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11 Boundary Value Problems and Fourier Expansions
IN THIS CHAPTER we develop series representations of functions that will be used to solve partial
differential equations in Chapter 12.

SECTION 11.1 deals with five boundary value problems for the differential equation
y" + Ay =0.

They are related to problems in partial differential equations that will be discussed in Chapter 12. We
define what is meant by eigenvalues and eigenfunctions of the boundary value problems, and show
that the eigenfunctions have a property called orthogonality.

SECTION 11.2 introduces Fourier series (http://www-history.mcs.st-and.ac.uk/Mathematicians/Fourier.html), which
are expansions of given functions in term of sines and cosines.

SECTION 11.3 deals with expansions of functions in terms of the eigenfunctions of four of the
eigenvalue problems discussed in Section 11.1. They are all related to the Fourier series discussed in
Section 11.2.

581

Answers to selected exercises in this chapter

11.1 Eigenvalue Problems for y” + Ay = 0

In Chapter 12 we'll study partial differential equations that arise in problems of heat conduction, wave
propagation, and potential theory. The purpose of this chapter is to develop tools required to solve
these equations. In this section we consider the following problems, where X is a real number and L
> 0:

Problem 1: y” + \y=0, y(0)=0, y(L)=0

Problem 2: y” + \y=0, ¢'(0)=0, ¥ (L)=0
Problem 3: 4" + Ay=0, y(0)=0, %' (L)=0
Problem 4: 4" + \y=0, ¢'(0)=0, y(L)=0

Problem 5: y” + A\y=0, y(—L)=y(L), v (—L)=1y (L)
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11 Boundary Value Problems and Fourier Expansions

In each problem the conditions following the differential equation are called boundary conditions. Note
that the boundary conditions in Problem 5, unlike those in Problems 1-4, don't require that y or y’ be
zero at the boundary points, but only that y have the same value at 2 = +L , and that 3’ have the same
value at x = +L. We say that the boundary conditions in Problem 5 are periodic.

Obviously, y = 0 (the trivial solution) is a solution of Problems 1-5 for any value of A. For most values of
A, there are no other solutions. The interesting question is this:

For what values of A does the problem have nontrivial solutions, and what are they?

A value of X for which the problem has a nontrivial solution is an eigenvalue of the problem, and the
nontrivial solutions are - eigenfunctions, or eigenfunctions associated with X. Note that a nonzero
constant multiple of a A-eigenfunction is again a X-eigenfunction.

Problems 1-5 are called eigenvalue problems. Solving an eigenvalue problem means finding all its
eigenvalues and associated eigenfunctions. We’'ll take it as given here that all the eigenvalues of
Problems 1-5 are real numbers. This is proved in a more general setting in Section 13.2.

THeorem 11.1.1

Problems 1-5 have no negative eigenvalues. Moreover, X = 0 is an eigenvalue of Problems 2 and
5, with associated eigenfunction y, = 1, but A = 0 isn’t an eigenvalue of Problems 1, 3, or 4.

Proor We consider Problems 1-4, and leave Problem 5 to you (Exercise 1). If y” + Ay = 0, then y(y”
+y) =0, SO

therefore,

L L
2 = — X ”l' X. .
% yA() d = /0y< W (z)d (11.1.1)

Integration by parts yields

\dst fOL y(z)y” (z) dz \dsty(z)y’ (z)\limsOL — fOL (v'(z))* d=

11.1.2
= \dsty(L)y' (L) — y(0)y'(0) — [y (v (x))? da. ( )

However, if y satisfies any of the boundary conditions of Problems 1-4, then
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hence, (11.1.1) and (11.1.2) imply that

“f C 2 (e) de = / "W @) de

If y # 0, then fOL y*(x) dz > 0. Therefore A > 0 and, if A =0, then y/(z) = 0 for all z in (0, L) (why?), and y is

constant on (0, L). Any constant function satisfies the boundary conditions of Problem 2, so A =0 is an
eigenvalue of Problem 2 and any nonzero constant function is an associated eigenfunction. However,

the only constant function that satisfies the boundary conditions of Problems 1, 3, or 4 is y = 0. Therefore

A = 0isn’'t an eigenvalue of any of these problems.

ExawvpLe 11.1.1 (Problem 1)

Solve the eigenvalue problem
y"+Xy=0, y0)=0, y(L)=0. (11.1.3)

Socution From Theorem 11.1.1, any eigenvalues of (11.1.3) must be positive. If y satisfies (11.1.3)
with X > 0, then

y=cicos VAT + casin VA,

where ¢; and ¢, are constants. The boundary condition y(0) = 0 implies that ¢; = 0. Therefore y

= ¢y sinv/Xz. Now the boundary condition y(L) = 0 implies that ¢, sin v X L = 0. To make ¢y sin VA L

= 0 with ¢, # 0, we must choose v\ = nr/L, where n is a positive integer. Therefore )\, = n2z2/L? is
an eigenvalue and

. nmT
Yp = Sin ——
L

is an associated eigenfunction. (]

For future reference, we state the result of Example 11.1.1 as a theorem.

THeorem 11.1.2

The eigenvalue problem
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y'+Ay=0, y(0)=0, y(L)=0
has infinitely many positive eigenvalues )\, = n?z?/L?, with associated eigenfunctions
= sin%, n=123,...

There are no other eigenvalues.

We leave it to you to prove the next theorem about Problem 2 by an argument like that of
Example 11.1.1 (Exercise 17).

THeorem 11.1.3

The eigenvalue problem
¥y +xy=0, y'(0)=0, y(L)=0

has the eigenvalue )\, = 0, with associated eigenfunction y, = 1, and infinitely many positive
eigenvalues ), = n?7?/L?, with associated eigenfunctions

nwx
Yp = COS T,n: 1,2,3....

There are no other eigenvalues.

ExampLE 11.1.2 (Problem 3)

Solve the eigenvalue problem
¥y +Xy=0, y(0)=0, y'(L)=0. (11.1.4)

Sorution From Theorem 11.1.1, any eigenvalues of (11.1.4) must be positive. If y satisfies (11.1.4)
with )\ > 0, then

y=cicosVAz + casinVz,
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where ¢; and ¢, are constants. The boundary condition y(0) = 0 implies that ¢; = 0. Therefore y
= ¢cysin VA z. Hence, y' = ¢V X cos vV Az and the boundary condition (L) = 0 implies that ¢, cos VAL
= 0. To make ¢, cos VA L = 0 with ¢, # 0 we must choose

(2n— )7
Va="=r—

where n is a positive integer. Then )\, = (2n — 1)272/4L? is an eigenvalue and

(2n — D)z
2L

Yyn, = Sin

is an associated eigenfunction. [

For future reference, we state the result of Example 11.1.2 as a theorem.

THeorem 11.1.4

The eigenvalue problem

y" +Ay=0, y(0)=0, y(L)=0

has infinitely many positive eigenvalues A, = (2n — 1)?72/4L2, with associated eigenfunctions

(2n — D7z

= sin ————
Yn n oL )

n=1,23,...

There are no other eigenvalues.

We leave it to you to prove the next theorem about Problem 4 by an argument like that of
Example 11.1.2 (Exercise 18).

THeorem 11.1.5

The eigenvalue problem

y"+dy=0, ¢'(0)=0, y(L)=0
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has infinitely many positive eigenvalues )\, = (2n — 1)?>7%/4L? with associated eigenfunctions

_ (2n — )7z s
Yn=cos——r——, n=123,...
There are no other eigenvalues.
ExamvpLe 11.1.3 (Problem 5)
Solve the eigenvalue problem
y +xy=0, y(—L)=yL), ¢ (-L)=y'(L). (11.1.5)

Sorution From Theorem 11.1.1, X = 0 is an eigenvalue of (11.1.5) with associated eigenfunction y,
=1, and any other eigenvalues must be positive. If y satisfies (11.1.5) with A > 0, then

y=cycos VAz + cosin VA, (11.1.6)
where ¢; and ¢, are constants. The boundary condition y(—L) = y(L) implies that
¢1cos(—VXL) 4 ey sin(—VA L) = ¢; cos VAL + ¢y sin VA L. (11.1.7)
Since

cos(—\/XL) =cosVAL and sin(—\/XL) = —sinVAL (11.1.8)

(11.1.7) implies that
casin VAL = 0. (11.1.9)
Differentiating (11.1.6) yields
y' = \/X (—cl sin \/Xx + co cos \/Xx) .

The boundary condition y'(—L) = y/(L) implies that

—cy sin(—\/x L)+ co cos(—\/x L) = —c;sin VAL + C9 COS \/XL,
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and (11.1.8) implies that
crsin VAL =0. (11.1.10)

Egns. (11.1.9) and (11.1.10) imply that ¢; = ¢, = 0 unless v/X = nx/L, where n is a positive integer.
In this case (11.1.9) and (11.1.10) both hold for arbitrary ¢; and c,. The eigenvalue determined in
this way is )\, = n2x2/L2, and each such eigenvalue has the linearly independent associated

eigenfunctions

\bbox is only supported in math mode

For future reference we state the result of Example 11.1.3 as a theorem.

THeorem 11.1.6

The eigenvalue problem

y' +Ay=0, y(—-L)=y(L), y'(-L)=1y'(L),

has the eigenvalue )\, = 0, with associated eigenfunction y, = 1 and infinitely many positive
eigenvalues ), = n?n2/L?, with associated eigenfunctions

n=123,...

. nIT
and Yo, = sin 7

There are no other eigenvalues.

Orthogonality

We say that two integrable functions f and g are orthogonal on an interval [a, b] if

b
L f(@)9(x) dz = 0.

More generally, we say that the functions ¢, ¢o, ..., ¢,, ... (finitely or infinitely many) are orthogonal on
[a, b] if
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/b¢i(w)¢j(m) dr =0 whenever i j.

The importance of orthogonality will become clear when we study Fourier series in the next two
sections.

ExampLE 11.1.4

Show that the eigenfunctions

T . T 2mx . 27z nTr . NTT
1, cos - si =, cos ——, sin——, ..., cos ——, sin ——, ... (11.1.11)
of Problem 5 are orthogonal on [-L, L].
SoruTtion We must show that
L
/ fx)g(x)dex =0 (11.1.12)
-L
whenever f and g are distinct functions from (11.1.11). If r is any nonzero integer, then
L rmzd_L . rmsL_O 11118
/7LCOST v=_—sin—/| =0 (11.1.13)
and
L L
/ sinmdavz—icosm = 0.
_L rm L L
Therefore (11.1.12) holds if f =1 and g is any other function in (11.1.11).
If f(x) = cosmmz/L and g(z) = cosnmz/L Where m and n are distinct positive integers, then
L L mmnx nmwx
/ flx)g(x) dx = / cos cos — dz. (11.1.14)
L . L L

To evaluate this integral, we use the identity
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1
cos Acos B = E[COS(A — B) + cos(A + B)]

with A = mnz/L and B = nrz/L. Then (11.1.14) becomes

/ f(x)g(z)dz = < [/Zcos@dm—k/icoswdm .

Since m —n and m + n are both nonzero integers, (11.1.13) implies that the integrals on the right are
both zero. Therefore (11.1.12) is true in this case.

If f(x) = sinmmz/L and g(z) = sinnmz/L where m and n are distinct positive integers, then

L L
/ f(x)g(z)dz = / sin m;r:r, sin n;x dzx. (11.1.15)
- -L

To evaluate this integral, we use the identity
1
sin Asin B = 3 [cos(A — B) — cos(A + B)]

with A = mnz/L and B = nnz/L. Then (11.1.15) becomes

L L — T L TT.
/7L f@)g(z)dx = % [/L cos w dzx — /7L cos M dz| =0.

If f(z) = sinmnz/L and g(z) = cosnmz/L where m and n are positive integers (not necessarily distinct),
then

L mmx nmx
z)d i " dr =
/ f(z T = [L sin cos z =0

because the integrand is an odd function and the limits are symmetric about z = 0. [

Exercises 19-22 ask you to verify that the eigenfunctions of Problems 1-4 are orthogonal on [0, L].
However, this also follows from a general theorem that we’ll prove in Chapter 13.
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11.1 Exercises

1. Prove that X = 0 is an eigenvalue of Problem 5 with associated eigenfunction y, = 1, and that any
other eigenvalues must be positive. Hint: See the proof of Theorem 11.1.1.

In Exercises 2-16 solve the eigenvalue problem.
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y"+Ay=0, y0)=0, y(m)=0

Show answer

y"+Ay=0, y'(0)=0, y(m)=0

Show answer

yll+)\y:0,

Show answer

y’ + Ay =0,

Show answer

Y +Ay=0, y(l—m) =y(r), y(—n) =y ()

Show answer

Show answer

Ly + Ay =0,

Show answer

Yy’ + Ay =0,

Show answer

-y +My=0, ¥ (0)=0, ¢'(1)=0

<<
—~
(=}
=
I
o
<
—~
—
~
|
[en)

Yy +Ay=0, y-1)=yl), v(1)=y(1)

Show answer

y// +>\y: 0,

Show answer

Y +Ay=0, y(-2)=y2), v'(-2)=9(2)

Show answer

y"+xy=0, y(0)=0, y(2)=0

Show answer

y// +>\y: 0,

Show answer
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v+ =0, y0)=0, ¢ (1/2)=0

Show answer

y"+Ay=0, y'(0)=0, y(5)=0

Show answer

Prove Theorem 11.1.3.
Prove Theorem 11.1.5.

Verify that the eigenfunctions

. T |, 27x . nmx
sin T , Sin T y ey SIN T
of Problem 1 are orthogonal on [0, L].
Verify that the eigenfunctions
1 T 2z nmx
, COS T , COS I 5 ..y COS I
of Problem 2 are orthogonal on [0, L].
Verify that the eigenfunctions
o mr | 37mx o (2n—Drmz
sin 2L,sm oL y ey SIN 5L y eee
of Problem 3 are orthogonal on [0, L].
Verify that the eigenfunctions
T 3 (2n — D)7z
cos 2L,COS—2L, , COS 5L s

of Problem 4 are orthogonal on [0, L].

In Exercises 23-26 solve the eigenvalue problem.
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23. y" +2y=0, y(0)=0, \dst fOL y(z)dz =0

Show answer

24. y" + X y=0, y(0)=0, \dst fOL y(z)dz =0

Show answer

25. 4" +ay=0, y(L)=0, \dst [ y(z)dz=0

Show answer

26. y" + y=0, 9 (L)=0, \dst fOL y(xz)dz =0

Show answer

11.2 Fourier Expansions |

In Example 11.1.4 and Exercises 11.1. 4-11.1. 22 we saw that the eigenfunctions of Problem 5 are
orthogonal on [—L, L] and the eigenfunctions of Problems 1-4 are orthogonal on [0, L]. In this section
and the next we introduce some series expansions in terms of these eigenfunctions. We’'ll use these
expansions to solve partial differential equations in Chapter 12.

THeorem 11.2.1

Suppose the functions ¢, ¢, ¢, ..., are orthogonal on [a, ] and
b
/ P:(z)dz #0, n=1,23,... (11.2.1)

Let c1, c2, c3,... be constants such that the partial sums fy(z) = S2_, cném(z) satisfy the
inequalities

[fv(@)| <M, a<z<b N=1,213,..

for some constant M < co. Suppose also that the series
f@) =) cmbm(@) (11.2.2)
m=1

converges and is integrable on [a, b]. Then
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o \dst [ f@)gn(z) da

. . n=1,23,... (11.2.3)
\dst fa $2(z) dx

Proor Multiplying (11.2.2) by ¢,, and integrating yields

b b 00
/ F(2)bn(z) dz = / én(z) (Zcmgbm(x)) dz. (11.2.4)

It can be shown that the boundedness of the partial sums {fx}%_; and the integrability of f allow us to
interchange the operations of integration and summation on the right of (11.2.4), and rewrite (11.2.4) as

b 0 b
/ f(@)¢n(@) dz = Zcm/ Pn(2)pm () da. (11.2.5)
a m=1 a
(This isn’t easy to prove.) Since
b
/ On(2)pm(z)dz =0 if m#n,
(11.2.5) reduces to
b b
[ t@suerds = e, [ 62w d

Now (11.2.1) implies (11.2.3). [

Theorem 11.2.1 motivates the next definition.

DeriniTion 11.2.2

Suppose ¢4, ¢, ..., ¢n,... are orthogonal on [a, b] and ff #2(z)dx #+0,n=1,2,3, .... Let f be
integrable on [a, b], and define

_ \dst ) f(@)n(e)da
\dst fab ¢2(z) dx ’

n=1,23,... (11.2.6)
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Then the infinite series >~ , c,¢x(z) is called the Fourier expansion of f in terms of the orthogonal
set {¢,}>,, and ¢y, ¢y, ..., ¢, ... are called the Fourier coefficients of f with respect to {¢,}>,. We

n=1?

indicate the relationship between f and its Fourier expansion by

flx) ~ icnqﬁn(a)), a<z<hb. (11.2.7)
n=1

You may wonder why we don’t write
f@) = catulz), a<z<bh,
n=1

rather than (11.2.7). Unfortunately, this isn’'t always true. The series on the right may diverge for some
or all values of = in [a, ], Or it may converge to f(z) for some values of = and not for others. So, for now,
we’ll just think of the series as being associated with f because of the definition of the coefficients {c,},
and we’ll indicate this association informally as in (11.2.7).

Fourier Series

We’'ll now study Fourier expansions in terms of the eigenfunctions

T . TX 2rx | 27x nrx . N
1, cos —, sin —, cos —, sin —, ..., co0s —, sin ——, ....
L L L

L

of Problem 5. If f is integrable on [—L, L], its Fourier expansion in terms of these functions is called the
Fourier series of f on [—L, L]. Since

L
/ 1%dz = 2L,
—L

L o NTT 1 L 2nmx
cos®* —dzr = — (1—|—cos
I L 2 ).

1 L | 2nnx .
) de = 3 (ac—}— %sm T ) \lims—LL = L,

and

L L
1 2 1 L 2
/7L sin’ % dx = 3 /7L (1 — cos sz) dx = 3 (m o sin %) ,\lims—LL = L,
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we see from (11.2.6) that the Fourier series of f on [L, L] is

> x nmz
a0+2 (ancos mIT/ + b, sin T ) ,
n=1

where

1 L
a0 = E/,L f(z)dz,

1 [k 1 [F
an = f/,L f(z) cos % dz, and b,= f/,L f(z) sin nzac dz, n>1.

Note that q, is the average value of f on [-L, L], while «,, and b,, (for n > 1) are twice the average values
of

nmx

and  f(z)sin

f(z) cos nre

on [—L, L], respectively.

Convergence of Fourier Series

The question of convergence of Fourier series for arbitrary integrable functions is beyond the scope of
this book. However, we can state a theorem that settles this question for most functions that arise in
applications.

DeriniTioN 11.2.3

A function f is said to be piecewise smooth on [a, ] if:
a. f has at most finitely many points of discontinuity in (a, b);
b. f/ exists and is continuous except possibly at finitely many points in (a, b);
C. f(zo+) = limyyy ¢ f(z) @aNd f'(zo+) = lim,y 4 f'(z) €XiStif a <z < b;

d. f(zo—) = lim,,,— f(z) and f’(zo—) = lim,,,, f'(z) existif a < zy < b.
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Since f and f’ are required to be continuous at all but finitely many points in [a,b], f(zo+) = f(zo—) and
I (zo+) = f'(zo—) for all but finitely many values of z; in (a,b). Recall from Section 8.1 that f is said to
have a jump discontinuity at = if f(zo+) # f(zo—).

The next theorem gives sufficient conditions for convergence of a Fourier series. The proof is beyond
the scope of this book.

THeorem 11.2.4

If fis piecewise smooth on [—L, L], then the Fourier series

> nrT
F(z) = (ancos == + bysi ) 11.2.8
(z) ao—{-; ay, COS + by, sin T ( )
of f on [—L, L] converges for all z in [—L, L]; moreover,
f(z) if —L <z < L and f is continuous at z
F(z) = \dstw if —L <z < L and f is discontinuous at x

\dstw ifzr=Lorxz=—L.

Since f(z+) = f(z—) if f is continuous at =, we can also say that

- \dst L)y < g < I
€Tr) =
\dStw if v = +L.

Note that F is itself piecewise smooth on [-L, L], and F(z) = f(x) at all points in the open interval (—L, L)
where f is continuous. Since the series in (11.2.8) converges to F(z) for all z in [-L, L], you may be
tempted to infer that the error

can be made as small as we please for all = in [-L, L] by choosing N sufficiently large. However, this
isn’'t true if f has a discontinuity somewhere in (—L, L), or if f(—L+) # f(L—). Here’s the situation in this
case.

If f has a jump discontinuity at a point o in (—L, L), there will be sequences of points {uy} and {vy} in
(—L,a) and («a, L), respectively, such that
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lim uy = lim vy =«
N—oo N—oo

and

En(un) =~ .09]f(a—) — f(a+)| and En(vy) =~ .09|f(a—)— f(at)|.

Thus, the maximum value of the error Ex(z) near o does not approach zero as N — oo, but just occurs
closer and closer to (and on both sides of ) «, and is essentially independent of N.

If f(—L+) # f(L—), then there will be sequences of points {ux} and {vy} in (—L, L) such that

lim uy =—L, lim vy =1L,
N—oo N—oo

En(un) ~ .09|f(=L+) — f(L—)| and  Ex(vy) ~ .09[f(—L+) — f(L—)|.

This is the Gibbs phenomenon (http:/www-history.mes.st-and.ac.uk/Mathematicians/Gibbs.html). Having been
alerted to it, you may see it in Figures 11.2.2-11.2.4, below; however, we’ll give a specific example at
the end of this section.

ExampLE 11.2.1

Find the Fourier series of the piecewise smooth function

—x, —2<x<0,
-

3, O<z<2

on [—2,2] (Figure 11.2.1). Determine the sum of the Fourier series for —2 < z < 2.

Figure 11.2.1.

SoruTion Note that wen't bothered to define f(—2), f(0), and f(2). No matter how they may be defined, f
is piecewise smooth on [—2, 2], and the coefficients in the Fourier series

F(m):ao—l—Z(ancos% + b, sin TLT(':L‘)
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are not affected by them. In any case, Theorem 11.2.4 implies that F(z) = f(z) in (—2,0) and (0, 2),
where f is continuous, while

and

To summarize,

( %, T =2
-z, —2<z<0,
F(m): %, w—O,
%, 0<x <2,
5 _
g =2

We compute the Fourier coefficients as follows:

1 [2 1 0 2| 3
a =7 2f(x)dx—z[/2(—x)dx+/o Ed:c}—z
If n > 1, then
1 /2 1] [0 2
an = — f(x)cos@dx:—[/ (—z) cos dm—l—/ — cos mvda?]
2 —2 2 2 0
2
= (cosnm — 1),
T
and
1 2 1] [0 ?
bn:—/ f(x)sinwdx:—[/ (—z) sin d +/ —sin xdx]
2 —9 2 2 2 0
= ﬁ(l+3cosmr).
Therefore
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N 2 icosmr—l nwT n 1 &K 1+3cosnm . nnx
— cos — sin )
2 ~ n?2 2 21—~ n 2

=~ o

F(z) =

Figure 11.2.2 shows how the partial sum

3 2 & cosnm—1 nmx 1 & 1+3cosnm . nrr
Fu@) =7+ 2 2

CcOos + sin

2
Ly 2 or & n 2

approximates f(z) for m = 5 (dotted curve), m = 10 (dashed curve), and m = 15 (solid curve).

Figure 11.2.2.

Even and Odd Functions

Computing the Fourier coefficients of a function f can be tedious; however, the computation can often
be simplified by exploiting symmetries in f or some of its terms. To focus on this, we recall some
concepts that you studied in calculus. Let » and v be defined on [-L, L] and suppose that

u(—z) =u(z) and wv(—z)=-—v(z), —L<z<L.

Then we say that « is an even function and v is an odd function. Note that:

« The product of two even functions is even.
» The product of two odd functions is even.

« The product of an even function and an odd function is odd.

ExampLE 11.2.2

The functions u(z) = coswz and u(z) = z? are even, while v(z) = sinwz and v(z) = z are odd. The
function w(z) = e* is neither even nor odd.

You learned parts (a) and (b) of the next theorem in calculus, and the other parts follow from them
(Exercise 1).

THeorem 11.2.5

Suppose u is even and v is odd on [-L, L]. Then:
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\parta /L u(z)dr =2 /OL u(z)dz, \partb / v(z)dz =0,

—L

nnx nmx

dx,

L I
\partc / u(z) cos dz = 2/ u(zx) cos
=5 0

L L
\partd / v(z) sin U7 de = 2/ v(z) sin nre dz,

L

L
\parte / u(z) sin % dzr =0 and \partf / v(z) cos o
—L —L

dzr = 0.

ExampLE 11.2.3

Find the Fourier series of f(x) = 22 — z on [-2,2], and determine its sum for -2 <z < 2.

SocruTion Since L = 2,

F(z) =ag+ Z (an cos -2 + b, sin n2ﬂ)
n=1
where
1 [,
ay = — (z° —z)dz, (11.2.9)
1),
1 2 9 nwT
an=— [ (z*—x)cos——dz, n=1,23,.., (11.2.10)
2 /., 2
and
1 [2 nmT
b, = 5/ (2% — z)sin > dr, n=123,... (11.2.11)
—2
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We simplify the evaluation of these integrals by using Theorem 11.2.5 with u(z) = z* and v(z) = z; thus,
from (11.2.9),

1 [? s 4
ag = 5/ .'172 dx = %\11111502 = g
0

From (11.2.10),

2 9 nwT 2 5 . nmT 2 nmx
an = / " cos —— dx = — |z”sin \lims02 — 2/ zsin —— dz
0 0

nmw 2

8 nnT \lims02 /2 nnT d
= X cos > ims . cos 5 b
16

n2mw2’

2
[2 cosnm — — sin nQﬂ\limSM] = (-1

n2m? nmw

From (11.2.11),

2

2
L dr = — [m cos =2 \lims02 —/ cos 22 dw]

2 2 4
= — [2 COS T — — sin —r \limsOQ] =(-1)"—.
nmw nmw 2 nmw

Therefore

F(x):g-}-—GZ( ) cosmm—{—?z( ) sin 22

71'2 n=1 ’I’L2 2 n=1 n 2
Theorem 11.2.4 implies that
4, T =2,
Flz)=4 22—z, —2<z<2,
4 T =2

approximates f(x) for m = 5 (dotted curve), m = 10 (dashed curve), and m = 15 (solid curve).
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11 Boundary Value Problems and Fourier Expansions

Figure 11.2.3. Approximation of f(z) = x*> — x by partial sums of its
Fourier series on [—2,2]

Theorem 11.2.5 ilmplies the next theorem follows.

THeorem 11.2.6

Suppose f is integrable on [-L, L].

a. If f is even, the Fourier series of f on [-L, L] is

F(z) =ao+ Zancos n—zx,
n=1

where

1 [ 2 [t
ag = f/ f(z)dz and a, = f/ f(z) cos m;as dz, n>1.
0 0

b. If f is odd, the Fourier series of fon [-L, L] is

o0
F(z) = Z b, sin nzm ,
n=1

where

b _2 L .mrxd
n—LA f(z) sin 7 do

ExampLE 11.2.4

Find the Fourier series of f(z) = z on [—m, ], and determine its sum for —= < z < .

SovruTion Since fisodd and L =,

o0

F(z) = Z by, sin nx

n=1
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where
2 /7 2 T
bn = — / rsinnrdr = —— [:1: cos nz\limsOm — / cosnx dm]
T™Jo nm 0
2 . 12
= — —cosnm + —— sinnz\limsOr = (—1)"" —.
n nim n
Therefore

n=1 n
Theorem 11.2.4 implies that
0, T = —m,
Flx)=< z, —n<z<m,
0, =T

Figure 11.2.4 shows how the partial sum

o~ D"
Fm(sc):—QZ —— sinnz
n=1

approximates f(x) for m = 5 (dotted curve), m = 10 (dashed curve), and m = 15 (solid curve).
Figure 11.2.4. Approximation of f(z) = x by partial sums of its Fourier

series on [—m, 7]

ExampLE 11.2.5

Find the Fourier series of f(z) = |z| on [—=, 7] and determine its sum for

—m <<

SoLuTion Since fis even and L = ,

F(z) =ap+ Z a, CosnT.

n=1

Since f(z) =z if z > 0,
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1 T 2
ap = ;/0 zdr = ;—ﬂ_\limSOﬂ' = %

and, if n > 1,
2 [T 2 : . T
ap = —/ rcosnxrdr = — [x sin nac\hmsOw—/ sinnz dm]
m™Jo nm 0
+— cosna\limsOm = ——(cosmm — 1) = ——[(~1)" ~ 1
= —— cosnx\limsO0r = ——(cosnm — 1) = —[(—1)" —1].
n2mw n2mT n2n
Therefore
2 -H"r—1
F(z) = % + p 2 (it 212 COS NT. (11.2.12)

However, since

0 if n=2m,
—2 ifn=2m+1,

the terms in (11.2.12) for which n = 2m are all zeros. Therefore we only to include the terms for which n
= 2m + 1; that is, we can rewrite (11.2.12) as

However, since the name of the index of summation doesn’'t matter, we prefer to replace m by n, and
write

T 4 & 1

n=0

Since |z| is continuous for all x and | — #| = |#|, Theorem 11.2.4 implies that F(z) = |z| for all z in [—=, ).

ExavpLE 11.2.6
Find the Fourier series of f(z) = z(2* — L?) on [—-L, L], and determine its sum for —-L < z < L.

SoLuTion Since f is odd,
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nnx
)

F(z) = an sin 7
n=1

where
2 L
b, = — z(z? — L?)sin Y dx
0
2 nme L nmL
= [z(mQ — L?)cos T \limSOL—/O (3z% — L?) cos T dx]
2L L
== [(3302 — L?)sin nza: \limsOL — 6/0 z sin nzx daz]
12L2 nrx L nrx . 1203
=33 [teos— \lims0L —/O cos dz| =(-1) o
Therefore

Theorem 11.2.4 implies that F(z) = z(z*> — L?) for all z in [-L, L].

ExampLE 11.2.7 (Gibbs Phenomenon)

The Fourier series of
0, -l<z<—1,
1 1
f(as): 1, —3<z<3,
0, 3<z<l1

on[—1,1]is

1 2 (-1t
Flz)==+=5 ~—1 cos(2n — 1)mz.
(z) 5 + - Z Y cos(2n — 1)z

(Verify.) According to Theorem 11.2.4,

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 26 of 65
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1

0, 71§$<*5,

1 1

2 a::_fa
Fz)=4 1, —1<z<4,

1 _ 1

7 T= 7,

0, +<z<1;

thus, F (as well as f) has unit jump discontinuities at = = + 5. Figures 11.2.5-11.2.7 show the
graphs of y = f(x) and

nfl

N
Z 2n cos(2n — )z

n=1

_|_

y = Fon_1(

N}|r—l
3|

for N = 10, 20, and 30. You can see that although F,y ; approximates F (and therefore f) well on
larger intervals as N increases, the maximum absolute values of the errors remain approximately

equal to .09, but occur closer to the discontinuities z = + 4 as N increases.

Figure 11.2.5. The Gibbs Phenomenon: Example 11.2.7, N = 10

Figure 11.2.6. The Gibbs Phenomenon: Example 11.2.7, N = 20

Figure 11.2.7. The Gibbs Phenomenon: Example 11.2.7, N = 30

UsING TECHNOLOGY

The computation of Fourier coefficients will be tedious in many of the exercises in this chapter and the
next. To learn the technique, we recommend that you do some exercises in each section “by hand,”
perhaps using the table of integrals at the front of the book. However, we encourage you to use your

favorite symbolic computation software in the more difficult problems.

11.2 Exercises

1. Prove Theorem 11.1.5.

In Exercises 2-16 find the Fourier series of f on [—L, L] and determine its sum for —L < z < L. Where

indicated by | C |, graph f and
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on the same axes for various values of m.
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N
G)
t~
I

1

Show answer

3. L=m f(z)=2z— 322

~

(x)=2—z

Show answer

4, L=1; f(r)=1—322

Show answer

5. L=m f(z) =|sinz|

Show answer

f

—~

x) =2xcosx

o
(o]
h
]

3

Show answer

N
h
I

A

f(z) =|z|cosz

Show answer

o
()
l
I
A
&"
T
Il
8
wn
Z
8

Show answer

9. L=m f(z)=|z|sinz

Show answer

0, —l<z<s3,
10. L=1;, f(z)=4 cosmz, —% <z<3,

0, T<z<l1

0, -1<z<4,
11. L=1; f(z)=<{ =zcosmz, —% <zr< %,

0, F<z<l

Show answer
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12.

13.

14.

15.

16.

17.

18.

19.

11 Boundary Value Problems and Fourier Expansions

0, -l<z<i,
L=1; f(x)=< sinmz, % <z< %,

0, F<z<l1

0, “1<z< 3,
L=1; f(z)=1 |sinmz|, —5 <z<7,

0, 3 <z<l

0, —1<a:<%’
L=1;, f(x)=4 zsinmz, —%<z<-,

0, F<z<l

L:4; f(m):{O, —4<z<0,

x, 0<z<4

Show answer

2, —2<z<-—1,
L | Verify the Gibbs phenomenon for  f(z) = 1, —-l<z<1,
, 1<z <2,

Show answer

2, 3<zr<-2
L | Verify the Gibbs phenomenon for  f(z)=< 3, —2<z<2,
1, 2<x<3.

Show answer

Deduce from Example 11.2.5 that
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20. a. Find the Fourier series of f(z) = e” on [—m, 7.

b. Deduce from (a) that

nZ+1 2

f: 1 meothm —1

n=0

Show answer

21. Find the Fourier series of f(z) = (z — ) cosz ON [—m, .

Show answer

22. Find the Fourier series of f(z) = (z — m)sinz on [—m, .

Show answer

23. Find the Fourier series of f(x) = sin kx (k # integer) on [—x, 7].

Show answer

24. Find the Fourier series of f(x) = cos kz (k # integer) on [—m, ).

Show answer

25. a. Suppose ¢’ is continuous on [a,b] and w # 0. Use integration by parts to show that there’s a
constant M such that

M

w

M
<—, w>0.
w

b
< and / 9(z) sinwz dz
a

b
/ 9(z) coswz dx
a

b. Show that the conclusion of (a) also holds if g is piecewise smooth on [a,b]. (This is a
special case of Riemann’s Lemma (http://www-history.mcs.st-and.ac.uk/Mathematicians/Riemann.html).

c. We say that a sequence {«,}>°, is of order »~* and write «,, = O(1/n") if there’s a constant
M such that

|| < n=123,...

AR
nk

Let {a,}>2, and {b,}>, be the Fourier coefficients of a piecewise smooth function. Conclude
from (b) that a,, = O(1/n) and b, = O(1/n).
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11 Boundary Value Problems and Fourier Expansions

26. a. Suppose f(—L) = f(L), f'(—L) = f’(L), f’ is continuous, and f” is piecewise continuous on
[-L, L]. Use Theorem 11.2.4 and integration by parts to show that

> nTx nTx
- n bn i _) ) —L < < La
flx) =ao+ nEZI (a cos T + b, sin T <z<

with
1 L
a0 = o= /7L f(x) dz,

L L I I
An = — n2m? /7L f”($> Ccos nzl' dx, and b,=— 2 /7L f”(w) sin nzm dz,n > 1.

b. Show that if, in addition to the assumptions in (a), f” is continuous and f” is piecewise
continuous on [—L, L], then

L? L, . nmx
an = ——3 /7Lf (z) sin —— dz.

n-m
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27. Show that if f is integrable on [—L, L] and

fle+L)=f(z), —L<z<0

(Figure 11.2.8), then the Fourier series of f on [—L, L] has the form

> 2nm 2nm
A A, —— + B, sin—
0—{-;( cos T + sin L)
where
1 L
Ay=—
o= 1 [ f@)da,
and
A—2 L Qnﬂ'md B—2 L .2n7r:cd 193
"_f/) f(z) cos 7 4z, "_fﬂ) f(x)smT z, n=123, ...

Figure 11.2.8. y = f(z), where f(z + L) = f(z), —L <z <0

Figure 11.2.9. y = f(z), where f(z + L) = —f(z), —-L <z <0

28. Show that if f is integrable on [-L, L] and
fle+L)=—f(z), —L<z<0

(Figure 11.2.9), then the Fourier series of f on [-L, L] has the form

o 4 (2n — D7z B i (2n — D)z
Z n €08 —————— + By sin ———— |,

n=1

where

L 2n —1 2 [k 2n —1
/ f(z) COSM dr and B,= —/ f(z)sin M de, n=1,2,3,...
0 L L/, L

| o

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 33 of 65
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29. Suppose ¢1, ¢, -.., ¢, are orthogonal on [a, b] and
b
/ $2(x)dxr +0, n=1,2,..,m.

If a1, as, ..., a,, are arbitrary real numbers, define

Pm = (Ll¢1 + a2¢2 + -+ amd)m-
Let

Fp = c1¢1+ c2¢2 + - + cndm,

where

_ [ @) de
Jl$i(x)dz

Cn

thatis, ¢, ¢, ..., c,, are Fourier coefficients of f.
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a. Show that

b
/ (f(z) = Fpp(2)pp(x)dz =0, n=12, . m.

b. Show that

b

b
/ (f(z) — F())? dz < / (f(z) — Pu(2))* de,

with equality if and only if a,, = ¢,,, n =1,2,...,m.

c. Show that

/ab (f(z) — Fin(z))? do = /ab 12 (x) dx_ni;cg Ab¢idx_

d. Conclude from (c) that

m b b
n [ dn@)de< [ f(a)da
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30. If Ay, 44, ..., A, and By, Bs, ..., B, are arbitrary constants we say that

P, (z) =Ay+ Z (An cos % + B, sin

nmTx )
n=1

is a trigonometric polynomial of degree < m.

Now let

ag + Z (an cos nLﬂ + b, sin nza: )
n=1

be the Fourier series of an integrable function f on [-L, L], and let

nme . nmr
ay,, COS < + b, sin .

with equality ifand only if A, = a,, n=0,1, ..., m,and B, =b,,n=1, 2, ..., m.

b. Conclude from Exercise 29(d) that
m 1 L
2+ Y @+ )< [ Fa)ds
n=1 -L

for every m > 0.

c. Conclude from (b) that lim,,_, a,, = lim,, ;s b, = 0.

11.3 Fourier Expansions Il

In this section we discuss Fourier expansions in terms of the eigenfunctions of Problems 1-4 for
Section 11.1.

Fourier Cosine Series

From Exercise 11.1. 20, the eigenfunctions
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1 T 2z nmx
, COS T ,cos—L s e cos—L ,
of the boundary value problem
¥y +xy=0, ¥ (0)=0, 3 (L)=0 (11.3.1)

(Problem 2) are orthogonal on [0, L]. If f is integrable on [0, L] then the Fourier expansion of f in terms of
these functions is called the Fourier cosine series of f on [0, L]. This series is

o0
nwr
ag + Z ay COS 7
n=1
where

. \dsthLf(x)da: _ 1 L o) de
’ \dst fOL dx L /0 f(@)

and

_\dst I f(z) cos B2 dz %AL F(z) cos n

an = T = Ui de, n=1,23, ...
\dst [, cos? = dx L

Comparing this definition with Theorem 6(a) shows that the Fourier cosine series of f on [0, L] is the
Fourier series of the function

_f f(-z), —L<z<0,
fl(m)_{ fl@), 0<z<L,

obtained by extending f over [—L, L] as an even function (Figure 11.3.1).

Figure 11.3.1.

Applying Theorem 11.2.4 to f; yields the next theorem.

THeorem 11.3.1

If fis piecewise smooth on [0, L], then the Fourier cosine series
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C(z) = a0+;ancosn—zx

of f on [0, L], with

1 [t 2 [F
ay = —/ f(z)dz and a,= —/ f(z) cos e dr, n=1,23,..
L Jy 0 L

converges for all z in [0, L]; moreover,

f(0+) ifz=0
f(z) if 0 <z < L and f is continuous at z
C =
(@) \dstf;ﬂﬁ) if 0 <z < L and f is discontinuous at x

f(L—) if z =L.

ExampLE 11.3.1

Find the Fourier cosine series of f(z) =z on [0, L].

SocruTion The coefficients are

1 [t 1 z? L
0

and, ifn>1
/ cos T 2 sin T \limsOL /Ls' nrr
a, = — T —:p——xln imsOL — iatl €T
n nm L 0 L
nmwT 2L nwT | . 2L n
= _E . sin T dz = 33 GOS8 T \limsOL = 22 [(=1)"—1]
0 if n = 2m.
Therefore
AL X (2n — )mx
C(z) =\d t
(z) = \ds ) ; 2n —1)2 L
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Theorem 11.3.1 implies that

Fourier Sine Series

From Exercise 11.1. 19, the eigenfunctions

. mx | 27z . nTT
SIHT,SIHT,...,SIHT,...

of the boundary value problem
Yy +Xxy=0, y0)=0, yL)=0

(Problem 1) are orthogonal on [0, L]. If f is integrable on [0, L] then the Fourier expansion of f in terms of
these functions is called the Fourier sine series of f on [0, L]. This series is

i b gin 1T
n Sin ,
n=1 L

where

zx de, n=1,2,3,...

L . nmx
b \dst [y f(z) sin *= dz %/()Lf(az)sinn

\dst fOL sin? 27 dz

Comparing this definition with Theorem 6(b) shows that the Fourier sine series of f on [0, L] is the
Fourier series of the function

[ —f(=z), —L<z<0,
f2(ff)—{ (), 0<z<L,

obtained by extending f over [-L, L] as an odd function (Figure 11.3.2).
Figure 11.3.2.

Applying Theorem 11.2.4 to f, yields the next theorem.
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THeEOREM 11.3.2

If fis piecewise smooth on [0, L], then the Fourier sine series

= . nrx
= E b, sin 17
n=1

of f on [0, L], with

0 ifxe=0
f(z) if 0 <z < L and f is continuous at =

if 0 <z < L and f is discontinuous at z

0 ifz=1L.

ExavpLE 11.3.2

Find the Fourier sine series of f(z) = z on [0, L].

SocruTion The coefficients are

2 L
= —/ 2 sin — 2 |zcos 222 \limSOL —/ cos 2% dw]
nm 0
2L 2L 2L
— n+l £~ O n+l -
=(-1) — + s nl \hmsOL (-1) —.

Therefore
B 2L &K (=)™ | nmzx
S(z) = \dst — - ; - sin 7

Theorem 11.3.2 implies that
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Mixed Fourier Cosine Series

From Exercise 11.1. 22, the eigenfunctions

ke 3z (2n — )z
Cos 2L,cos—2L,. , COS oL ,
of the boundary value problem
y"+Ay=0, y(0)=0, y(L)=0 (11.3.2)

(Problem 4) are orthogonal on [0, L]. If f is integrable on [0, L] then the Fourier expansion of f in terms of
these functions is

2’0: (2n — )7z
¢y, COS —————
~ 2L

where

Cn

_ sty f@)cos B e o /Lf( ) cos @n Dz,
- me g L)y T 2L

dst [ cos? Cnbmz g
\dst [, T

We'll call this expansion the mixed Fourier cosine series of f on [0, L], because the boundary conditions
of (11.3.2) are “mixed” in that they require y to be zero at one boundary point and 3’ to be zero at the
other. By contrast, the “ordinary” Fourier cosine series is associated with (11.3.1), where the boundary
conditions require that y" be zero at both endpoints.

It can be shown (Exercise 57) that the mixed Fourier cosine series of f on [0, L] is simply the restriction
to [0, L] of the Fourier cosine series of

B f(z), 0<z<L,
f3(@) _{ —f@L—2), L<z<2L

on [0,2L] (Figure 11.3.3).
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11 Boundary Value Problems and Fourier Expansions

Figure 11.3.3.

Applying Theorem 11.3.1 with f replaced by f; and L replaced by 2L yields the next theorem.

THeorem 11.3.3
If fis piecewise smooth on [0, L], then the mixed Fourier cosine series

(2n — D)z

Cu(z) = ¢, COS —————
2 3T

of f on [0, L], with

2 [k 2n —1
Can/O f(x)cos%dm,

converges for all z in [0, L]; moreover,

f(0+) ifz=0
f(z) if 0 <z < L and f is continuous at x

C z) = r— T
) \dstw if 0 <2 < L and f is discontinuous at x

0 if x=1L.

ExampLE 11.3.3

Find the mixed Fourier cosine series of f(z) =z — L on [0, L].

SoruTion The coefficients are

2 [k (2n — )7z
Cn = f/o (x—L)cosTda:

= ;)ﬂ- |:(.CC — L) sin M\thOL B /L - M N

(2n—1 2L 0 2L
8L (2n — )7z 8L
= cos limsOL = ————.
(2n —1)272 2L \ (2n —1)272

Therefore
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1 (2n — )7z

Theorem 11.3.3 implies that

Mixed Fourier Sine Series

From Exercise 11.1. 21, the eigenfunctions

Tr | 37mx . (2n—1)mz

Sin i, sin E,..., sin oL g eee

of the boundary value problem
y"+Ay=0, y(0)=0, y(L)=0

(Problem 3) are orthogonal on [0, L]. If f is integrable on [0, L], then the Fourier expansion of f in terms
of these functions is

ood o (@2n—1)mz
; s

where

\dst fOL f(x)sin % dz 2 [F  @2n—1Dmz
d, = = f/ f(x) sin —————dx.
dz 0

\dst [, OL sin? —(Zn;Ll)m 2L

We'll call this expansion the mixed Fourier sine series of f on [0, L.

It can be shown (Exercise 58) that the mixed Fourier sine series of f on [0, L] is simply the restriction to
[0, L] of the Fourier sine series of

[ fw), o<z<L,
f‘*(x)_{ f2L—z), L<az<2L,

on [0,2L] (Figure 11.3.4).
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11 Boundary Value Problems and Fourier Expansions

Figure 11.3.4.
Applying Theorem 11.3.2 with f replaced by f, and L replaced by 2L yields the next theorem.

THeorem 11.3.4

If fis piecewise smooth on [0, L], then the mixed Fourier sine series

= 2n—1
Surle) = 3 dysin 2T
n=1

of f on [0, L], with

L _
d, = I /0 f(z) sin w dz,

0 ifz=0
f(z) if 0 <z < L and f is continuous at x

if 0 < z < L and f is discontinuous at x

f(L—) if z=L.

ExampLE 11.3.4

Find the mixed Fourier sine series of f(z) =z on [0, L].

SoruTion The coefficients are

2 (L @en—Dm
dn—fﬁ) xsdex
4

2n — 1 L (2n—1
= — [mcos (n —1)mz \limSOL—/ costaz

(2n— )7 2L 0 2L
__ 4 /LCOSMM
2n—17 Jo 2L
8L (2n — )7z 8L
- i limsOL = (—1)"" ————.
Gno e T MmOl = ()T e
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11 Boundary Value Problems and Fourier Expansions

Therefore

Theorem 11.3.4 implies that

A Useful Observation

In applications involving expansions in terms of the eigenfunctions of Problems 1-4, the functions being
expanded are often polynomials that satisfy the boundary conditions of the problem under
consideration. In this case the next theorem presents an efficient way to obtain the coefficients in the
expansion.

THeorem 11.3.5

(@) If f/(0) = f/(L) =0, f” is continuous, and f” is piecewise continuous on [0, L], then

nwr
f(z) =ao+;ancos 7 0<z<IL, (11.3.3)
with
1 [t 2172 L ” . nrr
ag = f A f(ZL') dx and a, = W/(; f (l’) S1n T diE, n > 1. (1134)

Now suppose f’ is continuous and f” is piecewise continuous on [0, L].

(b) If £f(0) = f(L) =0, then

with

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 45 of 65
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2L L . nmx
b, = — —2 /0 f7(x)sin < dx. (11.3.5)
(c) If £/(0) = f(L) =0, then
flx) = icn cos (2n ;Ll)mc , 0<z<L,
n=1
with
8L L (2n — )7z
(d) If f(0) = f’(L) =0, then
flz) = idn sin (2n ng)mc, 0<z<L,
n=1
with
_ 8L L o (@2n—1)rmz
d, =— Gno1) J, f (:v)sdex. (11.3.7)

Proor We'll prove (a) and leave the rest to you (Exercises 35, 42, and 50). Since f is continuous on
[0, L], Theorem 11.3.1 implies (11.3.3) with ay, a1, as,... as defined in Theorem 11.3.1. We already know
that a4 is as in (11.3.4). If n > 1, integrating twice by parts yields
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) L
an:—/ f(z) cos "
L Jo
B 2

L
= [f(w) sin % \limSOL - / f'(z)sin nr
0

2 (@i

nmw
2L

z
dw]
(since sin 0 = sinnw = 0)
= —— [f’(m) cos

L
\limsOL —/ f”(x) cos nm:} dx
nem L 0 L

2L L nwT
= —mﬁ] f”(x)cos

= — 2L’ [f”(as) n—\hmbOL / 17 (x sn—das]

n3m3

dz (since f'(0) = f'(L) = 0)

2L2 V4
== / fo( sin —— dg (since sin 0 = sinnw = 0).
ndm

(By an argument similar to one used in the proof of Theorem 8.3.1, the last integration by parts is
legitimate in the case where f” is undefined at finitely many points in [0, L], so long as it's piecewise
continuous on [0, L].) This completes the proof.

ExampLE 11.3.5

Find the Fourier cosine expansion of f(z) = z*(3L — 2z) on [0, L].

SoLuTioN Here

and

9 L
a, = f/ (3Lx? — 2z%) cos e dr, mn>1.
0

Evaluating this integral directly is laborious. However, since f’(z) = 6Lz — 622, we see that f/(0) = f/(L)
= 0. Since f”(z) = —12, we see from (11.3.4) that if n > 1 then

2412 (L nmx 2413 2413 "
= — —3 /0 sin — dz = i1 08 \hmsOL oy [(—=1)" —1]
_ \dst—@ﬁ% 1fn:2m—1,
0 if n =2m.
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Therefore

ExampLE 11.3.6

Find the Fourier sine expansion of f(z) = z(z? — 3Lz + 2L?) on [0, L].

SoruTion Since f(0) = f(L) =0and f”(z) = 6(x — L), we see from (11.3.5) that

120 [F
b, = — / (x — L) sin ULEA
TL27T2 0
1212 L
= — [(x — L) cos nzx \limsOL 7/0 cos nzm dm]
1212 L nrx_ 1213
=53 {L— Esm T \hmsOL] =53
Therefore
120° & 1 nmL
S(z) = \dst — si )
(z) =\ds ; — sin—

ExampLE 11.3.7

Find the mixed Fourier cosine expansion of f(z) = 3z3 — 4Lz? + L on [0, L].

SovruTion Since f/(0) = f(L) =0 and f”(x) = 2(9z — 4L), we see from (11.3.6) that

16L L 2n—1
cn:——/ (9$—4L)005Mda:
(2n —1)272 Jy 2L
212 2n—1 L on—1
- 0
32L2 18L (2n — 1)z
= " (=1 n+1 L limsOL
(2n —1)°7 [( UL Ty, o g Vim0 ]

3213 . 18
T 2n—1p [<_1) bt (2n—1)7rJ‘

Therefore

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 48 of 65



11 Boundary Value Problems and Fourier Expansions

3203 & 1 n 18 2n — D)z
Cu(z) = \dst = Z Gn 1) [(1) 54+ P cos( 2L) .

n=1

ExampLE 11.3.8

Find the mixed Fourier sine expansion of
f(z) = (2z* — 9Lz + 12L%)

on [0, L].

SovruTion Since f(0) = f/(L) =0, and f”(x) = 6(2z — 3L), we see from (11.3.7) that

48L L (2n —1)mz
dy, = — \dst————— 2z —3L)sin ——————d
\ds (2n—1)27r2/0 (22 =3L)sin ——7=—dr
L2 2n —1 L (2n—1
= \dst—(2n96 )53 (22 — 3L) cos —( n 5T e \lims0L — 2/ cos —( n 5T e dz
- i 0
96L>2 [ 4L o @2n—1)mz
= \dStW 3L — (2 1) sin oL \thOL
n—1)3w n—1)m
96L> [ 4
= \dst———— |3+ (—1)"———| .
Aty |3 (Y (2n—1)7r]

Therefore

11.3 Exercises

In exercises marked by graph f and some partial sums of the required series. If the interval is [0, L],
choose a specific value of L for the graph.

In Exercises 1-10 find the Fourier cosine series.
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(x)=2% [0,L]

=
~

Show answer

n
-l

Clfl@)=1—=z, [0,1]

Show answer

w
nI

f(z) = 2* — 2Lx; [0, L]

Show answer

P
~

(z) = sinkz (k # integer); [0, 7]

Show answer

N
S S

A IA
\.h Nlh

o
(2]
~
&

|

—

=
&

o =
ol @

Show answer

(z)=2?—L*% [0,L]

o
~

Show answer

(@) =(z—1% [0,1]

N
~

Show answer

8. f(z)=¢€" [0, 7]

Show answer

©
al

flz) ==z(L—x); [0,L]

Show answer

10.

(]

f(z) = z(xz —2L); [0, L]

Show answer

In Exercises 11-17 find the Fourier sine series.
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11.

G}

fl@)=1; [0,L]

Show answer

12. (C|f(z)=1—=z;, [0,1]

Show answer

13. f(z) = coskz (k # integer); [0,

Show answer

1, 0<z<%
14 f(x):{ 0, §<w<2L, 0, Z]
15.f(x):{ o Ofxgg’ 0, L].
L—-z 5<z<I;
16. f(x):xsina:; [0, 7]

Show answer

17.

~

(z) =€ [0,7]

Show answer

In Exercises 18-24 find the mixed Fourier cosine series.
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G}

18. [c] f(x)=1; [0,L]

Show answer

19.

~

(z) ==% [0,L]

Show answer

20.

(o]

f(z) =z,

=)
=

Show answer

IN
8
IN

21. [c| f(z) =

Show answer

[0, L]

—N

o =
ol S
A
153
A
ST

22,

~

() =cosz;  [0,7]

Show answer

23.

~

(z) =sinz; [0, 7]

Show answer

ﬂl

24, flz)==x(L—=z); [0,L]

Show answer

In Exercises 25-30 find the mixed Fourier sine series.

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 52 of 65



25.

26.

27.

28.

29.

30.

11 Boundary Value Problems and Fourier Expansions

Clflz)=1, [0,L]

Show answer

(z) = a2,

~
=
s

Show answer

Dra-{ > %"= oy

z)= ,
0, 2<z<I;

f(z) =cosz; 0,7

f(z) =sinz; [0,7]

Show answer

nl

f(z) = (L — x); [0, L].

Show answer

In Exercises 31-34 use Theorem 11.3.5(a) to find the Fourier cosine series of f on [0, L].

31.

32.

33.

34.

35.

f(z) = 3z%(z* — 2L?)

Show answer

() = 23(3z — 4L)

~

Show answer

() = 2%(32z® — 8Lz + 6L?)

~

Show answer

~
~

(@) = oz~

)2

Show answer

a. Prove Theorem 11.3.5(b).

b. In addition to the assumptions of Theorem 11.3.5(b), suppose f”(0) = f”(L) =0, f” is
continuous, and f* is piecewise continuous on [0, L]. Show that

213 L nwT
- 4) ;
b, = pry /0 () sin T de, n>1.
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In Exercises 36-41 use Theorem 11.3.5(b) or, where applicable, Exercise 11.1. 35(b), to find the Fourier

sine series of f on [0, L.

36. [C] f(z) = 2(L - )
37. f(z) = 22(L — z)

38. f(z) =2z(L*—2?)

Show answer

39. f(z) = z(2® — 2Lz + L)

~

Show answer

40.

~

(z) = z(3z* — 10L2z2 4+ TL*)

Show answer

41. f(x) = z(3z* — 5L2® + 2L%)

~

Show answer

42, a. Prove Theorem 11.3.5(c).

b. In addition to the assumptions of Theorem 11.3.5(c), suppose f”(L) =0, f” is continuous,
and f” is piecewise continuous on [0, L]. Show that

16L> Lo . (2n—1)mz
CHZWA f (ZL‘)SIDTdZ', n>1.

In Exercises 43-49 use Theorem 11.3.5(c) or, where applicable, Exercise 11.1. 42(b), to find the mixed
Fourier cosine series of f on [0, L].
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43. (C| f(z) = 2*(

~

— )

Show answer

S

(z) = L? — 22

Show answer

45. f(x) = L% —2*

Show answer

46. f(x) =22+ 3Lz*—5L3
47. f(x) = 42® +3Lz*—7L3

Show answer

48. f(r)=az*—2Lz3 +L*

Show answer

49. f(z)=z"—4Lz®+ 6L%*z* - 3L*

~

Show answer

50. a. Prove Theorem 11.3.5(d).

b. In addition to the assumptions of Theorem 11.3.5(d), suppose f”(0) = 0, f” is continuous,
and f” is piecewise continuous on [0, L]. Show that

16L2 L (2n — 1wz
= = = > 1.
d, 1) /0 f7(x)cos 5T dz, n>1

In Exercises 51-56 use Theorem 11.3.5(d) or, where applicable, Exercise 50(b), to find the mixed
Fourier sine series of the f on [0, L].

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 55 of 65



51.

52.

53.

54.

55.

56.

57.

58.

59.

11 Boundary Value Problems and Fourier Expansions

~

(z) = z(2L — )

Show answer

~

(z) = 22(3L — 2x)

Show answer

(2) = (x— L)* + L?

~

Show answer

() = z(z* — 3L?%)

~

Show answer

() = 23(3z — 4L)

~

Show answer

() = z(z — 2Lz% + 2L3)

~

Show answer

Show that the mixed Fourier cosine series of f on [0, L] is the restriction to [0, L] of the Fourier
cosine series of

on [0,2L]. Use this to prove Theorem 11.3.3.

Show that the mixed Fourier sine series of f on [0, L] is the restriction to [0, L] of the Fourier sine
series of

_ flz), 0<z<I,
f“(m)_{ f@L—z), L<z<2L

on [0,2L]. Use this to prove Theorem 11.3.4.

Show that the Fourier sine series of f on [0, L] is the restriction to [0, L] of the Fourier sine series of

B fl@), 0<z<L,
f3(””)_{ —f2L—2), L<z<2L

on [0,2L].
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60. Show that the Fourier cosine series of f on [0, L] is the restriction to [0, L] of the Fourier cosine
series of

f f@), 0<z<lL,
f4(x)_{f(2La:), L<z<2L

on [0,2L].
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Chapter 11 Boundary Value Problems and Fourier Expansions

11.1 Eigenvalue Problems for y” + Ay =0

2 )\, =n? y,=sinnz,n=1,2,3, ...
3M=0,y0=1; X\, =n% y,=cosnz,n=1,2,3, ...

= \dst (2"11) = \dst sin —— Ol =1,2,3,.

—Dz
2

n—1)2 n—1)z
5 ), = \dst 22y = \dsteos 252 n=1,2,3, ...
6 \=0,y=1, An = n?, Yin = COSNE, Yo, = sinnx, n =1, 2, 3, ...

7 )\, =n’n% y, =cosnmz,n=1,2,3, ...

P \dst@"lﬂ, yn = \dst cos (Zn;)m ,n=1,2,3, ...

9\, =n’n% y, =sinnmz,n=1,2, 3,

10 \=0,y0=1, N\, = n2m?, Y1n = COSNTX, Yo, = Sinnmz, n =1, 2, 3, ...

11 ), = \dst@"lﬂ, yn = \dst sin ml;””, n=1,2,3, ...

12 \o=0, yo =1, \, = \dst "1”2 » Y1n = \dst cos &, yg, = \dstsin 20£, n =1, 2, 3, ...

13 )\, = \dst"ifr2 , Yn = \dstsin 5=, n=1, 2, 3, ...

14 X\, =\ds TNl i 1) , Yn = \dst cos (2"761)7“,11: 1,2,3, ...

15 )\, = (2n—1)*7?, y, =sin(2n — D)7z, n =1, 2, 3, ...

16 A\, = \dstZL, y, = \dstcos 222, n =1, 2, 3, ...

23 )\, = 4n’*7?/L* y, = \dstsin 2"L”, n=123, ...

24 )\, =n’n?/L? y, = =\dstcos £, n=1, 2, 3, ...

|N
[3,]

Ap = 4n?m2/L? y, = \dstsin 2"5”, n=1,2,3, ...
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11 Boundary Value Problems and Fourier Expansions

11.2 Fourier Expansions |

2, T =—1,
2 F(z)=\dst2+ 2>, (7})" sinnrz;  Flz)=<{ 2—z, —-1<z<I,
2, rz=1
3 F(z) =\dst —n? — 12> | ~— ~ cosnz — 4Zn_ sinnz;

F(z)
—3m2, T = —,
= 2z — 322, —m<z<m,
—3m2, =7

ﬂF():—\dst S (—1neEnrrs F(z)=1-322 —-1<z<1

n2

5 F(z) = \dstZ — 2%, 4n21—_1(3032nx; F(z)=|sinz|, -r<z <7

6 F(z) =\dst — g sinz +2)0°, (—1)"—frsinnz;;, F(z) =zcosz, -t <z <7
7 F(z)=\dst — 2+ Zcosz — 4 3>, (fgjllp cos 2nz;
F(z)
|| cos
—r<
<
8 F(z) = \dstl — $cosz—23°7, n2 )1 cosnz; F(z)=zsinz, -7<z<m7

9 F(z)=\dstFsing — L& 3% T Sin 2na; F(z) =|z|sinz, —n<z<w

10 F(z) = \dstX + fcosmz — 2 3>, i;;li cos2nrz; F(z)= f(z), -1<z<1

11 F(z) = \dst4 sinmz — % S (=1 @ —— 7 sin 2nm;

\dSt*— Zn 1 m Sln(2n —+ ].)
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11 Boundary Value Problems and Fourier Expansions

0, —1<z< %,
4 e—-d
12 F(z) = \dstg sinmz — =300 (—1)" gz sin2n7z;  F(x) = sinmz, —3 <z<+,
Looamt
0, % <zx<l1

13 F(z) = \dst= + L cosmz — £ 3", —= (1 — nsin &) cos nrz,

F(z)
0, —1§x<%,
1
bR X —1,
=4 |[sinmz|, —I<z<i
) 2 27
1
R r=1,
1
L 0, §<l‘£1

14 F(z) = \dstdr + 4 cosmz + 2 Y ° (—I)TLL“2 cos 2nmx

n=1 n—1)
( 0, —-1<z< %,
Lo et
F(z) =4 zsinmz, —1 <z <1,
\dst—i—% Yo (= RQ(ZE) cas(?n%}—, V) = %,
0, 3 <z <1,

15 \dstF(z) =1— % ¥, (in > cos (ntl)rz 4 g ()" o no -

+1 4 ™ n=1 n 4 7

2, T =—4,
0, —4<z<0,

- T, 0<z <4,
2, r=4

16 F(z) = \dstg + = Sor; = sin2nmz + = 3 ooy m sin(2n + 1)7x;

F(z)
%, r=—1,
22, —1<z<0,
= 1 %, z =0,
1—z2, O0<z<l1,
L %, z=1
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17 F(x)

18 F(z)

|N
o

F(z)

|N
[

F(z)

|N
N

F(z) =

23 F(z) -

24 F(x)

= \dst —mcosz — gsinz+2) 77, (—1)" -+

11 Boundary Value Problems and Fourier Expansions

— 3 1 oo 1 nm: L _ nw nr
=\dst% 4+ £ 3% Lsin & cos 3= + 2 3°°° | L (cosnm — cos L) sin 25~
— 5 3 o 1 2n7r nﬂ'z _ 2nm nnx
= \dst s T =1 sin =& 3 + = E o (cos N — COs <3+ )sm 3

= \dst 2221 (1 +2507, % cosnz — 2 oy n2+1 sin nm)

sinnx

-1

\dstl — Fcosz —wsing —2) 07, )1 cosnx

—\dst 282ET $200 (1) 1 sinna

= \dst 22t [% —2k>07, % cos nas]
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11 Boundary Value Problems and Fourier Expansions

11.3 Fourier Expansions Il

1C(x)= \dstLTZ + 47522 - (nl)n cos &
Clz) =\dst$ + 5 >0, (2n—£1)2 cos(2n — )z

3 C(z) = \dst — 2 + 25 3207 L cos 7=

4 C(x) = \dsti=sshn _ 2k snoo LoD coskn] oo

T n=1 n2—k2

[ 1 (2n—1)mz
C(z) = \dst§ — o) (2n )1 COST)

6 C(x) = \dst — 2 + 5 3200, - cos 4
C(z) = \dst+ + % Yo # CoSNTL

C(z) = \dst &L + 2 5% )Q—flr)l] cos nx

Q \dStC(l‘) = % _ L2 1 cos 2nmL 2nmx

w2 n=1 n2 L

10 C(x) = \dst — Z + 25 07| - cos 12

11 S( ) \d§t4 ol 1 (2n171) sin (2n—Ll)m:

12 S(z) = \dst2 3> | Lsinnmx

n=1
13 S(z) = \dstZ 302 [1 — (—1)" cos kn] = sin nz

14 S(z) = \dstZ L1 — cos & ] sin 27=

nln

00 —1)nt 2n—1)rz
15 S(z) = \dst2% 32>, ((2n11)2 sin L)

16 S(z) = \dst§ sinz — 2 3700 T sin 2na

17 S(z) = \dst — 2 3, % sin nz

18 Cy(z) = \dst— = >, P i

2n—1 2L

2 2n—1)m.
19 Cu(w) = \dst — £ 5000, 525 [1 = e ] cos Zigp™

o) n 2n—1)mx
20 Cy(w) = —\dst4 302, [(—1)" + gz ] cos 25
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N

22 Cy(zx) =

23 Cu(z) =

N

25 Sy(z) =

26 Su(z)

|N

|N
00

29 Su(z) =

30 Su(z)

31 C(z) =

32 C(z) =

33 C(z) =

36 S(z) =

37 S(x) =

38 S(z) =

39 S(z) =

40 S(x) =

4l S(z) =

43 Cy(z) =

1 Cu(z) =

Su(z) =
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4 N0 (2n+1)7 (2n—1)7z
\dst — £ 3% | —L— cos == cos 7

oo n n— (2n—1)
\dst 2 350 (—1) (2n}3)(2lrz+1) 008 ~=5—

-~ (anl)z
—\dst2 302, (2n—3)1(2n+1) €08 =3

4 Cu(z) = _\dSt % 1 2ni1>2 [1+ AL ]cos (Z"ng)”

(2n—1)7

.. (2n—1)7z
\dst 2372 (2n171) sin ~—+

(2n—1)mx

16L2 2 .
= \dst — Sonet m [ (2n71)7r] Sin ——7

= \dst+ 3% - [1 — cos (2"11)”)] sin ZTr

1 . (2n—-1)z
\dst= 302, = 3 Yoty ST

(—1)" . @n-1)z
et 2n—3)2nt1) SN T3

\dst

(2n—1)7mx

:\dstsﬁi2 20:1 o [( )"+ T 1) ]sin T

TL* 144L4 naw.
\dst — == — Sy " cos 27z 7

2L4 4814 oo 1+(=1)"2 nmx
\dst — D e~ COS T

3L _ a8l oo 24D
\dst — — o ney — T cos %

(IL‘) _ L* 3Lt ZOO L cog 2nmz

30 s n=1 p4 L

8L2 1 (2n—1)rz
\dst=- 507, TP sin ~—

\dst — 45 5700 | LHCE ) sin 2z

\dbt 12L3 ZOO (=n sin Rrz

n=1 n3

96L! (2n—1)me
\dst =2 307 2n 7 sin ~— =

5 "
\dst — 22022 )] sin 27z

n

) 240L° oo 1+(=D"2 . prp
\dst — 255 > 000 | ——— sin 4&

(2n—1)mx

L3 n
—\dst &5 302 1W [( )"+ (Znil)Tr COS =1,
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44 Cy(x) = —\dst 2 377 | 5t cos Zpp™

45 CM(CU) = —\dstM © __1 [(_1)n + ( 2 )W] oS (2n—1)7zx

3 n=1 (2n—1)3

3 00 2n—1)mx
46 CM('T) = \dé’t% Zn:l (gnil)a [(*1)”3 + (2ni1)7r] cos ( 2L)

3 00 n 2n—1)m:
47 C(w) = \dst 2= 3 | -l [(—1)"5 + (2n§m] cos Lot

4 00 —1)"4 2n—1)mz
48 C(x) = —\dst3H 1000 | s [1 4 ] cos 2257

_ 768L* 1 (=1)"2 (2n—1)7z
49 Cy(z) = —\dst -5 n- @17 [1+ (2n71)71':| S 31

n=1

51 Sy (x) = \dst 2 Y07 | oy sin 2

3 . _
52 Sy(x) = \dst — 2537 ﬁ [1 + (=" (anl)w] SN 57

71"3 n=1

53 Sir(x) = \dst 25 0%, by [1+ (—1)" s | sin —5p

ﬂ SM(JI) _ \dSt 19:4113 Zzozl (é;i)l)‘l sin Qn;é)ﬂ'z

4 00 n . 2n—1)m:
55 Sy(x) = \dst 128377 | (2n11)4 [(_1) + (Qnil)ﬂ':l sin { n2L) .

56 Sy(z) = \dst 2 5o | L [(71)71 - 4 ] sin 2oL

n=1 (2n—1)* 2n—1)7
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