equivalent to

X" "+2X=0

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 3 0of 98



12 Fourier Solutions of Partial Differential Equations

and

T' = —a®\T. (12.1.2)

Since v(0,t) = X(0)T'(¢t) = 0 and v(L,t) = X(L)T'(t) = 0 and we don’t want T to be identically zero, X(0) =0
and X(L) = 0. Therefore A must be an eigenvalue of the boundary value problem

X"4+AX =0, X(0)=0, X(L)=0, (12.1.3)

and X must be a A-eigenfunction. From Theorem 11.1.2, the eigenvalues of (12.1.3) are )\, = n?n2/L?,
with associated eigenfunctions

Substituting A = n?z%/L? into (12.1.2) yields
T = —(n27r2a2/L2)T,
which has the solution

T — 67n2772a2t/L2
n = .

Now let

On(2,1) = Xp(2)Tp(t) = e ™™ sin %, n=123,..

Since

nwe
n\+, 0) =si —r
vy (z,0) = sin T

v, satisfies (12.1.1) with f(z) = sinnmz/L. More generally, if ay, ..., «,, are constants and
_ uu 771/27T2112t/L2 . nnx
U (2, 1) ; ape sin ——,

then u,, satisfies (12.1.1) with
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nmx

flz) = ;an sin —
This motivates the next definition.

DerFiniTion 12.1.1

The formal solution of the initial-boundary value problem

U = a’uy,, 0<z<L, t>0,
u(0,t) =0, wu(L,t)=0, t>0, (12.1.4)
u(z,0) = f(z), 0<z<L

nmwx

u(z,t) = Z ome ™ ™9/ gin — (12.1.5)

where

nnr

S(z) = ;an sin —

is the Fourier sine series of f on [0, L]; that is,

n

2 [k . T
an =7 . f(z) sin T dx.

We use the term “formal solution” in this definition because it's not in general true that the infinite series
in (12.1.5) actually satisfies all the requirements of the initial-boundary value problem (12.1.4) when it
does, we say that it's an actual solution of (12.1.4).

Because of the negative exponentials in (12.1.5), » converges for all (z,t) with ¢t > 0 (Exercise 54). Since
each term in (12.1.5) satisfies the heat equation and the boundary conditions in (12.1.4), « also has
these properties if v; and u,, can be obtained by differentiating the series in (12.1.5) term by term once
with respect to ¢t and twice with respect to z, for ¢t > 0. However, it's not always legitimate to differentiate
an infinite series term by term. The next theorem gives a useful sufficient condition for legitimacy of
term by term differentiation of an infinite series. We omit the proof.
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THEOREM 12.1.2

A convergent infinite series
=D wa(?)
n=1

can be differentiated term by term on a closed interval [z, z;] to obtain

(where the derivatives at z = z; and z = z, are one-sided) provided that w;, is continuous on [z, z»]
and

lwy,(2)] < My, 21<2<z, n=12]3,..,

where M;, M,, ..., M,, ..., are constants such that the series ) °>°, M, converges.

Theorem 12.1.2, applied twice with z = z and once with z = ¢, shows that u,, and u; can be obtained by
differentiating « term by term if t > 0 (Exercise 54). Therefore « satisfies the heat equation and the
boundary conditions in (12.1.4) for ¢t > 0. Therefore, since u(z,0) = S(z) for 0 <z < L, u is an actual
solution of (12.1.4) if and only if S(z) = f(x) for 0 <z < L. From Theorem 11.3.2, this is true if f is
continuous and piecewise smooth on [0, L], and f(0) = f(L) = 0.

In this chapter we’ll define formal solutions of several kinds of problems. When we ask you to solve
such problems, we always mean that you should find a formal solution.

ExampLE 12.1.1

Solve (12.1.4) with f(z) = z(2® — 3Lz + 2L?).

SoruTtion From Example 11.3.6, the Fourier sine series of f on [0, L] is

12L3 I | g T
povn

Therefore
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\bbox is only supported in math mode

If both ends of bar are insulated so that no heat can pass through them, then the boundary conditions
are

ug(0,8) =0, wuy(L,t)=0, ¢>0.

We leave it to you (Exercise 1) to use the method of separation of variables and Theorem 11.1.3 to
motivate the next definition.

DerFiniTion 12.1.3

The formal solution of the initial-boundary value problem

ut:a2um, O<zx< L, t>0,
ug(0,8) =0, wy(L,t)=0, >0, (12.1.6)
u(z,0) = f(z), 0<z<L

o0
—n27r202t/L2 nmwx
u(z,t) = ap + E e T og 2

n=1
where

nwE
L

C(z) = ap+ Z Q, o8

n=1

is the Fourier cosine series of f on [0, L]; that is,

1L 2 (L
oy = f/ f(x)dz and «,= f/ f(z) cos % de, n=1,2,3, ...
0 0

ExampLE 12.1.2
Solve (12.1.6) with f(z) = =.
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Sorution From Example 11.3.1, the Fourier cosine series of f on [0, L] is

) = \dst—— i": — (2n;1)7m:

=1

Therefore

\bbox is only supported in math mode

We leave it to you (Exercise 2) to use the method of separation of variables and Theorem 11.1.4 to
motivate the next definition.

DeriniTion 12.1.4

The formal solution of the initial-boundary value problem

ut = a’uge, 0<zxz <L, t>0,
u(0,t) =0, w,(L,t)=0, ¢>0, (12.1.7)
u(z,0) = f(z), 0<z<L

= 2n—1
u(z,t) = Z Ozne*(2”’1)2”2“2'5/“2 sin —( n oL i )

where

2n—1)

Zan sin ———
is the mixed Fourier sine series of f on [0, L]; that is,

2 [t o (2n—1)mx
oy = f/o f(z) sdea:.

ExavpLE 12.1.3
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Solve (12.1.7) with f(z) = =.

Sorution From Example 11.3.4, the mixed Fourier sine series of f on [0, L] iS

8L & - . (2n—17nzx
Su(z) = _F; (2(n _)1)2 sin ( 2L) .

Therefore
\bbox is only supported in math mode

Figure 12.1.2 shows a graph of v = u(z, t) plotted with respect to z for various values of t. The line y = z
corresponds to ¢t = 0. The other curves correspond to positive values of ¢. As ¢ increases, the graphs
approach the line u = 0.

Figure 12.1.2.

We leave it to you (Exercise 3) to use the method of separation of variables and Theorem 11.1.5 to
motivate the next definition.

DerFiniTion 12.1.5

The formal solution of the initial-boundary value problem

ut:a2um, O<zx< L, t>0,
ug(0,t) =0, wu(L,t)=0, >0, (12.1.8)
u(z,0) = f(z), 0<z<L

is
&= 2n — 1)z
1) = . —(2n—1)2n2a%t/4L? (
u(z,t) nz:;a e cos ——7——,
where
= 2n — D)z
Cu(z) = ; Qun COS (T)

is the mixed Fourier cosine series of f on [0, L]; that is,
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2 L (2n — )7z
o = f/o f(z) cos Tdm.

ExampLE 12.1.4
Solve (12.1.8) with f(z) =z — L.

SoruTtion From Example 11.3.3, the mixed Fourier cosine series of f on [0, L] is

8L & 1 (2n —1)mz
Cu(z) = 7 Z 1) cos 5L .

n=1

Therefore

8L s 1 2,2 92 2 (2n — 1)7T.’E
- —(2n—1)2m%a?t /AL
u(z,t) = - g 1) e cos 5T .
n=1

Nonhomogeneous Problems

A problem of the form

up = a?uz, +h(z), 0<z <L, t>0,
u(0,t) = ug, u(L,t)=wug, t>0, (12.1.9)

can be transformed to a problem that can be solved by separation of variables. We write
u(z,t) = v(z, t) + q(z), (12.1.10)
where q is to be determined. Then
uy=v; and  Ugy = Vgp +q”

so u satisfies (12.1.9) if v satisfies
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v = @’V +a*q” (z) + h(z), 0<z<L, t>0,
U(Lat) Z’LLL—(](L), t >0,

U(07 t) = U — q(0)7
v(z,0) = f(z) —g(z), 0<z<L.

This reduces to

v = a’vy,, O0<z <L, t>0,
v(0,t) =0, wo(L,t)=0, ¢>0,

a2q” +h(z) =0, ¢(0)=wug, q(L)=ur.

(12.1.11)

We can obtain ¢ by integrating ¢” = —h/a? twice and choosing the constants of integration so that ¢(0)
=ug and ¢(L) = uz. Then we can solve (12.1.11) for v by separation of variables, and (12.1.10) is the
solution of (12.1.9).

ExampLE 12.1.5

Solve

Ut = Uge — 2, O0<2x<1, t>0,
w(0,t) =—1, wu(l,t)=1, ¢>0,
w(z,0) =23 —222+3z—1, 0<z<1.

SoruTion We leave it to you to show that

qz)=2+z—1

satisfies

Therefore

u(z,t) = v(z,t) + 2>+ 2 —1,
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where

Ve = Vg, O0<z<1l, t>0,

and
v(z,0) =22 —2224+32—-1—22— 2+ 1=x(x? -3z +2).

From Example 12.1.1 witha=1and L =1,

o]

12 1 2 2,
v(z,t) = — E —e " tsinnmr.
w3 = n3
=

Therefore

\bbox is only supported in math mode

A similar procedure works if the boundary conditions in (12.1.11) are replaced by mixed boundary

conditions

ug(0,8) =ug, u(L,t)=wug, t>0

or

’U,(O,t) = Uo, u:c(L7t) =4ur, t> Oa

however, this isn’t true in general for the boundary conditions

ugy(0,8) =ug, uy(L,t) =wug, ¢>0.

(See Exercise 47.)
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UsING TECHNOLOGY

Numerical experiments can enhance your understanding of the solutions of initial-boundary value
problems. To be specific, consider the formal solution

00
2.2 2,72 . NAT
u(z,t) = g ape T at/L sin ——,
n=1

of (12.1.4), where

nnr

S(z) = ;an sin —

is the Fourier sine series of f on [0, L]. Consider the m-th partial sum

m
U (z,t) = Z e T gin % (12.1.12)

n=1

For several fixed values of ¢ (including ¢t = 0), graph u,,(z, t) versus t¢. In some cases it may be useful to
graph the curves corresponding to the various values of ¢t on the same axes in other cases you may
want to graph the various curves sucessively (for increasing values of t), and create a primitive motion
picture on your monitor. Repeat this experiment for several values of m, to compare how the results
depend upon m for small and large values of ¢. However, keep in mind that the meanings of “small” and
“large” in this case depend upon the constants «2? and L2. A good way to handle this is to rewrite
(12.1.12) as

where

m2a’t

(12.1.13)

and graph u,, versus z for selected values of .

These comments also apply to the situations considered in Definitions 12.1.3-12.1.5, except that
(12.1.13) should be replaced by
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m2a’t

412’

in Definitions 12.1.4 and 12.1.5.

In some of the exercises we say “perform numerical experiments.” This means that you should perform
the computations just described with the formal solution obtained in the exercise.

12.1 Exercises

[

. Explain Definition 12.1.3.

N

Explain Definition 12.1.4.

w

Explain Definition 12.1.5.

S

. Perform numerical experiments with the formal solution obtained in Example 12.1.1.

(S

. Perform numerical experiments with the formal solution obtained in Example 12.1.2.

(o2}

. Perform numerical experiments with the formal solution obtained in Example 12.1.3.

~

. Perform numerical experiments with the formal solution obtained in Example 12.1.4.

In Exercises 8-42 solve the initial-boundary value problem. Where indicated by | C |, perform numerical
experiments. To simplify the computation of coefficients in some of these problems, check first to see if
u(zx,0) is a polynomial that satisfies the boundary conditions. If it does, apply Theorem 11.3.5; also, see
Exercises 11.3. 35(b), 11.3. 42(b), and 11.3. 50(b).
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10.

11.

12.

13.

14.

15.
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Ut = Uge, O0< <1, t>0,
u(0,t) =0, wu(l,t)=0, ¢t>0,
u(z,0)=z(l—2z), 0<z<1

—~~

Show answer

U = MUy, 0<ax<4, t>0,
w(0,t) =0, wu(4,t)=0, t>0,
u(z,0)=1, 0<z<4

—~

Show answer

U = Uy, O0<x<m, t>0,
w(0,t) =0, wu(mt)=0, t>0,

u(z,0) =zsinz, 0<z<nm

—~

Show answer

(C)ur=9u,,, O<z<2 t>0,
w(0,t) =0, w(2,t)=0, t>0,
u(z,0)=2%(2—1x), 0<z<2

Show answer

U =4y, 0<ax<3, t>0,
u(0,t) =0, wu(3,t)=0, t>0,
u(z,0) =z(9—22?), 0<z<3

—~

Show answer

Uy =AUy, 0<x<2, t>0,
u(0,t) =0, u(2,t)=0, t>0,

0<x <1,
“(x’o)_{ 2-z, 1<z<2

Show answer

—~

8

ut:7uzz, O<.'L'<1, t>01
u(0,t) =0, wu(l,t)=0, t>0,
w(z,0) =z(3z*— 1022 +7), 0<zx<1

Show answer

U = DUy, O0<ax <1, t>0,
u(0,t) =0, wu(l,t)=0, t>0,
u(z,0) = z(z® — 222 +1), 0<z<1

—~

Show answer
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17.

18.

19.

20.

21.

22,

23.
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Ut = 2Ug, O0<ax<1l, t>0,
u(0,t) =0, wu(l,t)=0, ¢t>0,
u(z,0) = 2(3z* — 523 +2), 0<xr<1

—~~

Show answer

ut:9um, O<z<4, t>0,
uzy(0,8) =0, wuy(4,t)=0, ¢>0,
u(z,0) =122, 0<z<4

Show answer

U =4z, 0<ax<2, t>0,
uy(0,8) =0, wu,(2,t)=0, t>0,
u(z,0)=z(z—4), 0<z<2

Show answer

(C)ur=9up, O<z<1, t>0,
uy(0,8) =0, wu,(l,t)=0, t>0,
u(z,0)=z(l—2z), 0<z<1

Show answer

U = Uy, 0<2x <2, t>0,
ugy(0,8) =0, wuy(2,t)=0, ¢>0,
u(r,0) =222(3—1z), 0<z<2

Show answer

Uy =Bz, 0<z<V2, t>0,
uy(0,8) =0, wu,(vV2,t)=0, t>0,
u(z,0) = 322(z> —4), 0<z<+V2

Show answer

Ut=3um, 0O<z<l1l, t>0,
uy(0,8) =0, wu,(l,t)=0, t>0,
u(z,0) =2%(3z—4), 0<z<1

Show answer

U = Uy, O0<ax <1, t>0,
uy(0,8) =0, wu,(l,t)=0, t>0,
u(z,0) = 2%(322 =8z +6), 0<z<1

Show answer
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U= Uy, O<ax<m, t>0,

ugy(0,8) =0, wuy(mt)=0, t>0,
u(z,0) =2%(z—7)?2, 0<z<T

Show answer

U= U, O0<ax<1, t>0,

u(0,t) =0, wuy(1,t)=0, ¢>0,
u(z,0) =sinmz, 0<z<1

Show answer

.ut:3um, O<z<m t>0,
u(0,t) =0, wux(mt)=0, ¢>0,
u(z,0)=z(r—z), 0<zx<m

Show answer

U =DUg, O0<x<2, t>0,

w(0,t) =0, wux(2,t)=0, t>0,
u(z,0)=z(4—2), 0<xz<2

Show answer

U= U, O0<ax <1, t>0,
u(0,t) =0, wux(1,t)=0, ¢>0,
u(z,0) =2%(3—2z), 0<z<1

Show answer

U= Uy, O0<z <1, >0,
u(0,t) =0, wu,(l,t)=0, t>0,
u(z,0)=(r—1)3+1, 0<z<1

Show answer

nI

U = Ugpr, 0< <1, t>0,
w(0,t) =0, wu,(l,t)=0, t>0,
u(z,0) =x(z?-3), 0<z<1

Show answer

U= U, O0<ax<1, t>0,

u(0,t) =0, wu,(l,t)=0, t>0,
u(z,0) =233z —4), 0<z<1

Show answer
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32.

33.

34,

35.

36.

37.

38.

39.
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Ut = Uge, O0< <1, t>0,
w(0,t) =0, wu,(l,t)=0, t>0,
u(z,0) = x(z® — 222 +2), 0<2<1

Show answer

U = Uy, O0<x<m, >0,
uy(0,8) =0, wu(mt)=0, t>0,
u(z,0) =2?(r—2z), 0<z<m

Show answer

ur = 16u,,, 0<ax<2m, t>0,
uy(0,t) =0, wu(2mt)=0, t>0,
u(z,0)=4, 0<z<2r

Show answer

U = Qug,, 0<ax<4, t>0,
uy(0,8) =0, wu(4,t)=0, t>0,
u(r,0) =22, 0<z<4

Show answer

ut=3um, 0<zx<l, t>0,
ugy(0,) =0, wu(l,t)=0, ¢>0,
w(z,0)=1—z, 0<z<1

Show answer

Up = Uz, 0<z <1, t>0,
uy(0,8) =0, wu(l,t)=0, t>0,
u(z,0)=1—2>, 0<z<1

w

Show answer

Ut = Ty, O0<zx<m t>0,
uy(0,8) =0, wu(mt)=0, t>0,

u(r,0) =72 —2% 0<z<m

Show answer

U = Uy, O0<ax <1, t>0,
uy(0,8) =0, wu(l,t)=0, t>0,
u(z,0) =43 +32> -7, 0<zx<1

Show answer
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40. w=u,, O0<z<l1l, t>0,
uy(0,8) =0, wu(l,t)=0, t>0,
u(z,0) =223+ 322 -5, 0<z<1

Show answer

41.ut:um, 0<z<l1, t>0,
uy(0,8) =0, wu(l,t)=0, t>0,
u(z,0) =z*—4z3+622 -3, 0<z<1

Show answer

42, w=u,, 0<z<l1, t>0,
uy(0,8) =0, wu(l,t)=0, t>0,
u(r,0) =2t —22°+1, 0<z<1

Show answer

In Exercises 43-46 solve the initial-boundary value problem

values of L and a.

. Perform numerical experiments for specific
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43.ut:a2um, O<z<L, t>0,
ug(0,8) =0, wuy(L,t)=0, t>0,

u(z,0) = o
(0 {0, L<r<lL

Show answer

44, ut=a2um, O<z<L, t>0,

w(0,t) =0, w(L,t)=0, t>0,
1, 0<z< L
u(z,0) = . -2
0, s<z<L

Show answer

45.ut:a2um, O<z<L, t>0,
uzy(0,8) =0, w(L,t)=0, t>0,

46. ut:aQUM, 0O<z<L, t>0,

Show answer

47. Let h be continuous on [0, L] and let u, u., and a be constants, with ¢ > 0. Show that it's always
possible to find a function ¢ that satisfies (a), (b), or (c), but that this isn’t so for (d).

a.a’q" +h=0, q¢0)=uo, ¢(L)=ug
b.a?¢” +h=0, ¢’ (0)=wuy, q(L)=ug
C.a’¢"+h=0, q0)=uy, ¢ (L)=ug

d.a’¢” +h=0, q0)=uy, ¢ (L)=ur

In Exercises 48-53 solve the nonhomogeneous initial-boundary value problem
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51.

52.

53.
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up = Qug, — 54z, 0<zx <4, t>0,
w(0,t) =1, wu(4,t)=61, t>0,
u(z,0)=2—z+2° 0<x<4

—~

Show answer

Ut =Uge — 2, 0<z <1, t>0,
w(0,t) =1, wu(l,t)=3, t>0,
u(z,0)=222+1, 0<z<1

—~

Show answer

U = Uz, — 182, O0<ax <1, t>0,
uy(0,t) =—1, wu(l,t)=-1, t>0,
u(r,0) =2 -2z, 0<x<1

Show answer

ur =uz, — 18, 0<z <4, t>0,
us(0,8) = —1, w(d,t)=10, t>0,
uw(r,0) =222 —2—-2, 0<z<4

Show answer

Up = Ugg + Mesinmz, 0<z <1, t>0,
u(0,t) =0, wuy(l,t)=—m t>0,
u(z,0) =2sinmz, 0<z<1

Show answer

Up = Uz — 6, O0<zxz <L, t>0,
u(0,t) =3, wuy(l,t)=2, ¢>0,
u(z,0) =2 —2+x+3, 0<z<1

Show answer

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 21 of 98



12 Fourier Solutions of Partial Differential Equations

54. In this exercise take it as given that the infinite series >.>  n?e~® converges for all p if ¢ > 0, and,
where appropriate, use the comparison test for absolute convergence of an infinite series.

Let

o0
—n2n2¢2t/L2 . NTX
u(z,t) = E e T sin ——
n=1

where

2 L
oy, = f/o f(z)sin nz:c dx

and f is piecewise smooth on [0, L].
a. Show that « is defined for (z,t) such that ¢ > 0.

b. For fixed ¢ > 0, use Theorem 12.1.2 with z = z to show that

o0
™ 272,24 /T2 nnwr
ug(x,t) = — E nae T cos —— | —00 < z < 00.
L L
n=1

c. Starting from the result of (a), use Theorem 12.1.2 with » = z to show that, for a fixed ¢ > 0,

2 o0
™ 2.2 2 2 . Nnx
Uz (T, 1) = E nla,e " mat/L sin——, —oo <z < oo

n=1

d. For fixed but arbitrary z, use Theorem 12.1.2 with z = ¢ to show that

2,2

Ta 22,24 /72 nmwx

2 — t/L? .

ug(z,t) = — 73 E nla,e ™™ gin <
n=1

if t > to > 0, where t, is an arbitrary positive number. Then argue that since ¢, is arbitrary, the
conclusion holds for all ¢ > 0.

e. Conclude from (c¢) and (d) that
ut=a2um, —oo<zx<oo, t>0.

By repeatedly applying the arguments in (a) and (c), it can be shown that « can be differentiated
term by term any number of times with respect to = and/or ¢ if t > 0.
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12.2 The Wave Equation

In this section we consider initial-boundary value problems of the form

Uy = @2 Ugy, 0<z <L, t>0,
u(0,t) =0, wu(L,t)=0, t>0, (12.2.1)
U(ZL‘,O) :f($)7 ’U,t(fE,O) :g(l'), OS*TSL’
where q is a constant and f and g are given functions of z.

The partial differential equation u;; = a?u,, is called the wave equation. It is necessary to specify both f
and g because the wave equation is a second order equation in ¢ for each fixed z.

This equation and its generalizations
Uit = a2 (Ugy + Uyy) and  uy = a® (g + Uyy + Us)

to two and three space dimensions have important applications to the the propagation of
electromagnetic, sonic, and water waves.

The Vibrating String

We motivate the study of the wave equation by considering its application to the vibrations of a string —
such as a violin string — tightly stretched in equilibrium along the z-axis in the zu-plane and tied to the
points (0,0) and (L,0) (Figure 12.2.1).

Figure 12.2.1. A stretched string

If the string is plucked in the vertical direction and released at time ¢ = 0, it will oscillate in the zu-plane.
Let u(z,t) denote the displacement of the point on the string above (or below) the abscissa = at time t¢.

We'll show that it's reasonable to assume that « satisfies the wave equation under the following
assumptions:
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1. The mass density (mass per unit length) p of the string is constant throughout the string.

2. The tension T induced by tightly stretching the string along the z-axis is so great that all other
forces, such as gravity and air resistance, can be neglected.

3. The tension at any point on the string acts along the tangent to the string at that point, and the
magnitude of its horizontal component is always equal to T, the tension in the string in
equilibrium.

4. The slope of the string at every point remains sufficiently small so that we can make the
approximation

V1+u2~l (12.2.2)

Figure 12.2.2 shows a segment of the displaced string at a time ¢ > 0. (Don’t think that the figure is
necessarily inconsistent with Assumption 4; we exaggerated the slope for clarity.)

Figure 12.2.2. A segment of the displaced string

The vectors T; and T, are the forces due to tension, acting along the tangents to the segment at its
endpoints. From Newton'’s second law of motion, T, — T, is equal to the mass times the acceleration of
the center of mass of the segment. The horizontal and vertical components of T, — T, are

|T3|cosfy — |T1|cosf; and |Te|sinfy —|T:|sinby,
respectively. Since
|T2|cosfy = |Tq|cosby =T (12.2.3)

by assumption, the net horizontal force is zero, so there’s no horizontal acceleration. Since the initial
horizontal velocity is zero, there’s no horizontal motion.

Applying Newton’s second law of motion in the vertical direction yields
| T3] sin O — |T1|sin 0y = pAsuy(T,t), (12.2.4)
where As is the length of the segment and z is the abscissa of the center of mass; hence,

r<zT<x+ Ax.

From calculus, we know that
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z+Azx
As:/ v/ 1+ u2(o,t)do;
X

however, because of (12.2.2), we make the approximation
z+Azx
As ~ / ldo = Az,

S0 (12.2.4) becomes
|T2| sin 92 - |T1‘ sin 01 = pAZB utt(E, t)
Therefore

|T2|sin @2 — |T1]|sin 61
Ax

= puy(T,1).

Recalling (12.2.3), we divide by T to obtain

tan 6y — tan 6 _
— = %utt(:r,t). (12.2.5)

Since tan 6; = u,(z,t) and tan 0y = u,(z + Az, t), (12.2.5) is equivalent to

uy(z + Az) —ug(z,t)  p .
Az B Tutt(x’ )

Letting Az — 0 yields

uzz(xa t) = %utt(ma t))

which we rewrite as us = a?us., With a? = T/p.

The Formal Solution

As in Section 12.1, we use separation of variables to obtain a suitable definition for the formal solution
of (12.2.1). We begin by looking for functions of the form v(z,t) = X(z)T'(¢) that are not identically zero
and satisfy
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Vit = a*Vgy, ©(0,t) =0, wv(L,t)=0
for all (z,t). Since
vy = XT” and vy = X"T,
vy = a’v,, if and only if
XT" = a*X"T
which we rewrite as

T// X//
2T X

For this to hold for all (z,t), the two sides must equal the same constant; thus,

which is equivalent to
X"+X2X=0
and
T” 4+ a’\T = 0. (12.2.6)

Since v(0,t) = X(0)T'(¢t) = 0 and v(L,t) = X(L)T'(t) = 0 and we don’t want T to be identically zero, X(0) =0
and X (L) = 0. Therefore A must be an eigenvalue of

X" +AX=0, X(0)=0, X(L)=0, (12.2.7)

and X must be a -eigenfunction. From Theorem 11.1.2, the eigenvalues of (12.2.7) are \, = n?x?/L?,
with associated eigenfunctions

. nIT
X,=sin—1, n=123,....
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Substituting A = n?z%/L? into (12.2.6) yields

T” + (n*n2%a?/L*)T =0,

which has the general solution

T nmat B.L . nmat
n = Qip COS sin ,
L nmwa L
where o, and 3, are constants. Now let
nmat L nmat nwx
vp(z,t) = X, (2)To(t) = (an cos — + Ifnra sin T )sin T
Then
(%n( t) ( nmwa . nmat + B mrat) . nrx
—(x,t) = | ———ap, sin —— 1, COS sin —,
ot 7’ L L L L
SO

. nmxT Ov, . nrz
Up(2,0) = oy sin A and 5 (x,0) = By sin 7

Therefore v, satisfies (12.2.1) with f(z) = a,, sinnmz/L and g(z) = 8, cosnrz/L. More generally, if ay, as,
., o, @nd By, Po,..., B are constants and

uc nmat BnL . nmat\ . nmx
E 0y, COS sin sin ,
p— nmwa L L

then w,, satisfies (12.2.1) with

. nrx nwe
Z O sin —> and g(z g B sin
This motivates the next definition.

DeriniTion 12.2.1

If f and g are piecewise smooth of [0, L], then the formal solution of (12.2.1) is
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= t L t
u(x, t) = Z (an cos m;a + iwa sin n;a ) sin mlr/a:, (12.2.8)

n=1

where

o0 o0
S¢(x) = Z oy sin nzx and Sy(z) = Z B sin e
n=1 n=1

are the Fourier sine series of f and g on [0, L]; that is,

2 [t 2 [t
ay = f/o f(z) sin nzac dr and @, = f/o g(z) sin nza: dx.

Since there are no convergence-producing factors in (12.2.8) like the negative exponentials in ¢ that
appear in formal solutions of initial-boundary value problems for the heat equation, it isn’t obvious that
(12.2.8) even converges for any values of z and ¢, let alone that it can be differentiated term by term to
show that u; = au,,. However, the next theorem guarantees that the series converges not only for 0
<z < Landt>0,butfor —co<z<ooand —co <t < oo.

THeEOREM 12.2.2

If f and g are pieceswise smooth on [0, L], then « in (???) converges for all (z,t), and can be written
as

u(z,t) = %[Sf(a: +at) + S¢(xz — at)] + % /z ' Sy(T) dr. (12.2.9)

Proor Setting A = nmz/L and B = nwat/L in the identities
sin Acos B = %[Sin(A + B) +sin(A — B)]
and

1
sin Asin B = —3 [cos(A + B) — cos(A — B)]
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yields
nmat nmr 1 nm(x + at nm(x — at
€08 ——— sin z =3 [sin ul T ) + sin ul T )} (12.2.10)
and
dst sin 2met gip 2oz — dSt cos nm(zt+at) cos nn(z—at)
' et Rl T ] (12.2.11)
= \dst3% fw “ sin 4 dr.
From (12.2.10),
nmat nmr 1 00 .. nm(z+at) .. nn(z—at)
\dst Y3 0% | ay cos B sin 222 = \dst Y7 oy (sm —5— +sin —— ) (12.2.12)

\dst+[S¢(z + at) + Sy(z — at)].

Since it can be shown that a Fourier sine series can be integrated term by term between any two limits,
(12.2.11) implies that

\dst 3752 Dok gip nmal i 212\ stk S B, f“;tt sin %= dr

nwa
dSt 1 z:rat © Bn sin T mr‘r dr
2a n 1

r—at

= \dst [T S (1) dr.

r—at

This and (12.2.12) imply (12.2.9), which completes the proof.

As we'll see below, if S, is differentiable and S; is twice differentiable on (—c, c0), then (12.2.9) satisfies
uy = a’uy, for all (z,t). We need the next theorem to formulate conditions on f and g such that S; and S,
to have these properties.

THeEOREM 12.2.3

Suppose h is differentiable on [0, L]; that is, ’(x) exists for 0 < x < L, and the one-sided derivatives

both exist.

(a) Let p be the odd periodic extension of » to (—co, x); that is,
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<z<
P(:v)—{ h(), Oszsl, and p(z + 2L) = p(z), —o0 < x < 0.

—h(—z), —L<z<0,

h(0) = (L) = 0. (12.2.13)
(b) Let ¢ be the even periodic extension of h to (—oo, 00); that is,

(x):{ A=), vERE L, and q(z + 2L) = q(z), —o0 <z < 0.

h(—z), —L<z<0,

Then q is differentiable on (—oo, o) if and only if

W, (0) =k (L) =0. (12.2.14)

Proor Throughout this proof, £ denotes an integer. Since f is differentiable on the open interval (0, L),
both p and ¢ are differentiable on every open interval ((k—1)L,kL). Thus, we need only to determine
whether p and q are differentiable at z = kL for every k.

(a) From Figure 12.2.3, p is discontinuous at = = 2kL if h(0) # 0 and discontinuous at z = (2k — 1)L if h(L)
# 0. Therefore p is not differentiable on (—oco, 00) unless k(0) = h(L) = 0. From Figure 12.2.4, if h(0) = h(L)
=0, then

p’(2kL) = h/.(0) and p’((2k—1)L) =h' (L)

for every k; therefore, p is differentiable on (—oo, ).

Figure 12.2.3. The odd extension of a function that does not satisfy
(12.2.13)

Figure 12.2.4. The odd extension of a function that satisfies (12.2.13)

(b) From Figure 12.2.5,

¢ (kL) = —h',(0) and q}(2kL) = ', (0),
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so ¢ is differentiable at = = 2kL if and only if ), (0) = 0. Also,

¢ ((2k—1)L)=h' (L) and ¢} ((2k—1)L) = —h’ (L),

so g is differentiable at z = (2k — 1)L if and only if »” (L) = 0. Therefore q is differentiable on (—oo, 00) if
and only if »/,(0) = n’ (L) = 0, as in Figure 12.2.6. This completes the proof.

Figure 12.2.5. The even extension of a function that doesn’t satisfy
(12.2.14)

Figure 12.2.6. The even extension of a function that satisfies (12.2.14)

THeoOREM 12.2.4

The formal solution of (???) is an actual solution if ¢ is differentiable on [0, L] and

9(0) = g(L) =0, (12.2.15)
while f is twice differentiable on [0, L] and
fO)=f(L)=0 (12.2.16)
and
1) = f"(L)=0. (12.2.17)

Proor We first show that S, is differentiable and S; is twice differentiable on (—oo, c0). We'll then
differentiate (12.2.9) twice with respect to z and ¢ and verify that (12.2.9) is an actual solution of
(12.2.1).

Since f and g are continuous on (0, L), Theorem 11.3.2 implies that Sy(z) = f(z) and S,(z) = g(z) on
[0, L]. Therefore S; and S, are the odd periodic extensions of f and g. Since f and g are differentiable on
[0, L], (12.2.15), (12.2.16), and Theorem 12.2.3(a) imply that S; and S, are differentiable on (—oo, c0).

Since S}(z) = f'(z) on [0, L] (one-sided derivatives at the endpoints), and S} is even (the derivative of an
odd function is even), S} is the even periodic extension of f’. By assumption, f’ is differentiable on
[0, L]. Because of (12.2.17), Theorem 12.2.3(b) with » = f and ¢ = S} implies that S} exists on (—oo, 00).

Now we can differentiate (12.2.9) twice with respect to z and ¢:
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ug(z,t) = %[S}(m +at) + Sj(x —at)] + 2—1(1[59(:5 +at) — Sy(x — at)],

Uge (T, ) = %[S;(z +at) + S}/(x —at)] + 2_1a [S;(x +at) — S;(x — at)], (12.2.18)
ue(z,t) = %[S}(m +at) — S}(:c —at)] + %[Sg(:z: + at) + Sy(z — at)], (12.2.19)
and
a’ a
ug(z,t) = 7[5}’(93 +at) — S (z —at)] + E[Sé(a: +at) — S (z — at)]. (12.2.20)

Comparing (12.2.18) and (12.2.20) shows that uy(z,t) = a?u,.(x,t) for all (z,t).

From (12.2.8), u(0,¢) = u(L,t) = 0 for all . From (12.2.9), u(z,0) = S(z) for all z, and therefore, in
particular,

u(z,0) = f(z), 0<z<L.

From (12.2.19), u,(z,0) = S,(z) for all z, and therefore, in particular,

ut(z,0) =g(z), 0<z<L.

Therefore « is an actual solution of (12.2.1). This completes the proof.

Eqgn (12.2.9) is called d’Alembert’s solution (http://mwww-history.mcs.st-and.ac.uk/Mathematicians/D'Alembert.html) Of
(12.2.1). Although d’Alembert’s solution was useful for proving Theorem 12.2.4 and is very useful in a
slightly different context (Exercises 63-68), (12.2.8) is preferable for computational purposes.

ExampLE 12.2.1

Solve (12.2.1) with

f(z) = z(z® —2La* + L*) and g(z) = z(L — x).

Sorution We leave it to you to verify that f and g satisfy the assumptions of Theorem 12.2.4.
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From Exercise 11.3.

%
1w

f(x) = s 2 @n—1p sin T
From Exercise 11.3. 36,
8L? & 1 (2n — 1)
Sy(@) = sin
! ™ & (2n— 1)} I
From (12.2.8),
u(z,t) = \dstgfr—? S (2ni1)5 cos (2nfL1)ﬂ'at sin (gnzl)ﬂw

. 8L3 0o 1 . (@n—-1)mat . (2n—1)mz
H\dst T X on1 T sin ——F— sin —

Theorem 12.1.2 implies that «,, and u, can be obtained by term by term differentiation, for all (z,¢), so
uy = a’uy, for all (z,t) (Exercise 62). Moreover, Theorem 11.3.2 implies that Sy(z) = f(z) and S,(z) = g(z)
if 0 <z < L. Therefore u(z,0) = f(x) and u;(z,0) = g(z) if 0 <z < L. Hence, « is an actual solution of the
initial-boundary value problem.

REMARK

In solving a specific initial-boundary value problem (12.2.1), it's convenient to solve the problem
with g = 0, then with f =0, and add the solutions to obtain the solution of the given problem.
Because of this, either f =0 or g = 0 in all the specific initial-boundary value problems in the
exercises.

The Plucked String

If f and g don't satisfy the assumptions of Theorem 12.2.4, then (12.2.8) isn’t an actual solution of
(12.2.1) in fact, it can be shown that (12.2.1) doesn’t have an actual solution in this case. Nevertheless,
u is defined for all (z,t), and we can see from (12.2.18) and (12.2.20) that uy(z,t) = a?u..(z,t) for all (z,t)
such that S7(z + at) and S; (= + at) exist. Moreover, « may still provide a useful approximation to the
vibration of the string; a laboratory experiment can confirm or deny this.

We'll now consider the initial-boundary value problem (12.2.1) with

, 0<z< %,
fay=4 T T (12.2.21)
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and g = 0. Since f isn't differentiable at z = L/2, it does’nt satisfy the assumptions of Theorem 12.2.4, so
the formal solution of (12.2.1) can't be an actual solution. Nevertheless, it's instructive to investigate the

properties of the formal solution.

The graph of f is shown in Figure 12.2.7. Intuitively, we are plucking the string by half its length at the

middle. You're right if you think this is an extraordinarily large displacement; however, we could remove
this objection by multiplying the function in Figure 12.2.7 by a small constant. Since this would just

multiply the formal solution by the same constant, we'll leave f as we've defined it. Similar comments

apply to the exercises.
Figure 12.2.7. Graph of (12.2.21)

From Exercise 11.3. 15, the Fourier sine series of f on [0, L] is

4L & 1)t “in (2n — )7z
w2 Z L ’

n=

Sp(x) = \dst

which converges to f for all z in [0, L], by Theorem 11.3.2. Therefore

AL & (—1) ! (2n —V)mat . (2n— )z
u(z,t) = \dst— Z on _1)? cos T sin 7

n=1

This series converges absolutely for all (z,t) by the comparison test, since the series
i 1
| (2n —1)2

converges. Moreover, (12.2.22) satisfies the boundary conditions

u(0,t) = u(L,t) =0, t>0,

and the initial condition

(12.2.22)

However, we can't justify differentiating (12.2.22) term by term even once, and formally differentiating it

twice term by term produces a series that diverges for all (z,¢). (Verify.). Therefore we use d’Alembert’s

form
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12 Fourier Solutions of Partial Differential Equations

w(z, ) = %[Sf(w—i—at) + Sf(z — at)] (12.2.23)

for » to study its derivatives. Figure 12.2.8 shows the graph of S, which is the odd periodic extension of
f. You can see from the graph that S; is differentiable at = (and S;(z) = +1) if and only if z isn’t an odd
multiple of L/2.

Figure 12.2.8. The odd periodic extension of (12.2.21)

Figure 12.2.9. Graphs of y = S;(z — at) (dashed) and y = S¢(z — at)
(solid), with f as in (12.2.21)

In Figure 12.2.9 the dashed and solid curves are the graphs of y = Sy(z — at) and y = Sy(z + at)
respectively, for a fixed value of t. As ¢ increases the dashed curve moves to the right and the solid
curve moves to the left. For this reason, we say that the functions v, (z,t) = S¢(z + at) and uy(z,t) = S¢(z
— at) are traveling waves. Note that «, satisfies the wave equation at (z,¢) if x + at isn’t an odd multiple
of L/2 and u, satisfies the wave equation at (z,t) if z — at isn’t an odd multiple of L/2. Therefore
(12.2.23) (or, equivalently, (12.2.22)) satisfies uy(z,t) = a’u,,(z,t) = 0 for all (z,t) such that neither = — at
nor z + at iIs an odd multiple of L/2.

We conclude by finding an explicit formula for «(z, ) under the assumption that

0<z<L and 0<t<L/2a. (12.2.24)

To see how this formula can be used to compute u(z,t) for 0 < x < L and arbitrary ¢, we refer you to
Exercise 16.

From Figure 12.2.10,

T — at, nggé—i—at,

S¢(x —at) =
L—z+ at, %—I—athSL
and

z+at, 0<z<L—at,

S¢(xz+at) =
L—z— at, é—atga:SL

if (z,t) satisfies (12.2.24).

Therefore, from (12.2.23),
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12 Fourier Solutions of Partial Differential Equations

if (z,t) satisfies (12.2.24). Figure 12.2.11 is the graph of this function on [0, L] for a fixed ¢ in (0, L/2a).

Figure 12.2.10. The part of the graph from Figure 12.2.9 on [0, L]

Figure 12.2.11. The graph of (12.2.23) on [0, L] for a fixed t in (0, L/2a)

UsING TECHNOLOGY

Although the formal solution

= t L t
u(z,t) = Z (an cos m;a + i:ra sin m;a ) sin nz:v

n=1

of (12.2.1) is defined for all (z,t), we're mainly interested in its behavior for 0 <z < L and ¢ > 0. In fact,
it's sufficient to consider only values of ¢ in the interval 0 < t < 2L/a, Since

u(z,t + 2kL/a) = u(z,t)

for all (z,t) if k is an integer. (Verify.)

You can create an animation of the motion of the string by performing the following numerical
experiment.

Let m and k be positive integers. Let

thus, t, t1, ... t, are equally spaced points in [0,2L/a]. For each j =0, 1,2, ... k, graph the partial sum

m

nmat ; L nmat; nmx
un(z,t;) = Z (ancos T R i:ra sin i J)sin i

n=1
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12 Fourier Solutions of Partial Differential Equations

on [0, L] as a function of z. Write your program so that each graph remains displayed on the monitor for
a short time, and is then deleted and replaced by the next. Repeat this procedure for various values of
m and k.

We suggest that you perform experiments of this kind in the exercises marked , without other
specific instructions. (These exercises were chosen arbitrarily; the experiment is worthwhile in all the
exercises dealing with specific initial-boundary value problems.) In some of the exercises the formal
solutions have other forms, defined in Exercises 17, 34, and 49; however, the idea of the experiment is
the same.

12.2 Exercises

In Exercises 1-15 solve the initial-boundary value problem. In some of these exercises,
Theorem 11.3.5(b) or Exercise 11.3. 35 will simplify the computation of the coefficients in the Fourier
sine series.
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12 Fourier Solutions of Partial Differential Equations

.uttzgum, 0<$<1, t>0,

u(0,t) =0, wu

—~

1,¢) =0, t>0,

T, nggé,
u(z,0) =0, w(z,0)= L 0<z<1

e

Show answer

Uy =y, O0<z<1, t>0,

w(0,t) =0, wu(1,t)=0, t>0,
u(z,0) =z(1 —z), u(z,00=0, 0<z<1

Show answer

Uy = TUg,, O0<zxz<1, t>0,

u(0,t) =0, wu(l,t)=0, t>0,
u(z,0) =z%(1—1x), u(z,0)=0, 0<zx<1

—~

Show answer

nI

Uy = My, 0<ax <1, t>0,
0,6)=0, wu(l,t)=0, t>0,
z,0) =0, u(z,0)=z(1l—2z), 0<z<1

e

—~

(
(

e

Show answer

U= TUg,, O0<zxz<1, t>0,
u(0,t) =0, wu(l,t)=0, t>0,
u(z,0) =0 w(z,0)=22(1—z), 0<z<1

—

Show answer

Uy =64dug,, 0<x<3, t>0,
u(0,t) =0, wu(3,t)=0, t>0,
u(z,0) = z(2? —9), wu(z,00=0, 0<z<3

—

Show answer

v U =AUy, O0<xz<l, t>0,
w(0,t) =0, wu(1,t)=0, t>0,
u(z,0) =z(x® — 222+ 1), w(r,0)=0, 0<z<1

—~

Show answer

. [C)uy = 64uy, 0<z<3, t>0,
u(0,t) =0, wu(3,t)=0, t>0,
uw(z,0) =0, wuz,0)=2(2>-9), 0<z<3

Show answer
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12 Fourier Solutions of Partial Differential Equations

.utt=4um, 0<CC<1, t>0,

u(0,t) =0, wu(l,t)=0, ¢t>0,
u(z,0) =0, wu(z,0)=z(2z®—222+1), 0<z<1

—~

Show answer

Uy = DUy, O<z<m t>0,

w(0,t) =0, wu(mt)=0, t>0,
u(z,0) =zsinz, ui(z,0)=0, 0<z<w

—~

Show answer

Uy = Uge, O0<ax<1l, t>0,

w(0,t) =0, wu(l,t)=0, t>0,
u(z,0) = 2(3z* —52% 4+ 2), w(z,0)=0, 0<z<1

—~

Show answer

. utt:5um, O<z<m t>0,
u(0,t) =0, wu(mt)=0, ¢>0,
u(z,0) =0, wi(z,0)=zsinz, 0<z<nw

Show answer

Uy = Uz, 0<z <1, t>0,

u(0,t) =0, wu(l,t)=0, t>0,
uw(z,0) =0, wu(z,0)=23z*—52°+2), 0<z<1

—~

Show answer

U =y, O0<x<1, t>0,

u(0,t) =0, wu(l,t)=0, t>0,
u(z,0) = x(3z* — 1022 +7), wuy(z,00=0, 0<z<1

—~

Show answer

.utt=9um, 0<zx<l, t>0,
u(0,t) =0, wu(l,t)=0, t>0,
u(2,0) =0 wuy(z,0) = z(3z* —10224+7), 0<z<1

—

Show answer
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12 Fourier Solutions of Partial Differential Equations

16. We saw that the displacement of the plucked string is, on the one hand,

4L & (—1)ntt (2n — 1)mat (2n — )7z
t) = \dst— i <z<L, t> A
u(z,t) = \ds — ; Gn 1) cos I sin 7 ,0<z <L, t>0, (A)

and, on the other hand,

if 0 < 7 < L/2a. The first objective of this exercise is to show that (B) can be used to compute u(z,t)
foro<z<Landallt>o.

a. Show that if ¢ > 0, there’s a nhonnegative integer m such that either

L 1L
W t="E s o @) ¢ mEUL
a a

)

where 0 < 7 < L/2a.
b. Use (A) to show that u(x,t) = (—1)™u(z, ) if (i) holds, while u(z,t) = (—1)"*u(z, 7) if (ii) holds.

C. Perform the following experiment for specific values of L and « and various values of m
and k: Let

thus, to, t1, ..., ¢, are equally spaced points in [0, L/2a]. For each j =0, 1, 2,..., k, graph the
mth partial sum of (A) and u(z,t;) computed from (B) on the same axis. Create an
animation, as described in the remarks on using technology at the end of the section.
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12 Fourier Solutions of Partial Differential Equations

17. If a string vibrates with the end at =z = 0 free to move in a frictionless vertical track and the end at =
= L fixed, then the initial-boundary value problem for its displacement takes the form

U = a2uzz» 0<r< La t> 07
s (0,6) =0, u(Lt)=0, t>0, (A)
u(z,0) = f(z), ui(z,0)=g(z), 0<z<L.

Justify defining the formal solution of (A) to be

> (2n — 1)mat 2LG, . (2n—1)wat (2n —1)mz
u(z,t) = Z (an cos 5T + Gn—1)ra sin 5T cos 5L ,

n=1
where

> (2n —1)7z > (2n — )7z
Cuy(z) = ;an Cos ———7—— and Cpy(z) = Zﬁn cos ———7——

n=1

are the mixed Fourier cosine series of f and g on [0, L]; that is,

2 [* 2n—1 2 L 2n—1
an:f/o f(w)cos%dm and ﬂn:f/o g(m)cos%dz.

In Exercises 18-31, use Exercise 17 to solve the initial-boundary value problem. In some of these
exercises Theorem 11.3.5(c) or Exercise 11.3. 42(b) will simplify the computation of the coefficients in
the mixed Fourier cosine series.
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18.

19.

20.

21.

22,

23.

24,

25.

12 Fourier Solutions of Partial Differential Equations

Uy = My, 0<ax <2, t>0,
uy(0,8) =0, u(2,t)=0, t>0,
u(z,0) =4 — 22, uy(x,00=0, 0<x<2

Show answer

u’tt:4ux$a 0<.’L'<17 t>0’
uy(0,8) =0, wu(l,t)=0, t>0,
u(z,0) =22(1—z), w(z,00=0, 0<z<1

Show answer

U = Uy, 0<ax <2, t>0,
uy(0,8) =0, u(2,t)=0, t>0,
uw(z,0) =0, w(z,0)=4—2% 0<x<2

Show answer

U = dUyze, O0<ax <1, t>0,
uy(0,8) =0, wu(l,t)=0, t>0,
uw(z,0) =0, wu(z,0)=2*1—-2), 0<xr<1

Show answer

utt:5um, O<£L'<]., t>0,
ugy(0,) =0, wu(l,t)=0, ¢>0,
u(z,0) =223 + 322 — 5, uy(z,0)=0, 0<z<1

Show answer

Uy = Uz, O0<ax<m, t>0,
uy(0,8) =0, wu(mt)=0, t>0,
u(z,0) =7 — 23, w(r,0)=0, 0<z<m

Show answer

Uy = DUy, O0<ax <1, t>0,
uy(0,8) =0, wu(l,t)=0, t>0,
u(r,0) =0, wu(x,0)=223+322-5 0<zx<1

Show answer

utt:suxm, O<z<m t>0,
uy(0,t) =0, wu(mt)=0, t>0,
u(z,0) = 0, t(m,0)=71'3*333, 0<z<mw

e

Show answer
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26.

27.

28.

29.

30.

31.

32.

12 Fourier Solutions of Partial Differential Equations

uttzgum, 0<JC<1, t>0,
uy(0,8) =0, wu(l,t)=0, t>0,
u(z,0) =2* — 223 +1, w(z,0)=0, 0<z<1

Show answer

Uy = MUz, 0<ax <1, t>0,
uy(0,8) =0, wu(l,t)=0, t>0,
u(z,0) =423+ 322 -7, w(z,00=0, 0<z<1

Show answer

utt:9uzz7 O<CE<1, t>01
uy(0,8) =0, wu(l,t)=0, t>0,
uw(z,0) =0, w(z,0)=2"—223+1, 0<z<1

Show answer

(C)uy = Tupe, 0<z<1, t>0,
uy(0,8) =0, wu(l,t)=0, t>0,
uw(z,0) =0, wu(x,0)=42>+322—-7, 0<z<1

Show answer

Ut = Ugy, O<CL'<]., t>0,
ugy(0,) =0, wu(l,t)=0, ¢>0,
u(z,0) = z* —42® + 622 —3, wuy(z,0)=0, 0<zx<1

Show answer

Uy = Uy, O0<zx <1, t>0,
uy(0,8) =0, wu(l,t)=0, t>0,
u(z,0) =0, wuy(z,0)=2*—42°+622-3, 0<zr<1

Show answer

Adapt the proof of Theorem 12.2.2 to find d’Alembert’s solution of the initial-boundary value

problem in Exercise 17.

Show answer
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12 Fourier Solutions of Partial Differential Equations

33. Use the result of Exercise 32 to show that the formal solution of the initial-boundary value problem
in Exercise 17 is an actual solution if g is differentiable and f is twice differentiable on [0, L] and

97(0) = g(L) = f1(0) = f(L) = f(L) = 0.

Hint: See Exercise 11.3. 57, and apply Theorem 12.2.3 with L replaced by 2L.

34. Justify defining the formal solution of the initial-boundary value problem

utt = a*uzz, 0<x <L, t>0,
u(0,t) =0, w,(L,t)=0, >0,
u(z,0) = f(z), w(z,0)=g(z), 0<z<L

to be
= (2n — 1)mat 2LB, . (2n—1)mat\ . (2n—1)mz
t) = n ,
(z,t) ; (a cos 5T + on— 1)ma sin 5T sin 5T
where
o o @2n—1)mzx o0 . (2n—1Drz
Suy(z) = ;an sin ——-—— and  Syy(z) = ;Bn sin —————

are the mixed Fourier sine series of f and g on [0, L]; that is,

2t ) (2n—1)7r:cd q 2t _ (2n—1)7r:cd
ap, = Lﬁ) f(z)sin 5L x and B, = LA g(z) sin 5T x.

In Exercises 35-46 use Exercise 34 to solve the initial-boundary value problem. In some of these
exercises Theorem 11.3.5(d) or Exercise 11.3. 50(b) will simplify the computation of the coefficients in
the mixed Fourier sine series.
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35.

36.

37.

38.

39.

40.

41.

42.

12 Fourier Solutions of Partial Differential Equations

Uy = 64u,,, O0<z<m, t>0,
w(0,t) =0, wy(mt)=0, t>0,
u(z,0) =227 — ), w(z,0)=0, 0<z<mw

Show answer

U = Uy, O0<ax<1l, t>0,
w(0,t) =0, wu,(l,t)=0, t>0,
u(z,0) = 22(3—2z), w(z,0)=0, 0<z<1

Show answer

Uy = 64Uy, O<ax<m t>0,
u(0,t) =0, wux(mt)=0, ¢>0,
u(z,0) =0, wu(z,0)=z2r—1z), 0<z<w

Show answer

(C)uy = 9upe, 0<z<1, t>0,
w(0,t) =0, wu,(l,t)=0, t>0,
u(z,0) =0, wu(z,0)=2%3—-2z), 0<z<1

Show answer

uttzgum, 0<.’E<1, t>0,
u(0,t) =0, wux(1,t)=0, ¢>0,
w(z,0) = (z—1)%+1, w(z,00=0, 0<z<1

Show answer

Uy = Uz, O0<ax<m, t>0,
w(0,t) =0, wuy(mt)=0, t>0,
u(z,0) = x(2? — 372), uy(z,0)=0, 0<z<n

Show answer

U = Uy, O0<ax <1, t>0,
u(0,t) =0, wuy(1,t)=0, ¢>0,
u(z,0) =0, wu(z,0)=(x—13+1, 0<z<1

Show answer

U = BUyr, O0<ax<m, >0,
u(0,t) =0, wux(mt)=0, ¢>0,
u(z,0) =0, wuy(z,0)=z(x®>—37%), 0<z<n

Show answer
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43.

44,

45,

46.

47.

48.

12 Fourier Solutions of Partial Differential Equations

’U,tt:E)’LLxm, 0<JC<1, t>0,
w(0,t) =0, wu,(l,t)=0, t>0,
u(z,0) = 2%(3z — 4), w(x,0)=0, 0<x<1

Show answer

uttzlﬁum, O0<z<l, t>0,
w(0,t) =0, wu,(l,t)=0, t>0,
u(z,0) = z(z® — 222 +2), w(z,0)=0, 0<z<1

Show answer

utt:5uzz7 0<.T<1, t>01
w(0,t) =0, wu,(l,t)=0, t>0,
u(z,0) =0, wu(z,0)=233zx—4), 0<z<1

Show answer

(C)uy = 16u,,, O<z<1, t>0,
w(0,t) =0, w,(l,£)=0, t>0,
u(z,0) =0, wu(z,0)=z(z®—22>+2), 0<z<1

Show answer

Adapt the proof of Theorem 12.2.2 to find d’Alembert’s solution of the initial-boundary value
problem in Exercise 34.

Show answer

Use the result of Exercise 47 to show that the formal solution of the initial-boundary value problem
in Exercise 34 is an actual solution if g is differentiable and f is twice differentiable on [0, L] and

5(0) = F(L) = 9(0) = ¢’ () = £1(0) = 0.

Hint: See Exercise 11.3. 58 and apply Theorem 12.2.3 with L replaced by 2L.
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12 Fourier Solutions of Partial Differential Equations

49. Justify defining the formal solution of the initial-boundary value problem

Ut =a2um, O<ax< L, t>0,
u$(07t) :05 UI(L7t) :Oa t>07
u(z,0) = f(z), ui(z,0)=g(z), 0<z<L.

to be

> nmat L nmat nmT
u(w,t):ao+ﬂot+2(ancos 7; + Bn sin % )cos il ,

nwa L
n=1

where

nmx

Cilz) = o+ Zan cos T and Cy(z) = o+ Z,Bn cos it
n=1 n=1

are the Fourier cosine series of f and g on [0, L]; that is,

1 [* 1 [*
QOZI/O f(z) dz, 5022/0 9(x) dz,

n

2 [F 2 [F
an:f/o f(z) cos Zxdz, and ﬁn:f/o g(ac)cosnLﬂdx, n=123,...

In Exercises 50-59 use Exercise 49 to solve the initial-boundary value problem. In some of these
exercises Theorem 11.3.5(a) will simplify the computation of the coefficients in the Fourier cosine
series.
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50.

51.

52.

53.

54,

55.

56.

57.

12 Fourier Solutions of Partial Differential Equations

U = DUye, 0<ax <2, t>0,
ugy(0,8) =0, wuy(2,t)=0, ¢>0,
u(z,0) = 2223 — ), w(x,0)=0, 0<x<2

Show answer

u’tt:5u.’tma 0<.’E<27 t>0’
uy(0,8) =0, wu.(2,6)=0, t>0,
u(z,0) =0, u(z,0)=222(3—2z), 0<z<2

Show answer

Uy =y, O0<ax<m t>0,
uy(0,8) =0, wuy(mt)=0, t>0,
u(z,0) = 23(3z — 47), w(z,0)=0, 0<z<~

Show answer

U = TUze, 0<ax <1, t>0,
uy(0,8) =0, wu,(l,t)=0, t>0,
u(z,0) = 3z%(z2 —2), w(x,00=0, 0<z<1

Show answer

utt:4um, O<£L'<7T, t>0,
uz(0,8) =0, wuy(mt)=0, t>0,
uw(z,0) =0, wu(z,0) =233z —4n), 0<z<m

Show answer

utt:7um, 0<.’1?<]., t>0,
ugy(0,8) =0, wuy(1,t)=0, ¢>0,
u(z,0) =0, wuy(r,0)=322(z2-2), 0<z<1

Show answer

Uy = 16u,,, O0<zx<m t>0,
uy(0,8) =0, wug(mt)=0, t>0,
u(z,0) = 2%(x — m)?, w(z,00=0, 0<z<~

Show answer

utt:um, O<z<l, t>0,
uz’(oat) = 03 u’.’li(lvt) = 07 t > 0!
u(r,0) = 22(322 — 8z +6), wuy(z,00=0, 0<z<1

Show answer
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58.

59.

60.

61.

12 Fourier Solutions of Partial Differential Equations

Uy = 16Uy, O0<z<m, t>0,
uy(0,8) =0, wug(mt)=0, t>0,
u(z,0) =0, wu(z,0)=2*(z—7? 0<z<7T

Show answer

uttzum, O<z<l, t>0,
uy(0,8) =0, wu,(l,t)=0, t>0,
u(z,0) =0, u(z,0)=22(322—-8z+6), 0<z<1

Show answer

Adapt the proof of Theorem 12.2.2 to find d’Alembert’s solution of the initial-boundary value
problem in Exercise 49.

Show answer

Use the result of Exercise 60 to show that the formal solution of the initial-boundary value problem
in Exercise 49 is an actual solution if g is differentiable and f is twice differentiable on [0, L] and

£1(0) = /(L) = g, (0) = g (L) = 0.
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62. Suppose X and p are constants and either p,,(z) = cosnAz Or p,(z) = sinnAz, While either ¢, (t)
= cosnput Of g,(t) =sinnut forn =1, 2, 3, .... Let

t) = i knpn(x)Qn(t>v (A)
n=1

where {k, }°°, are constants.
a. Show that if >, |k,| converges then u(z,t) converges for all (z,t).

b. Use Theorem 12.1.2 to show that if 3°,°, n|k,| converges then (A) can be differentiated term
by term with respect to = and ¢ for all (z,t); that is,

_ fj ko, (2)a(1)
and
) = Y- k()i 1)
C. Suppose Y-  n?|k,| converges. Show that
U () = anpn

and

Utt Z knpn

d. Suppose > n?a,| and 3 n|B,| both converge. Show that the formal solution

> ( nwat B.L . mnmat ) . nmx
Z Qay, COS + sin sin
nmwa L L

n=1

of Equation 12.2.1 satisfies u;; = au,, for all (z, ).

This conclusion also applies to the formal solutions defined in Exercises 17, 34, and 49.
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63. Suppose g is differentiable and f is twice differentiable on (—oo, 00), and let

— z+at
UO(.T,t) — f(-'l: + at> + f(-'I; at) and ’l,Ll(l',t) — i / g(u) dU
2 2a r—at
a. Show that
Oug _ 2 0%u —co<z <00, t>0
8t2 8 2 ) ) )
and
auo
uo(z,0) = f(x), W(w,O) =0, —oo<z<o0.
b. Show that
0%u1 5 0%u1
e =a 977 —oco<x<oo, t>0,
and
aul
ui(z,0) =0, w(l‘,O) =g(z), —oo <z < 0.
c. Solve

utt=a2um, —oco<t<oo, t>0,

u(z,0) = f(z), ui(z,0)=g(z), —oo <z < o00.

Show answer

In Exercises 64-68 use the result of Exercise 63 to find a solution of
Uy = a2um, —o00 < xr <00

that satisfies the given initial conditions.
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64. u(z,0) ==z, w(z,0)=4daz, —o0<zT <00

Show answer

65. u(z,0) =22, w(z,0)=1, —oco<z<o0

Show answer

66. u(zr,0) =sinz, wui(z,0)=acosz, —o0o<zT< 0

Show answer

67. u(z,0) = 2%  w(x,0)=62% —c0o<zT<O00

Show answer

68. u(z,0) =zsinz, wu(z,0)=sinz, —oco<z<00

Show answer

12.3 Laplace’s Equation in Rectangular Coordinates

The temperature « = u(z, y,t) in a two-dimensional plate satisfies the two-dimensional heat equation
up = a*(Ugg + Uyy), (12.3.1)

where (z,y) varies over the interior of the plate and ¢ > 0. To find a solution of (12.3.1), it's necessary to
specify the initial temperature u(z, y,0) and conditions that must be satisfied on the boundary. However,
as t — oo, the influence of the initial condition decays, so

Jim wi(z,y,t) =0

and the temperature approaches a steady state distribution v = u(z, y) that satisfies
Ugg + Uy = 0. (12.3.2)

This is Laplace’s equation (http://www-history.mcs.st-and.ac.uk/Mathematicians/Laplace.html). This equation also
arises in applications to fluid mechanics and potential theory; in fact, it is also called the potential
equation. We seek solutions of (12.3.2) in a region R that satisfy specified conditions — called boundary
conditions — on the boundary of R. For example, we may require u to assume prescribed values on the
boundary. This is called a Dirichlet condition (http://www-history.mcs.st-and.ac.uk/Mathematicians/Dirichlet.html), and
the problem is called a Dirichlet problem (http://www-history.mcs.st-and.ac.uk/Mathematicians/Dirichlet.html). OF, we
may require the normal derivative of « at each point (z,y) on the boundary to assume prescribed
values. This is called a Neumann condition (http://www-history.mcs.st-and.ac.uk/Mathematicians/Neumann_Carl.html),
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and the problem is called a Neumann problem (http://www-history.mes.st-and.ac.uk/Mathematicians/Neumann_Carl.ht
ml). In some problems we impose Dirichlet conditions on part of the boundary and Neumann conditions
on the rest. Then we say that the boundary conditions and the problem are mixed.

Solving boundary value problems for (12.3.2) over general regions is beyond the scope of this book, so
we consider only very simple regions. We begin by considering the rectangular region shown in
Figure 12.3.1.

Figure 12.3.1. A rectangular region and its boundary

The possible boundary conditions for this region can be written as

(1—a)u(z,0) + auy(z,0) = fo(z), 0<z<a,
(1=PBu(z,b) + Puy(z,b) = fi(z), 0<z<aq,
(1=7u0,y) + yus(0,y) = goy), 0<y<bh,
(I=0)u(a,y) + dusa,y) = gqi(y), 0<y<y,

where «, 8, v, and ¢ can each be either 0 or 1; thus, there are 16 possibilities. Let BVP
(o, B,7,8)(fo, f1,90,91) denote the problem of finding a solution of (12.3.2) that satisfies these conditions.
This is a Dirichlet problem if

(Figure 12.3.2), or a Neumann problem if

(Figure 12.3.3). The other 14 problems are mixed.

Figure 12.3.2. A Dirichlet problem

Figure 12.3.3. A Neumann problem

For given (a, 8,7, d), the sum of solutions of

BVP((I, /67 Vs 6)(f0a Oa 070)7 BVP(avﬁv Ys 6)([)’ f17070)5

BVP(CM,,B, Y 5)(0707g0a0)7 and BVP(OZ,B, Vs 6)(07050791)
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is a solution of

BVP(a, 3,7, 6)(fo, f1, 90, 91)-

Therefore we concentrate on problems where only one of the functions f,, f1, go, g2 iSN’t identically zero.
There are 64 (count them!) problems of this form. Each has homogeneous boundary conditions on
three sides of the rectangle, and a nonhomogeneous boundary condition on the fourth. We use
separation of variables to find infinitely many functions that satisfy Laplace’s equation and the three
homogeneous boundary conditions in the open rectangle. We then use these solutions as building
blocks to construct a formal solution of Laplace’s equation that also satisfies the nonhomogeneous
boundary condition. Since it's not feasible to consider all 64 cases, we’ll restrict our attention in the text
to just four. Others are discussed in the exercises.

If v(z,y) = X(x)Y(y) then
Vgg + 0y = X"Y +XY" =0

for all (z,y) if and only if

X// Y//
— e e— k‘
X Y
for all (z,y), where k is a separation constant. This equation is equivalent to

X" —kX=0, Y/ +kY =0 (12.3.3)

From here, the strategy depends upon the boundary conditions. We illustrate this by examples.

ExavpLE 12.3.1

Define the formal solution of

Ugg + Uy =0, 0<z<a, 0<y<h,
u(z,0) = f(z), wu(z,b)=0, 0<z<a, (12.3.4)
w(0,9) =0, u(a,y)=0, 0<y<b

(Figure 12.3.4).
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Figure 12.3.4. The boundary value problem (12.3.4)

SocuTion The boundary conditions in (12.3.4) require products v(z,y) = X(z)Y (y) such that X(0) = X(a)
=Y (b) = 0; hence, we let k = —\ in (12.3.3). Thus, X and Y must satisfy

X" +2X =0, X(0)=0, X(a)=0 (12.3.5)

and

Y” =AY =0, Y(b)=0. (12.3.6)

From Theorem 11.1.2, the eigenvalues of (12.3.5) are )\, = n?z?/a?, with associated eigenfunctions

X, =sin n=123,...

a
Substituting A = n?7?/a? into (12.3.6) yields

Y” — (n*n?/a®)Y =0, Y(b)=0,
so we could take

m(b—y)

Y, = sinh = : (12.3.7)
a

however, because of the honhomogeneous Dirichlet condition at y = 0, it's better to require that Y,,(0)
= 1, which can be achieved by dividing the right side of (12.3.7) by its value at y = 0; thus, we take

sinhnn(b—vy)/a

Y, =
sinhnnb/a
Then
sinhnw(b—y)/a . nmx
on(,y) = Xn(2)Yn(y) = sinhnwb/a a’

SO v,(z,0) = sinnnz/a and v, satisfies (12.3.4) with f(z) = sinnrz/a. More generally, if a4, ..., a,, are
arbitrary constants then
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inh nm(b —
i (3, ) = Z § sinhnn(b—y)/a “in NI

sinhnnb/a a

satisfies (12.3.4) with

flz) = Z ay, sin

n=1

nnr
7

Therefore, if f is an arbitrary piecewise smooth function on [0, a], we define the formal solution of
(12.3.4) to be

o) = 3o, S i 222 a2as

where
S(z) = i ay, sin nzx
n=1
is the Fourier sine series of f on [0, q]; that is,
\bbox is only supported in math mode
If y < bthen
sinhnm(b—y)/a p— (12.3.9)

sinh nwb/a

for large n, so the series in (12.3.8) converges if 0 < y < b; moreover, since also

coshnw(b—1y)/a

~ efmry/a

sinh nwb/a

for large n, Theorem 12.1.2 applied twice with z = z and twice with z = ¢, shows that u,, and u,, can be
obtained by differentiating « term by term if 0 < y < b. (Exercise 37). Therefore « satisfies Laplace’s
equation in the interior of the rectangle in Figure 12.3.4. Moreover, the series in (12.3.8) also converges
on the boundary of the rectangle, and satisfies the three homogeneous boundary conditions conditions
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in (12.3.4). Therefore, since u(z,0) = S(z) for 0 < z < L, » is an actual solution of (12.3.5) if and only if
S(z) = f(z) for 0 < z < a. From Theorem 11.3.2, this is true if f is continuous and piecewise smooth on
[0, Z], and £(0) = f(L) = 0.

ExavpLE 12.3.2
Solve (12.3.4) with f(z) = z(z? — 3ax + 24?).

SoruTion From Example 11.3.6,

12a3 & 1 . nnzx
S(z) = p ;FSIH -
Therefore
1203 X sinhnw(b—1y)/a nrT
) = si _ 12.3.10
u@,y) 3 ; n3 sinh nwb/a S ( )

To compute approximate values of u(z,y), we must use partial sums of the form

12a® <~ sinhnw(b—y)/a | nrx

um(@,y) = w8 £~ n3sinhnnb/a ST
n=1

Because of (12.3.9), small values of m provide sufficient accuracy for most applications if 0 < y < b.
Moreover, the n? in the denominator in (12.3.10) ensures that this is also true for y = 0. For graphing
purposes, we chose a =2, b =1, and m = 10. Figure 12.3.5 shows the surface

while Figure 12.3.6 shows the curves

u=u(z,01k), 0<z<2, k=0,1,...,10.

Figure 12.3.5.

Figure 12.3.6.
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ExampLE 12.3.3

Define the formal solution of

Ugg + Uy =0, 0<z<a, 0<y<yh,
u(z,0) =0, wuy(z,b) =f(z), 0<z<aq, (12.3.11)
U‘Z(an)zoa uz(aay)zoa Ogygb

(Figure 12.3.7).

Figure 12.3.7. The boundary value problem (12.3.11)

SocuTion The boundary conditions in (12.3.11) require products v(z,y) = X(x)Y (y) such that X’(0)
= X'(a) =Y (0) = 0; hence, we let k = —X in (12.3.3). Thus, X and Y must satisfy

X" 4+2X=0, X'(0)=0, X'(a)=0 (12.3.12)

and

Y”—AY =0, Y(0)=0. (12.3.13)

From Theorem 11.1.3, the eigenvalues of (12.3.12) are X = 0, with associated eigenfunction X, = 1, and
. = n2n?/a?, with associated eigenfunctions

nme
X, = cos , n=123,...
a

Since Y; = y satisfies (12.3.13) with X = 0, we take vy(z,y) = Xo(z)Yo(y) = y. Substituting A = n%72/a? into
(12.3.13) yields

Y” — (n*n?/a®)Y =0, Y(0)=0,
so we could take

Y, = sinh =2 (12.3.14)
a
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However, because of the nonhomogeneous Neumann condition at y = b, it's better to require that Y, (b)
= 1, which can be achieved by dividing the right side of (12.3.14) by the value of its derivative at y = b;

thus,
_ osinhnmy/a
~ nmcoshnrb/a’
Then
vp(z,y) = X ()Y, (y) = nczrsiz:hnsilf/aa n;m
SO

ov,
Oy

nre
(z,b) = cos —

Therefore v,, satisfies (12.3.11) with f(z) = cosnmz/a. More generally, if ay,
then

sinhnry/a nrx

COS

m
a
um(:r,y)—aoy—l-;z:oz o

n
£~ " ncoshnmb/a

satisfies (12.3.11) with

nmr

f(z) :ao—i—;ancos 7

)

..., a,, are arbitrary constants

Therefore, if f is an arbitrary piecewise smooth function on [0, a] we define the formal solution of

(12.3.11) to be

sinhnmy/a nrx

COos

o0

a
u(r,y) = oy + — (o
(2,y) oy ﬂnz:‘: " ncoshnrb/a

where

C(m‘) — oo+ nmr

o0
Q;, COS
povn

=1

is the Fourier cosine series of f on [0,q]; that is,
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1 re 2 [° nwT
ap = —/ f(x)dz and «,= —/ f(z) cos de, n=1,2,3,....
a Jo a Jo a
ExampLE 12.3.4
Solve (12.3.11) with f(z) = =.
SocuTion From Example 11.3.1,
B a  da & 1 (2n — )7z
C(z) = \dst; =) TLZ::l on 1) cos - )
Therefore
U sinh(2n — 1)7y/a (2n — )7z
w(@,y) = \dst 2 3 ; (2n — 1)3 cosh(2n — 1)wb/a €08 a ’ (12.3.15)

For graphing purposes, we chose a = 2, b = 1, and retained the terms through n = 10 in (12.3.15).
Figure 12.3.8 shows the surface

v=u(z,y), 0<x<2 0<y<l1

while Figure 12.3.9 shows the curves

u=u(z,.lk), 0<z<2 k=0,1,..,10.

Figure 12.3.8.

Figure 12.3.9.

ExavpLE 12.3.5

Define the formal solution of
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Ugg + Uy =0, 0<z<a, 0<y<y,
u(z,0) =0, wuy(z,b)=0, 0<z<a,
w(0,y) = 9(y), uz(a,y) =0, 0<y<b

(Figure 12.3.10).

Figure 12.3.10. The boundary value problem (12.3.16)

(12.3.16)

SocuTion The boundary conditions in (12.3.16) require products v(z,y) = X(z)Y (y) such that Y(0) = Y’ (b)

= X’(a) = 0; hence, we let k = X in (12.3.3). Thus, X and Y must satisfy
X" —AX =0, X'(a)=0
and
Y”+AY =0, Y(0)=0, Y'(b)=0.

From Theorem 11.1.4, the eigenvalues of (12.3.18) are A, = (2n — 1)?2?/4b%, with associated
eigenfunctions

(2n —1)my
2b ’

Y, =sin n=123,...

Substituting A = (2n — 1)27?/4b? into (12.3.17) yields
X" —((2n—1)’7%/4b")X =0, X'(a) =0,
so we could take

2n—1)n(z—a) .

X,, = cosh
cos o

(12.3.17)

(12.3.18)

(12.3.19)

However, because of the nonhomogeneous Dirichlet condition at = = 0, it's better to require that X,,(0)

= 1, which can be achieved by dividing the right side of (12.3.19) by its value at z = 0; thus,

_cosh(2n —1)7(z —a)/2b
" cosh(2n — 1)ma/2b
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Then

cosh(2n — )7w(z —a)/2b . (2n— )7y
cosh(2n — 1)wa/2b S 2b ’

'Un(m; y) = Xn(m)yn(y) =

SO

2n —1
v,(0,y) = sin %
Therefore v,, satisfies (12.3.16) with g(y) = sin(2n — 1)my/2b. More generally, if a4, ..., a,, are arbitrary
constants then

¢ cosh(2n — )w(xz —a)/2b . (2n—1)wy
Um(@Y) = Z “n cosh(2n — 1)ma/2b S 2b

n=1

satisfies (12.3.16) with

N (2n—Dmy
g(y) = nz;: oy, sin 5 .

Thus, if g is an arbitrary piecewise smooth function on [0, 5], we define the formal solution of (12.3.16) to
be

 x~  cosh(2n—D)m(z —a)/2b . (2n—1)7y
uzy) = Z cosh(2n — 1)wa/2b o 2b

)
n=1

where

= (2n—1D)my
Su(z) = ;an Sin ————
is the mixed Fourier sine series of g on [0, 5]; that is,

2 b on—1
an =5 /O g(y)sin%dy

ExampLE 12.3.6
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Solve (12.3.16) with g(y) = y(2y*> — 9by + 12b%).

SocuTion From Example 11.3.8,

96b3 & 4 . (2n—1D)m
Su(y) = \dt Z::l _1)3 [3+(—1)"(2n—1)7r]sm( 2b) 4
Therefore
96b° < cosh(2n — 1)7w(z —a)/2b . 4 . (2n—1)my
u(@,y) = \dst nz (2 — 1) cosh(2n — 1)ma/2b [3+(1) 2n—1) ]Sm 2

ExampLE 12.3.7

Define the formal solution of

Ugg + Uy =0, 0<z<a, 0<y<yh,
uy(z,0) =0, wu(z,b)=0, 0<z<a, (12.3.20)
uz(0,9) =0, us(a,y) =g(y), 0<y<b

(Figure 12.3.11).

Figure 12.3.11. The boundary value problem (12.3.20)

SocuTion The boundary conditions in (12.3.20) require products v(z,y) = X(z)Y (y) such that Y’(0) = Y (b)
= X’(0) = 0; hence, we let k¥ = X in (12.3.3). Thus, X and Y must satisfy

—AX =0, X'(0)=0 (12.3.21)

and

Y”+AY =0, Y'(0)=0, Y(b)=0. (12.3.22)

From Theorem 11.1.4, the eigenvalues of (12.3.22) are A, = (2n — 1)?7?/4b%, with associated
eigenfunctions
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(2n — 1)y

Y, =
COS %

n=123,...

Substituting A = (2n — 1)27?/4? into (12.3.21) yields
X" —((2n—1)*72/4b>)X =0, X'(0) =0,

so we could take

(2n — D)7z

X,, = cosh
2b

(12.3.23)

However, because of the nonhomogeneous Neumann condition at z = q, it's better to require that X (a)
= 1, which can be achieved by dividing the right side of (12.3.23) by the value of its derivative at = = q;

thus,
X 2bcosh(2n — 1)mx/2b
" (2n—1)7sinh(2n — 1)7a/2b°
Then
2bcosh(2n — 1)wx/2b (2n — D)y
vn(@,y) = Xn(2)¥n(y) = (2n — 1)msinh(2n — 1)7a/2b cos 2b ’
SO
ov,, 2n — 1)y
5, (@) = cos ( 55 )

Therefore v,, satisfies (12.3.20) with g(y) = cos(2n — 1)my/2b. More generally, if a4, ..., o, are arbitrary
constants then

Xm: cosh(2n — 1)z /2b cos (2n — Dmy
2n — 1) sinh(2n — 1)7a/2b 2b

=1

satisfies (12.3.20) with

(2n — 1)7ry
Zan cos ————
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Therefore, if g is an arbitrary piecewise smooth function on [0, 5], we define the formal solution of
(12.3.20) to be

_2b i cosh(2n — 1)mx/2b (2n — D)y
u(z,y) = v n (2n — 1) sinh(2n — 1)7a/2b o8 2b ’

n=1

where

> (2n — D)y
Cu(y) = ; Qp COS o

is the mixed Fourier cosine series of g on [0, b]; that is,

2 b on—1
an:—/ g(y)coswdy

ExampLE 12.3.8
Solve (12.3.20) with g(y) = y —b.

SoruTtion From Example 11.3.3,

Therefore

\bbox is only supported in math mode

Laplace’s Equation for a Semi-Infinite Strip

We now seek solutions of Laplace’s equation on the semi-infinite strip
S:{0<z<a, y>0}

(Figure 12.3.12) that satisfy homogeneous boundary conditions at z = 0 and = = a, and a
nonhomogeneous Dirichlet or Neumann condition at y = 0. An example of such a problem is
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Uy Uy =0, 0<z<a, y>0,
u(z,0) = f(z), 0<z<a, (12.3.24)
u(0,y) =0, u(a,y) =0, y>0,

Figure 12.3.12. A boundary value problem on a semi-infinite strip

The boundary conditions in this problem are not sufficient to determine w, for if ug = uo(z, y) is a solution
and K is a constant then

u1(z,y) = uo(z,y) + Ksin % sinh 22,
a a

is also a solution. (Verify.) However, if we also require — on physical grounds — that the solution
remain bounded for all (z,y) in S then K = 0 and this difficulty is eliminated.

ExampLE 12.3.9

Define the bounded formal solution of (12.3.24).

SoruTtion Proceeding as in the solution of Example 12.3.1, we find that the building block functions are
of the form

nwE
vn(2,y) = Ya(y) sin —,

where
Y, — (n*7%/a®)Y, = 0.

Therefore

nmy/a —nmy/a

Y, =ce + coe

where ¢; and ¢, are constants. Although the boundary conditions in (12.3.24) don'’t restrict ¢;, and c,, we
must set ¢; = 0 to ensure that Y, is bounded. Letting ¢, = 1 yields

_ . nhmx
vn(ma y) =e nmyfa S Ta
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and we define the bounded formal solution of (12.3.24) to be

nmwxr

o0
u(z,y) = Z bpe "™/ sin
n=1

where

nnwx

S(z) = Z by, sin
n=1

a

is the Fourier sine series of f on [0, a]. [

See Exercises 29-34 for other boundary value problems on a semi-infinite strip.

12.3 Exercises

In Exercises 1-16 apply the definition developed in Example 1 to solve the boundary value problem.
(Use Theorem 11.3.5 where it applies.) Where indicated by , graph the surface u = u(z,y), 0 <z < a,
0<y<b.
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v Ugg + Uy = 0,

12 Fourier Solutions of Partial Differential Equations

0<z<l O0<y<l,

u(z,0) =z(1—z), u(z,1)=0, 0<z<1,

u(0,y) =0,

Show answer

u

—~

Ly)=0, 0<y<1

v Ugg + Uy =0,
u(z,0) = z2(2
u(0,y) =0,

Show answer

l<zr<2, 0<y<3,
—z), u(z,3)=0, 0<z<2

u(2,5) =0, 0<y<3

—~

. uxz—i—uyy:O, l<xr<2, 0<y<2,

u(z,0) = { 5
U(O, y) =0,

Show answer

& Oszsl 2)=0, 0<az<2
—z, 1<x<2, u(@,2) =0, STs5
u(2,y)=0, 0<y<2

v Ugg + Uy =0,

O<z<m O0<y<l,

u(z,0) =zsinz, wu(z,m)=0, 0<z<m,

u(0,y) =0,

Show answer

u

—~

my) =0, 0<y<1

v Ugg + Uy =0,
u(z,0) =0,
UI(O’ y) = 07

Show answer

O0<ze<3, 0<y<?2,
uy(z,2) = 2%, 0<x<3,

v Ugg + Uy =0,
u(z,0) =0,
ux(O,y) =0,

Show answer

0<z<l, 0<y<?2,
uy(z,2)=1—2, 0<z<1,
uz(1,y) =0, 0<y<2

v Ugg + Uy =0,
u(z,0) =0,
'U'x(oa y) =0,

Show answer

0<z<2 0<y<2
uy(z,2) =22 —4, 0<z<2,
ug(2,y) =0, 0<y<2

- Ugg + Uy = 0,
u(z,0) =0,
u;(0,y) =0,

Show answer

0<z<1l, O0<y<l,
uy(z,1) = (z—1)?, 0<z<1,
uz(L,y) =0, 0<y<1
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9. [Clug +uy,=0 0<z<3 0<y<?2,
u(z,0) =0, uy(z,2)=0, 0<z<3,

Show answer

10. u,p +uy =0, 0<z<2, 0<y<l,
u(z,0) =0, uy(z,1)=0, 0<z<2,
u(0,y) =y*(3—2y), u,(2,y)=0, 0<y<1

Show answer

11, wpp+uy =0, 0<z<2, 0<y<2,
w(z,0) =0, uy(z,2)=0, 0<z<2,
w(0,y) = (y—2)* +8, us(2,9) =0, 0<y<2

~—

Show answer

12, uyp+uy =0, 0<z<3, 0<y<l,
uw(®,0) =0, wuy(z,1)=0, 0<z<3,
w(0,y) = y(2y* — 9y +12), u,(3,9) =0, 0<y<1

Show answer

13. [Clug+uy=0 0<z<1l, O<y<m,
uy(z,0) =0, u(z,7)=0, 0<z<1,
uz(0,y) =0, uz(l,y)=siny, 0<y<m

Show answer

14. uyp+uy =0, 0<z<2, 0<y<s3,
uy(z,0) =0, u(z,3)=0, 0<z<2,

Show answer

15. wyp +uy =0, O<z<l1l O<y<m,
uy(z,0) =0, u(z,m) =0, 0<z<1,
uy(0,y) =0, uz(ly)=n>—¢? 0<y<mw

Show answer

16. uyp+uy =0, 0<z<1l, 0<y<l,
uy(z,0) =0, u(z,1)=0, 0<z<1,

Show answer
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In Exercises 17-28 define the formal solution of
Uge T Uy =0, 0<2z<a, 0<y<bd

that satisfies the given boundary conditions for general a, b, and f or g. Then solve the boundary value
problem for the specified a, b, and f or g. (Use Theorem 11.3.5 where it applies.) Where indicated by
, graph the surface v = u(z,y), 0<z<a, 0<y<b.
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17.

18.

19.

20.

21.

22,

23.

24,

12 Fourier Solutions of Partial Differential Equations

u(a:,O):O, u(z,b) = f(z), 0<z<a,
u(0,y) =0, wu(a,y) =0, 0<y<b
a=3, b=2 flz)=z383—=x)

Show answer

u(z,0) = f(z), u(z,b)=0, 0<z<a,
uy(0,9) =0, wuy(a,y) =0, 0<y<b
a=2, b=1, f(z)=2%(z—2)

Show answer

u(z,0) = f(z), wu(z,b)=0, 0<z<a,
ug(0,9) =0, wu(a,y)=0, 0<y<b
a=1, b=2, f(z)=32>—4z?+1

Show answer

u(z,0) = f(z), u(z,b)=0, 0<z<a,
, uz(a,y) =0, 0<y<b
a=3, b=2, flz)=z(6—1x)

<
—~
=
NS
=

Il

(==}

Show answer

Show answer

uy(z,0) =0, u(z,b) = f(r), 0<z<a,
uz(0,9) =0, us(a,y) =0, 0<y<b

a=m b=1, f(Z):ZQ(w—W)Q

Show answer

Cluy(z,0) = f(z), wu(z,b)=0, 0<z<a,
0, u(a,y)=0, 0<y<bd

g
~—~
L
<
N

|

Show answer

u(z,0) =0,
uz(O,y) =0, u(a,y) = g(y)7 O<y< b
a=1, b=1, gy =y’ —2"+1)

£

z,b) =0, 0<z<a,

Show answer
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25. uy(z,0) =0, u(z,b)=0, 0<z<a,
uz(O,y) :0’ u(a,y) :g(y)a 0<y< b
a=2, b=2, g(y):4_y2

Show answer

26. u(zr,0)=0, u(z,b)=0, 0<z<a,

uz(0,y) =0, wu.(a,y) =g(y), 0<y<b

y, 0<y<2
:1’ :4’ =
o=tb=tom={ " 520

Show answer

27. u(z,0)=0,
u:(0,y) = g(y), uz(a,y
a=1, b=m gy =y*(Br—2y)

Show answer

28. uy(z,0)=0, wuy(z,b)=0, 0<z<a,
uz(0,y) = g(y), w(a,y) =0, 0<y<b
a=2, b=w gy =y

g
<
—~
8
(=
=
I
- o
(@)
A\
8
A\
\_@

Show answer

In Exercises 29-34 define the bounded formal solution of

Uz + Uy =0, 0<z<a, y>0

that satisfies the given boundary conditions for general a and f. Then solve the boundary value problem
for the specified a and f.
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29.

30.

31.

32.

33.

34.

35.

u(z,0) = f(z),

12 Fourier Solutions of Partial Differential Equations

0<z<a,

uz(0,y) =0, uy(a,y) =0, y>0
a=m f(z) = 2*(37 — 2z)

Show answer

u(z,0) = f(x),

0<x<a,

uz(0,y) =0, u(a,y)=0, y>0
a=3, flz)=9—2x2

Show answer

0<x<a,

w(0,9) =0, ux(a,y) =0, y>0
a=m, f(z)=z02r—2x)

Show answer

uy(mvo) = f(x)
w(0,y) =0, wu

—

0<zx<a,

a,y) =0, y>0

a=m, f(z)=2*(r—2)

Show answer

uy(z,0) = f(x)

uz(0,y) =0, wu

0<zxz<a,

(a,y)=0, y>0

a=17flx)=xz(7T—x)

Show answer

uy(z,0) = f(x)

0<zxz<a,

u(0,y) =0, wuz(a,y)=0, y>0
a=5 flz)=z(b—=z)

Show answer

Define the formal solution of the Dirichlet problem

Show answer

Ugg + Uy =0, 0<z<a, 0<y<h,
u(z,0) = fo(z), wu(z,b) = fi(z), 0<z<a,
u(0,y) = go(y), u(a,y)=g1(y), 0<y<b
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36. Show that the Neumann Problem

Ugg + Uy =0, 0<z<a, 0<y<h,
uy(z,0) = fo(x), uy(z,b) = fi(z), 0<z<a,
uz(oay) :g()(y)a uz(a’ay) :gl(y)7 OSySb

has no solution unless

afo(w)dx= afl(w)dw= bgo(y)dy= bgl(y)dy=0-
0 0 0 0

In this case it has infinitely many formal solutions. Find them.

Show answer
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37. In this exercise take it as given that the infinite series >~ >, n?e~?" converges for all p if ¢ > 0, and,
where appropriate, use the comparison test for absolute convergence of an infinite series.

Let

sin ,

sinhnnb/a a

o0 sinhnn(b—y)/a . nnz
U(.’E,y)zz n

n=1

where

nwT
dz
a

o = %/Oaf(x)sin

and f is piecewise smooth on [0, a].
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a. Verify the approximations

sinhnm(b—vy)/a

~ —nmy/a b A
sinhnnb/a c V<O ®)

and

coshnrn(b—1y)/a
sinhnnb/a

~e e y<b (B)

for large n.
b. Use (A) to show that « is defined for (z,y) such that 0 < y < o.

c. For fixed y in (0,b), use (A) and Theorem 12.1.2 with z = z to show that

[e¢]

smh nm(b—y)/a nrx
Z sinhnnbd/a *

, —oo<zr<o0.
=1

d. Starting from the result of (b), use (A) and Theorem 12.1.2 with z = = to show that, for a
fixed y in (0,b),

e (1) = o irﬂa sinhnw(b—1y)/a sin VT

—oo < x < 00.
sinhnnb/a a’

e. For fixed but arbitrary z, use (B) and Theorem 12.1.2 with z = y to show that

- coshnm(b—y)/a . nnz
T Zn n sinhnmb/a a

if 0 < yo <y < b, Wwhere y, is an arbitrary number in (0,). Then argue that since y, can be
chosen arbitrarily small, the conclusion holds for all y in (0,b).

f. Starting from the result of (e), use (A) and Theorem 12.1.2 to show that

sin , 0<y<b.

2 i smhmr b—y)/a nwe
Uyy(T,y) = —
w(®:9) a? = sinh nwb/a a

g. Conclude that « satisfies Laplace’s equation for all (z,y) such that 0 < y < b.

By repeatedly applying the arguments in (c)—(f), it can be shown that « can be differentiated term
by term any number of times with respect to z and/or y if 0 < y < b.
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12 Fourier Solutions of Partial Differential Equations

12.4 Laplace’s Equation in Polar Coordinates

In Section 12.3 we solved boundary value problems for Laplace’s equation over a rectangle with sides
parallel to the z,y-axes. Now we’ll consider boundary value problems for Laplace’s equation over
regions with boundaries best described in terms of polar coordinates. In this case it's appropriate to
regard « as function of (r,#) and write Laplace’s equation in polar form as

1 1
Upr + —Up + —Ugg = 0, (12.4.1)
r r

where
I
r=+z2+y? and 6=cosT — =sin —.
r r

We begin with the case where the region is a circular disk with radius p, centered at the origin; that is,
we want to define a formal solution of the boundary value problem

\dsturr+%ur+rl—2u9920, O<r<p, —-w<O<m,
(12.4.2)
u(p,0) = f(0), —m<O<m

(Figure 12.4.1). Note that (12.4.2) imposes no restriction on u(r,8) when r = 0. We’'ll address this
guestion at the appropriate time.

Figure 12.4.1. The boundary value problem (12.4.2)

We first look for products v(r,8) = R(r)©(6) that satisfy (12.4.1). For this function,
Upp + lvr + i’l)gg =R'O+ lR/@ + iR@” =0
T 72 T 2

for all (r,0) with » £ 0 if

7"2R”+7”R/_7@_”_)\
R e 7

where X is a separation constant. (Verify.) This equation is equivalent to

0" +20=0
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and

”R” +rR — AR =0. (12.4.3)

Since (r, ) and (r, —x) are the polar coordinates of the same point, we impose periodic boundary
conditions on ©; that is,

0" +X0 =0, O(—7m)=0(r), O (-m) =0(n). (12.4.4)

Since we don’t want RO to be identically zero, A must be an eigenvalue of (12.4.4) and © must be an
associated eigenfunction. From Theorem 11.1.6, the eigenvalues of (12.4.4) are )\, = 0 with associated
eigenfunctions ©, =1 and, forn =1,2,3, ..., A\, = n%, with associated eigenfunction cosnf and sinné
therefore,

0,, = a, cosnb + B, sinnfd

where o, and 3, are constants.

Substituting A = 0 into (12.4.3) yields the

R’ +rR = 0,

so
Ry 1
R), r’
Ry ==,
and
Ry=cy+cilnr. (12.4.5)
If ¢c; # 0 then

lim |Ry(r)| = oo,

r—0+

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 78 of 98


http://localhost:4000/differentialEquations/11-1-eigenvalue-problems-for-y-lambda-y-0/#thmtype-11-1-6

12 Fourier Solutions of Partial Differential Equations

which doesn’t make sense if we interpret uy(r,0) = Ry(r)©¢(0) = Ro(r) as the steady state temperature
distribution in a disk whose boundary is maintained at the constant temperature R(p). Therefore we
now require R, to be bounded as » — 0+. This implies that ¢; = 0, and we take ¢, = 1. Thus, Ry = 1 and
vo(r, 8) = Ro(r)0(0) = 1. Note that v, satisfies (12.4.2) with f(8) = 1.

Substituting A = n? into (12.4.3) yields the Euler equation
R, + 7R, —n*R, =0 (12.4.6)
for R,. The indicial polynomial of this equation is
s(s—1)+s—n?=(s—n)(s+n),
so the general solution of (12.4.6) is
R, =cir" + cor ™™, (12.4.7)

by Theorem 7.4.3. Consistent with our previous assumption on Ry, we now require R,, to be bounded as
r — 0+. This implies that ¢, = 0, and we choose ¢; = p~". Then R,,(r) = r"/p", SO

n

Un(r,0) = Ry(1)0,(0) = ;—n(an cos nf + sinnd).
Now v, satisfies (12.4.2) with
f(0) = a,, cosnb + B, sinnb.

More generally, if o, a1,..., a,,, and gy, B, ..., Bm are arbitrary constants then
U (1,0) = g + Z ;—n(an cosnb + B, sin nf)
n=1

satisfies (12.4.2) with

m

f(0) =ap+ Z(an cosnf + B, sinnb).

n=1

This motivates the next definition.
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DeriniTion 12.4.1

The bounded formal solution of the boundary value problem (12.4.2) is
u(r,0) = ag + g ;—Z(an cosnb + B, sinnbh), (12.4.8)
where
F(0) = oo+ i(an cos nf + B, sinnd)
n=1

is the Fourier series of f on [—x, «]; that is,

1 71'
o= oo - £(0)do,

and

1 /7 1 [m
an:?/ f(0)cosmfdf and ,Bn:;/ f(0)sinnfdod, n=1,2,3, ...

Since Y- n*(r/p)" converges for every k if 0 < r < p, Theorem 12.1.2 can be used to show that if 0 < r
< p then (12.4.8) can be differentiated term by term any number of times with respect to both r and 6.
Since the terms in (12.4.8) satisfy Laplace’s equation if » > 0, (12.4.8) satisfies Laplace’s equation if 0

< r < p. Therefore, since u(p,8) = F(), v is an actual solution of (12.4.2) if and only if

F(0) = f(0), —n<0<m.

From Theorem 11.2.4, this is true if f is continuous and piecewise smooth on [—x, 7] and f(—m) = f(n).

ExampLE 12.4.1

Find the bounded formal solution of (12.4.2) with f(8) = 6(n? — 6?).

SoruTion From Example 11.2.6,
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SO

ExampLE 12.4.2

Define the formal solution of

\dstu,. + %ur + :—ZUW =0, po<r<p -—-w<O<m,
(12.4.9)

U‘(pOa 0) =0, U(,D, 9) = f(9)7 —r<0<m,

where 0 < py < p (Figure 12.4.2).

Figure 12.4.2. The boundary value problem (12.4.9)

SoruTtion We use separation of variables exactly as before, except that now we choose the constants in
(12.4.5) and (12.4.7) so that R, (pg) = 0 for n =0, 1, 2,.... In view of the nonhomogeneous Dirichlet
condition on the boundary r = p, it's also convenient to require that R,(p) =1 forn =0, 1, 2,.... We leave
it to you to verify that

Inr o T —pgr "
_ /oo g =0 " 123 .

Ry(r) = -
Inp/po po"P" — pop "

satisfy these requirements. Therefore

_In7/po
~ Inp/po

UO(pa 6)

and

po T oo

v (r,0) = —
Py P — pyp "

apcosnf + Bysinnd), n=123 ..,
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where «,, and g8, are arbitrary constants.

If g, a1,..., ay @nd By, B, ..., B are arbitrary constants then

Inr/py s Py — P ,
um(r,0) = ag + Z —— (v, cosnb + B, sinnb)
Inp/poy <= py"p" — piip

satisfies (12.4.9), with

m

f(0) =ap+ Z(an cosnf + B, sinnb).

n=1
This motivates us to define the formal solution of (12.4.9) for general f to be

Inr/py X py Tt —pgr "

Inp/po 4= py"p" — pip "

u(r,0) = ag (ap, cos n + By, sinnd),

where
Ff) =ap+ Z(an cosnf + B, sinnf)
n=1

is the Fourier series of f on [—x, 7.

ExavpLE 12.4.3

Define the bounded formal solution of

\dSturr+%ur+T—12’U/09:0, 0<r<p, 0<l<y,
u(p,0) = f(0), 0<6<y, (12.4.10)

u(r,0) =0, wu(r,y)=0, 0<r<np,

where 0 < v < 27 (Figure 12.4.3).

Figure 12.4.3. The boundary value problem (12.4.10)

SovruTion Now o(r, §) = R(r)©(0), where
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r’R” +rR —AR=0 (12.4.11)
and
0" +X0 =0, ©(0)=0, ©(y) =0. (12.4.12)

From Theorem 11.1.2, the eigenvalues of (12.4.12) are )\, = n?r%/~2, with associated eigenfunction ©,,
=sinnwl/vy, n =1, 2, 3,.... Substituting A\ = n27x%/42 into (12.4.11) yields the Euler equation

272
R=0.

2 ron
r*R” +rR, — 72

The indicial polynomial of this equation is

n’r? nm nw
s(s—1)+s——; :<s——)<s+—),
Y v Y

SO
R, = 1™ 4 cor 7,

by Theorem 7.4.3. To obtain a solution that remains bounded as r — 0+ we let ¢, = 0. Because of the
Dirichlet condition at r = p, it's convenient to have r(p) = 1; therefore we take ¢, = p~""/", so

,rmr/w

R,(r) =

pnﬂ'/")’ :

Now

satisfies (12.4.10) with

More generally, if a1, as, ..., a,, and are arbitrary constants then
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12 Fourier Solutions of Partial Differential Equations

satisfies (12.4.10) with

nmd
Z oy, sin —.

This motivates us to define the bounded formal solution of (12.4.10) to be

/Y nmd

Zan mr/"y 'HT

where

nmd
E oy, sin ——

is the Fourier sine expansion of f on [0,4]; that is,

v 0
P / 7(6) sin 2=~ dg
Y Jo
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12.4 Exercises

1. Define the formal solution of

\dstu,, + %ur—i- %ueg =0, po<r<p -—-w<O<m,

U(PO, 0) = f(a)a U(P, 0) =0, —7m<f<m,

where 0 < pg < p.

Show answer

2. Define the formal solution of

\dstur, + U, + Sugp =0, po<r<p, 0<0<7,
u(po,0) =0, u(p,0) = f(0), 0<0<+,

u(r) 0) =0, u(r, ’Y) =0, po <T<p,

where 0 <y < 2rand 0 < pg < p.

Show answer

3. Define the formal solution of

\dsturr+%ur+r%u9920, po<r<p 0<0<n,

u(p070) =0, ur(pv 6) = 9(0)7 0<0< Vs

u@(r’ O) = 07 ue(r,’y) = 07 Po <r< 12

where 0 <y < 2rand 0 < pg < p.

Show answer

4, Define the bounded formal solution of

\dstu”—i—%ur—l—r%uggzo, 0<r<p, 0<6<n,
u(p,@):f(e), 0§0S77

u€<7‘, 0) = 07 U(’I", ’7) = 07 0<r< P

where 0 < v < 2.

Show answer
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5. Define the formal solution of

\dstup, + Ltu, + Sugp =0, po<r<p, 0<60<7,
ur(po,e) :g(e)? uT(pae) :07 OSQS'Y&

U(T, 0) = 07 Ug('f', 7) = 0, po <1 <p,

where 0 < v < 2rand 0 < pg < p.

Show answer

6. Define the bounded formal solution of

\dsturr—{-%ur—{-r%uM:O, O<r<p, 0<O<y,
u(p,0) = f(0), 0<60<+,

’u,g(’l", O) = 03 Ug('f', 7) = 0& 0<r< Py

where 0 < v < 27.

Show answer

7. Show that the Neumann problem

\dstuw—i—%url—r%ugg:o, O<r<p, —w<O<m,

u(p,0) = f(0), —7m<0<nm

has no bounded formal solution unless [”_f(6) d6 = 0. In this case it has infinitely many solutions.
Find those solutions.

Show answer
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Chapter 12 Fourier Solutions of Partial Differential Equations

12.1 The Heat Equation

8 u(z,t) = \dst% > (2ni1)3 e~ =0Tt gin (2n — 1)1z

|LO

u(z,t) = \dst2 7% 1%679@%1)%/16% (2ﬂ;1)7rz

2n—1)

. 2 .
10 u(z,t) = \dstFe *sinz — &3 4n2 Te 127 gin 2na

11 u(z,t) = \dst — 2 yoo0  LECD) o onielt/d iy nre

n=1 n3

12 u(z,t) = \dst — &L y7> n3 e 4 ™/9 gjp nIz

13 u(z,t) = \dstS 3% 1(1_)"“6—(2n—1)2772tsin (2n;1)wE

Zn-1)z
14 u(zx,t) = \dst — 22 3" (;L—ls)ne’mwt sinnrz

15 u(z,t) = \dst2& 37> (27;) e P21t gin (20 — 1)1z
16 u(z,t) = 20 S LHCD" —2n’nt i e,

17 u(z,t) = \dst 2 + % oo L) o=9mnt/16 g 1Tz

n=1 n2

18 u(w,t) = \dst — & + L8 37> L't o5 12T

2

19 u(z,t) = \dstg — =& > Le=36n"7"t cos 2nmra

n=1 n

20 u(z,t) = \dstd — = L

e—3@n-1)r"t/4 oo (2n—1)mz
2

21 u(z,y) = \dst — % — 576 Zn_ e ™t/2 oo ’i;r;

1+(=1)"2 _3p272
22 u(z,t) =\dst— 2 — 857> +(n—4)e 3Tt cos nr

23 u(z,t) = \d5t3 — By, 2+5;41)n e~'™’t cos nar

24 \dstu(z,t) = = —330, e~ cos 2na

—1)" —(2n—1)27 . (2n—1)mz
g ( ) \dSt— ol 1me (2n—1)2 2t/4sm( 2)
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u(x,t) = \dst 128 370, o

u(z,t) = \dSt% et m [(—1) + m] — (@1t iy

12 Fourier Solutions of Partial Differential Equations

u(w,t) = \dst8 > 07 2n e [(_1)n+ 4 ]6—3(2n_1)2t/4 sin (2n;1)x

2n—1)7

128 n—1)2 . (2n—D)mz
u(z,t) = \dst-2 3 an e~5(2n—1)"/16 gjp ZLUTE

u(z,t) = \dst— B Y| rla L+ (-1)" gy | e sin Bl

2n—1)7

u(z,t) = \dst % [1 (=) 2 ] o (@n1)r/4 g (2n—21)7rx

1
n= 1 (2n—1)3 (2n—1)7

) =\t 22 2, oy e

1 n 3 —(2n—1)272t/4 ;.. (2n—D)mz
L [(_1) + (2n,1)7r] e~ (n—1)irt/ sin ~————

(2n—1)7z
2

3(2n—1)2t/4

u(e, 1) = —\dst64 07, o [(—1)" + e cos 2502

u(z,t) = —\dst Sy 2n 1 e—(2n—1)’t oo (QHZI)z

u(e,t) = \dst — & 3507 (2;12: [1 — (2n—81)27r2 e =1 /64 g (2";1)”
u(z,t) = \dst5 3200 ﬁe*?’(%*l)"’ﬂzt/4 oS w

u(z,t) = —\dst% Sy (271—1—1)3 [( "+ m] —(2n-1)2m2/4 o (2n—21)m
u(z,t) = —\dst22 Y (2(;9133 e~ T(2n—1)t/4 oo <2”+1)I

u(z,t) = \dst2 5700 TTLF [(_1)n5 + ?%F] o—(2n—1)7%t/4 (M;l)m

u(z,t) = \dsti—g ZZ"Zl % [(fl)ng, 4 ﬁ] e—(2n=1)*m2t/4 o (2n;1)wx

2n—1)’

T

u(@, 1) = \dstTE 32 iy [1 T 2n ):)2 ] e~ (2n=1""t/4 cos (Zn_;)m

u(z,t) = —\dst=r 381 > (2n oL [1 4 e ] o—(2n—1)212t/4 oo (2n—21)7rz

2n 1)m

w(z,t) = \dst1 — 2 37> LU o (2n-1)°7a’/L? cog (Zn—Ll)mc

T n=1 2n—1

u(z,t) = \dst 2 3200 L [1 — cos 2] g™ @ H/L7 gjp 22

u(z,t) = \dbt P an - sin (27121)7r o—(2n—1)m2a2/aL? (2n;L1)7r1‘

U(:E, t) — \dsté [ 1 [1 — cos (2n741)7r)] —(2n—1)?r2at/AL? sin (2n—1)mz

n=1 2n—1 5T,
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—9r2(2n—1)2t/16 m—1
48 u(z,t) =1 —z+z’ +\dst3 307, < @) om - 1 e

—(2n—1)272
4'—9 u(aj‘)t) - \dStl +x+ (1;2 _ \dst% 00 e (1wt

O sin(2n — 1)z

50 u(z,t) = —1 —z +2* + \dst = 3,7 (2n£1)2 e~ 3@n-17mt/4 g Bn e

51 u(z,t) = 2% —z — 2\dst — & Y LI

_ 8 —9(2n—1)%7%t/64 (2n—1)mzx
n=1 2n—1 [1 (27171)271'2] € COos S

D" —(2n-1)’rt/a ;) (n—Dre

52 u(z,t) =sinmz + \dst% S0 T3 € .

(9n-1)272 _
g U(ZE, t) = ZL'3 —z+3+ \dSt% 20:1 . é;ni)l)stM sin (2n 21)7r:c
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12.2 The Wave Eguation

1 u(x,t) = \dstgr > o0, ((2_7111315 sin3(2n — 1)wtsin(2n — )7z

|N

u(z,t) = \dst£ 3220 m cos 3(2n — 1)mtsin(2n — 1) 7z

3 u(z,t) = \dst — % ) W cosnV 77t sinnw

4 u(z,t) = \dst?)ST ) ﬁ sin 3(2n — )7t sin(2n — 1)z

5 u(z,t) = \dst — \/?4774 Yooy (1“;41)"2) sinnV 77t sin nrx

6 u(z,t) = \dst=r 2Ly, " cos St i 2L

7 u(z,t) = \dst% Yo m cos2(2n — 1)wtsin(2n — 1) 7z
8 u(x,t) = \dst22 37> | (;LD" sin 84 gin 122

9 u(x,t) = \dst= S0, TTLW sin 2(2n — 1)wtsin(2n — 1)7z.

10 w(z,t) = \dstZ cosv/5tsinz — 18 3% rememyE cos 2n+/5 t sin 2nx

11 u(z,t) = \dst — 203" % cos nmt sin nmwx

b

12 u(z,t) = \dst—sm\/_tsma:— \/—Zn 1o 1251n2n\/_tsm2n:c

)

13 u(z,t) = \dst — 22 - H(;ﬁl)w sin nrrt sin nx

14 u(z,t) = \dst — & > (—n15)n cos 3nt sin nwx

P

15 u(xz,t) = \dst — 22 37> (zlﬁ)n sin 3nrt sin nwx

g U(.’E,t) 7\dbt 128 Zn— Qn 1 COS 3@“4*1)7# COS (271;1)771

19 u(z,t) = —\dst — [( " W] cos(2n — 1)7t cos w
00 —1)" . 3(2n—1)wt 2n—1)mx
20 u(z,t) = —\dst 32 37> (2(n7)1)4 sin & " I os L 4)
. 2n—1)mx
21 u(z,t) = —\dst ) (2n—11)4 [(_1)" + ﬁ] sin(2n — 1)7t cos ( . )

00 n 2n—1 \/gﬂ 2n—1)mx
22 u(z,t) = \dst% o} (n [( 1)"3+ 7 1)ﬂ] cos < 2) L cos 2)
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23 u(z,t) = —\dst96 30,7, _(Tilﬁ [(—1)n + (mﬁm] cos (Qni)ﬁt cos (Zn;m

24 u(z,t) =

n . (2n71)\/5 Tt (2n—1)7z
192 Zn 1 2n 1 [(_1) 3+ (2ni1)ﬂ] S 2 €08 —

2_5 ( ) \dst 192 Z 2n 7 [(_1)n + (2n31)7r:| sin (2n—21)\/§t sin (anl):c

4 3(2n—1)mt 2n—1)mx
26 u(z,t) = —\dst3BL 37>, (2n oy [1+ o )1> ]COS ( > I cos 4 2>

(2n—1)V7 it (2n—1)mx

27 u(z,t) = \dst % — [(—1)"5—{- (2n§1>ﬁ]cos S COs ~——

n].(n

00 —1)"4 . 3(2n—1)mt 2n—1)mx
28 u(z,t) = —\dst2B 3o (2n£1)5 [1 + ((2n7)1)7r] sin & 5 L 2)

n . 2n—1 \/77rt 2n—1)mx
29 u(z,t) = \dst 7:192\/? - ﬁ [( 1)"5 + (2n E ] sin 2) cos & 2)

30 u(z,t) = —\dstZE 007, by [14 e ) cos 5 cos

31 u(w,t) = —\dst428 30| L [1+ (g;i)f;]sm Dt o 2oUne

32 u(z,t) = \dst1 [Coy(z + at) + Cag(a — at)] + & [77% Coy(r) dr

35 u(z,t) = \dstZ 07, ﬁ cos4(2n — 1)t sin (2”;1)10

n 3(2n—1)mt . 2n—1)m
36 u(z,t) = \dst — &> (%il)s [1+(—1) (anl)ﬂ]cos (n2) sm(”QHc

37 u(x,t) = \dst2 300, Yﬁ? sin4(2n — 1)t sin (2n;1)z

2n—1)mt . 2n—1)mx
38 u(z,t) = \dst — % 3, b [1+ (—1)" gtz ] sin 22T sin 20

39 u(z,t) = \dSt el 2n7 [1+( 1)" (2n31)7r:| cos 3(2n;1)ﬂ sin (2n;1)m

40 u(z,t) = \dst= 192 §oo 2n >1’) cos (an;)\/ﬁt sin (2ngl)z

o0 1 n__2 . 3(2n—D)mt . (2n—D)mz
n=1 (2n-1)* [1+(_1) (2n71)7r:| SIn ————— Sl ——

41 u(z,t) = \dst%

Q ( ) \dbt 384 Z;.Lozl (2(;?17;5 sin (ané)\/gt sin (27151)1

00 n on—1)VEat . 2n—1)mx
43 u(z,t) = \dst128 370 [(—1) + (2nil)7r] cos 4 2) sin < 2)

44 u(z,t) = \dst B T | oo [(<1)" + gigs ] cos(2n — 1)t sin 2

45 u(z,t) = \dst \‘27:5 e — [( 1) 4 =3 ) ] sin (2"712)\/37# sin mb;””

n=1 (2n—1)° (2n—1)m
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46 u(x,t) = \dst By 2n T [(—1)” + (%—1] sin(2n — 1)7t sin (Qnél)”
47 \dstu(z,t) = L[Suy(z + at) + Sap(z — at)] + = [T Sy (r) dr
50 u(x,t) = \dst4 — LB Y (2;1)4 cos Jg@”;l)mf Ccos (2%21)”

51 wu(x,t) = \dstdt — \1;36 < <2n£1>5 sin \/5(22—1)7@ cos (2n—21)ﬂ'x
52 u(x,t) = \dst — = —48>"> ["2 cos 2nt cosn

53 u(zx,t) = \dst — + — L3, (;14)" cosnV 77t cosnmx

54 u(z,t) = \dst — 2” -4y LU gin 9nt cos n

55 u(z,t) = \dst — %— L4 Zn | =7 sinny/7nt cos nrx

56 u(z,t) = \dstg—g — 3300 | 7 cos 8nt cos 2nx

57 u(z,t) = \ds BN~ 2+(T:41)n cos nt cos nIx

58 u(z,t) = \dst 5y "4t — 33| = sin8nt cos 2nx

59 u(z,t) = \dsti — g o) 22CU" sinnat cos nra

60 u(z,t) = L[Cf(z +at) + Cp(z — at)] + & [T Cy(7) dr

63 (c) u(zx,t) = \dstw + 5 ffj;t g(u) du

64 u(z,t) = z(1 + 4at)

65 u(zr,t) = 2> +a’t> +t

u(z,t)

= \dstz sin z cos at + at cos z sin at +

u(z,t) = sin(z + at)

u(z,t) = z3 + 6tx? + 3a?t%z + 2a%¢3

sin z sin at
a
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12 Fourier Solutions of Partial Differential Equations

12.3 Laplace's Equation in Rectangular Coordinates

inh(2n—1)r(1—y) .
1 u(z,y) = \dst >0, % sin(2n — 1)z

2 u(z,y) = \dst — 2 yoo0 | LIRS 02 gy ae
3 u(z,y) = \dst > 300 (—1)"*! (S;:lh(f;z bllnh(21n yﬁ sin (2n;1)ﬂz

4 u(z,y) = \dst & % sing — 1837 —(Z:;ﬂ?fs(llnﬁgn sin 2nx
5 u(z,y) = \dstdy + 3 T, (~1)" Fiigary cos 45

6 u(z,y) = \dst & 5 + et (anir)lgl((:z:h_;(égfl)w cos(2n — L)mx
Z u(ovs) = \dst— 3 BT, (1) o

8 u(xz,y) = \dst§ + = 202, nsfrcliﬁ?ﬂ cos nmx

9 u(z,y) = \dst-3 32 2203}11(22;511)3(;71 31)/:/4 sin (%_41)@

4 cosh(2n—1)w(z—2)/2 . (2n—1)7
10 u( ) \dbt - 77* n= 1 []‘ + ) (Zn—l)ﬂ] @n—1)3 cosh(2n—1)x S 2 -

h(2n—1)7(z—2)/4 . 2n—1)7
1 u(e,y) = \dst 2 202, 14+ (1) 525 | oo ors sin 2

E u(az,y) — \dSt 96 oo [3 + ( 1) ( 4 ] ( cosh(2n—1)m(z—3)/2 sin (2n—1)my

2n—1)7 ] (2n—1)3 cosh 3(2n—1)m/2 2

cosh(2n—1)z/2 (2n—1)y
13 u(z,y) = —\dst= 3= 2n—3)2n+1)(2n—1)sinh(@n—1)/2 05~ 2

" sh(2n—1)mx /6 2n—1)m
14 u(z,y) = —\dst B2 Y>>, [1+ P 1>) ] (2n§)1)3(sinh(2)n7/1)7r/3 cos L2l

0 cosh(2n—1)z/2 2n—1
15 u(z,y) = *\dSt% Yon=1 (1) (2n71)4(sinh(2)n£1)/2 cos { 2 L,

16 U(ZL‘ y) \dSt 192 00 cosh(2n—1)mx /2 [( 1)n

n=1 (2n—1)?sinh(2n—1)m/2 ]COS

2n1

17 \dstu(z,y) = >.oy an% sin 222, a, = 2 [ f(z)sin 22 dx

u(z,y)
- sinh(2n—1)7y/3 . (2n—1)mz
= \dst 2 302, Zn-T)Fsmh2@n D73 S —3
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12 Fourier Solutions of Partial Differential Equations

18 \dstu(z,y) = ag(1 —y/b)+ > 00, % cos 22, \dstag = + [, f(x) da,
\dstu(z,y) = 8(11—?) — :lj ) ;4 % COS NI
\dsta,
=2 [ f(z) cos 2Z£
dr, n
>1
_ inh(2n—1)7(b—y)/2 (2n—1)m
Q \dstu(m,y) - ;1.021 - sinhT(Lanl)ﬂb;ga - n?a . !
sinh(2n—1)7(2—y)/6 (2n—1)7z
u(z,y) = \dst 22 3507 (2n71)3sinh(2nf?i)ﬂ'/3 Sm
\dsta,
a 2n—1)mx
=2 [§ f(z)cos ( 2 )
dx
. 00 sinh(2n—1)m(b—y)/2a (2n—1)7mx
@ \dstu(x, y) - anl Qn sinh(anl)ﬂ'b;l?a 2a ’
. 32 sinh(2n—1)7(2—y)/2 (2n—1)7x
U((L‘,y) - \dStF [( 1) (2n 1) ] (2n—1)3sinh(2n—1)7 cos 2
\dsta,
= 2 i fla)sin
dx
21 \dstu(z,y) = Y ooy an%y—a sin 222, \dstey, = = [, f(z)sin 2Z£ da
u(z,y)
= \dst
— 12500 (1) S sinna
22 \dstu(z,y) =g+ > 0oy n% = - foa f(z) dz,
\dstu(z,y) = 37 —3>,2; 77 C‘Sf,}égﬁy cos 2nx
\dsta,
= 2 J3 ) cos 222
dr, n
>1
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12 Fourier Solutions of Partial Differential Equations

23 \dstu(z,y) =23 >« sy b)/e g nme \dstay, = 2 [ f(z) sin 22Z dg

n=1"""ncoshnnb/a [

u(z,y)

4 [ n inh(2n—1)(y—1 .
=\dst=> ">, (-1) H% sin(2n
— Dz

00 coshnmz/b . nm b . nm
24 \dstu(z,y) =>.>°  « coshnme/b g 2TU \dsta, = 2 [ g(y) sin 2L dy

n=1 """ coshnra/b b

u(z,y)

_ 96 cosh(2n—1)mz .
= \dst 5 3202, (2n 1) cosh(2n D)7 sin(2n

— D)my.

h(2n—1)mz/2b 2n—1
25 \dstu(z,y) = Y01 a nﬁﬁih(gﬁ 13;2/217 cos 4 n2b)7ry’

cosh(2n—1)mz /4 2n—1)m
'LL(.’L‘, y) \dSt ra Z” 1 ( ) 2n71)3(cosh(2)n7/1)ﬂ'/2 cos ( 4 — '
\dstan
2n—1)m
=3 fo ) cos =
dy
00 coshnrz/b .  nmy 2 rb
26 \dstu(z,y) = el On b nra7p SR 50, \dston = § Jo 9(y) sin £ dy
u(z,y)

cosh(2n—1)mz /4 . (2n—1)m
= \dst& 302, (1) @n—1)?sinh(2n—D)m/d S 1 :

. h(2n Dr(c—a)/2b . (2n-1
27 \dstu(z,y) = 27f n=1%n (QCZS—I():inh()Zr(LiI;)ré/Zb sin { % o,

n h(2n—1)(z—1)/2 . (2n—1
u(x,y) = \dSt192 Z;L.ozl []' + (_1) (anl)ﬂ] (;Zs 1()nsm}i(;n 1§/2 S ( n2 . '
\dsta,
_ 2 .. (2n—1)my
fo ) sin

2b
dy

28 \dstu(z,y) = ao(z —a) + % Yo« sinhnr(e—a)/b g n—ga, \dstaop = % fob g(y) cos n—:% dy,

" ncoshnra/b

m(z—2 00 sinh(2n—1)(z—2
u(w, y) = \dSt ( ) ) _ f n=1 W COS(2TL — l)y
\dsta,
b ™
=2 [ g(y) cos "L

dy
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12 Fourier Solutions of Partial Differential Equations

29 u(z,y) = \dstag + 300, aye "™/ cos 1IL. =\dst+ [ f(z)dz,
u(z,y) = "—3 — 478 o) me’@”’l)y cos(2n — 1)z

CQn

=\dst2 [ f(z)cos 12~

dr, n
>1
30 u(z,y) = \dst 300, ae”BnUm/2e cog m;;)” o= \dst2 [ f() cos (2712& dx
u(z,y)
—\dst 28 288 o (2(;?1’;3 e~ 2n—1)my/6 o (Zn—61)m
31 wu(z,y) = \dst Y°°, aye(n-my/2agip W, = \dst2 [ f(x)sin %g—i)m dx
u(z,y)

= \dSt% 220:1 me

—(2n—1)y/2 gip (2n51)r .

32 u(z,y) = —\dstL 307, Sz /e gip LIL oy = \dst2 [o f(z)sin == dz

u(z)
=\dst4 > 7,4 (H(;#e*”y sin nx

33 u(z,y) = *\dSt Dol TTE ~(n=1)my/2a cog %, \dSt— Jo f(z) cos —<2”;i>m dx
u(z,y)

S 5;138 EZO:I (27111)3 [1 + égl_,ll))ﬂ.] e~ n=Dmy/14 ¢og (2n;i)mc

34 u(w,y) = \dst — 237 23—1167(2"71)”9/2“ sin %, = \dst2 Jo f(x)sin —2";;)7” dx

u(z,y)

00 n —(2n—1)7 . 2n—1)mx
_ *\dst% anl @n—il)a [(71) + 4 ] e (2n—1)7y/10 sm%

(2n—1)m

5 Missing dimension or its units for \hspace

36 Missing dimension or its units for \hspace
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12 Fourier Solutions of Partial Differential Equations

12.4 Laplace's Equation in Polar Coordinates

1 u(r,0) = \dstag el + 3220 | TP (q, cosnf + S, sinnf) \dstay = 5= [ f(6) df,

Inpo/p n=1 pip-n—prpy

and

\dsta,

=L [T f(0)cosn
dé,

\dstB,

=21 [T f(0)sinnd
db, n

=1, 2,

3, ...

/Yy pg”/"/r—nﬂ/'y

_ P 0
2 \dStu<T7 0) = ZZO:l ay\dst pgn'rr/”,pnw/,r_pgw/'\,p,n”/,y %

Qn

= \dst2 [ £(0) sin 22
do, n

=1, 2,

3y.es

—nm/y

3 \dstu(r,8) = pag\dst In = + L1 ye0 | u\ sl
Po

n=1 n

/Y pﬁ"/ Vp—nm/y )
5

\dst cos ==

nm/y

pmr/7+pu p—mr/'y

Qg

—\dstd [ £(0)

db,

Qp

= \dst% Jo f(6) cos"Tm9
do, n

=1, 2,

3,...
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12 Fourier Solutions of Partial Differential Equations

4 u(r,0) =\dst Y a,\dst T g 20t

p2n=1)m/2v 2y

an
2n—1)70
= \dst% Jo (6) COS%
dé, n
=1, 2,
3.
29 o @12 2n1)m/2y 4 p(en—1)/2yp—(2n-T)w/2y . (2n-1)n0
5 ( ) \dSt - Zn 1 2n 1 0 (2n71)7r/27p((]2"’1)7'/277p(2n—1)w/Z'pr*(Z"*I)”/Z"/ \dSt Sln2—7’
(e79)
= \dst Jo 9(6) sin %g—;)w
do, n
=1, 2,
3,..
6 \dstu(r,8) = ap+ > oo a,\dstL pnm cos & a9 =\dstL [ f(6)db,
Qnp
= \dst% Jo f(0)cos ”1;9
db, n
=1, 2,
3,...
7 \dstv,(r,0) = T —(a,, cos nf + sinnf)
dstB, = + f)sinnfdl, n=1, 2, 3,.
\ ™
u(r, 6)

= \dstc+ > o4 #:,1 (e, cosmb + S, sinnb)
an

=\dstL [7_f(0) cosnbdf,
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