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IN THIS CHAPTER we consider systems of differential equations involving more than one unknown function. Such systems arise in
many physical applications.

SECTION 10.1 presents examples of physical situations that lead to systems of differential equations.

SECTION 10.2 discusses linear systems of differential equations.

SECTION 10.3 deals with the basic theory of homogeneous linear systems.

SECTIONS 10.4, 10.5, AND 10.6 present the theory of constant coefficient homogeneous systems.

SECTION 10.7 presents the method of variation of parameters for nonhomogeneous linear systems.

507

Answers to selected exercises in this chapter

10.1 Introduction to Systems of Differential Equations

Many physical situations are modelled by systems of » differential equations in » unknown functions, where n > 2. The next three
examples illustrate physical problems that lead to systems of differential equations. In these examples and throughout this chapter
we'll denote the independent variable by t.

ExampLe 10.1.1

Tanks Ty and T, contain 100 gallons and 300 gallons of salt solutions, respectively. Salt solutions are simultaneously added to
both tanks from external sources, pumped from each tank to the other, and drained from both tanks (Figure 10.1.1). A solution
with 1 pound of salt per gallon is pumped into T; from an external source at 5 gal/min, and a solution with 2 pounds of salt per
gallon is pumped into T, from an external source at 4 gal/min. The solution from T3 is pumped into T, at 2 gal/min, and the
solution from T3 is pumped into 7, at 3 gal/min. Ty is drained at 6 gal/min and T is drained at 3 gal/min. Let Q:(t) and Q.(¢) be
the number of pounds of salt in T; and T, respectively, at time ¢ > 0. Derive a system of differential equations for Q; and Q..
Assume that both mixtures are well stirred.
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Figure 10.1.1.

Sovrution As in Section 4.2, let rate in and rate out denote the rates (Ib/min) at which salt enters and leaves a tank; thus,

Q) = (rate in); — (rate out);,

Q5 = (rate in), — (rate out)s.

Note that the volumes of the solutions in T3 and T, remain constant at 100 gallons and 300 gallons, respectively.

T, receives salt from the external source at the rate of
(11b/gal) x (5 gal/min) = 5 lb/min,
and from T, at the rate of

(Ib/gal in T) x (3 gal/min) — ﬁQZ x3

1 .
=0 Q2 1b/min.
Therefore

1
(rate in), =5+ 1—00Q2. (10.1.1)

Solution leaves T; at the rate of 8 gal/min, since 6 gal/min are drained and 2 gal/min are pumped to T3; hence,

(rate out); = (Ib/gal in T;) x (8 gal/min) = %00621 x 8= %Ql. (10.1.2)

Eqns. (10.1.1) and (10.1.2) imply that
L= 2 10.1.3
@1 =5+ 7pQ2 55 (10.1.3)

T, receives salt from the external source at the rate of
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(21b/gal) x (4 gal/min) = 8 lb/min,

and from T; at the rate of

(Ib/gal in T) x (2 gal/min) = %{)()Ql X 2
= 5_10Q1 1b/min.
Therefore
(rate in), = 8 + 5—10Q1. (10.1.4)

Solution leaves T, at the rate of 6 gal/min, since 3 gal/min are drained and 3 gal/min are pumped to T;; hence,
(rate out); = ( Ib/gal in T,) X (6 gal/min) = 3—(1)0622 X 6 = 5—10622. (10.1.5)
Eqns. (10.1.4) and (10.1.5) imply that

, 1 1
= — — —Q>s. 10.1.
Q=8+ 5OQ1 50@2 (10.1.6)

We say that (10.1.3) and (10.1.6) form a system of two first order equations in two unknowns, and write them together as

Extension "bbox" failed to load

ExampLE 10.1.2

A mass m, is suspended from a rigid support on a spring S; and a second mass m, is suspended from the first on a spring S,
(Figure 10.1.2). The springs obey Hooke’s law, with spring constants k; and k.. Internal friction causes the springs to exert
damping forces proportional to the rates of change of their lengths, with damping constants ¢; and c,. Let y; = y1(¢) and ys

= yo(t) be the displacements of the two masses from their equilibrium positions at time ¢, measured positive upward. Derive a
system of differential equations for y; and y,, assuming that the masses of the springs are negligible and that vertical external
forces F, and F;, also act on the objects.

Sovurion In equilibrium, S; supports both m; and m, and S, supports only m,. Therefore, if A¢; and A4, are the elongations of the
springs in equilibrium then

(m1+me)g=ki1Al;  and mag = kaAls. (10.1.7)
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Mass m, T
Figure 10.1.2.

Let H, be the Hooke’s law force acting on m,, and let D; be the damping force on m;. Similarly, let H, and D, be the Hooke’s law
and damping forces acting on m,. According to Newton’s second law of motion,

myy| = —mqyg+ Hy + Dy + F1,
1Y1 19 1 1 1 (10.1.8)

mayy = —mag+ Hy + Dy + F.

When the displacements are y; and y,, the change in length of S; is —y; + A¢; and the change in length of S, is —y, + y1 + Aé,y. Both
springs exert Hooke’s law forces on m4, while only S, exerts a Hooke’s law force on m,. These forces are in directions that tend to
restore the springs to their natural lengths. Therefore

Hy = ki(—y1 + Aly) —ka(—y2 +y1 + Aly)  and  Hy = ka(—y2 +y1 + Aly). (10.1.9)

When the velocities are y; and y;, S; and S, are changing length at the rates —y; and —y; + y1, respectively. Both springs exert
damping forces on m4, while only S, exerts a damping force on m,. Since the force due to damping exerted by a spring is
proportional to the rate of change of length of the spring and in a direction that opposes the change, it follows that

D= —cay+ce(yy—vy)) and Dy = —cyys — 1)) (10.1.10)
From (10.1.8), (10.1.9), and (10.1.10),
myy; = —mag+ki(—y1 + Al) — ka(—y2 + y1 + Aly)
/ ’ ’
- —y))+F
(R R (10.1.11)
= —(mig— k1Al + kaAls) — kiy1 + ka(y2 — y1)
—ayy + ca(ys —y1) + F1
and
mayy = —mag+ ka(—y2 +y1 + Aly) — ca(yy —y1) + Fo (10.1.12)

= —(mag — kally) — ka(yz — y1) — ca(yy — y1) + Fo.

From (10.1.7),
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mig — k1Al + ko Aby = —mag + koAly = 0.

Therefore we can rewrite (10.1.11) and (10.1.12) as

myy) = — (c1+ e2)y) + caya — (k + ko)yr + koys + Fy
mays = cayy — Cayy + kayr — kayz + F.  \bbox

ExampLE 10.1.3
Let X = X(t) = z(t)i+ y(t) j + 2(¢) k be the position vector at time ¢ of an object with mass m, relative to a rectangular
coordinate system with origin at Earth’s center (Figure 10.1.3). According to Newton’s law of gravitation, Earth’s gravitational
force F = F(z,y, z) on the object is inversely proportional to the square of the distance of the object from Earth’s center, and
directed toward the center; thus,
Fe LZ (,A) _ _g Sityitzk (10.1.13)
I 1 (2 412 + 22)%2
where K is a constant. To determine K, we observe that the magnitude of F is
X1 K K
F|=K = = ,
FI= KX = X = @)
Let R be Earth’s radius. Since |F| = mg when the object is at Earth’s surface,
K
mg = FoR so K =mgR2.
Therefore we can rewrite (10.1.13) as
ftwit sk
O R L,
(22 + 12 + 22)
Now suppose F is the only force acting on the object. According to Newton’s second law of motion, F = mX”; that is,
m(z"i+y"j+2"k) = —ngz—zl+yJ m2lc .
(22 + 12 + 22)%?
Cancelling the common factor m and equating components on the two sides of this equation yields the system
2.
.T” = 7\dSt(:£2+gy}§7+Izl)7/2
” gR*
Yy = —\dstm (10.1.14)
2
Z” = 7\dst(12ﬂi%22)32—
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y X(t)

Figure 10.1.3.

Rewriting Higher Order Systems as First Order Systems

A system of the form

yi = (& y1,y2, - Yn)
Ya 92(t, Y1, 92, -, Yn)

Yo = Gn(t,y1,92, -, Yn)

(10.1.15)

is called a first order system, since the only derivatives occurring in it are first derivatives. The derivative of each of the unknowns
may depend upon the independent variable and all the unknowns, but not on the derivatives of other unknowns. When we wish to

emphasize the number of unknown functions in (10.1.15) we will say that (10.1.15) is an n x n System.

Systems involving higher order derivatives can often be reformulated as first order systems by introducing additional unknowns.

The next two examples illustrate this.

ExampLE 10.1.4

Rewrite the system

myy] = —(c1+co)y) + cayy — (k1 + k2)yr + kayo + F1
eay) — cays + kayr — kayz + Fa.

a
mayYs

derived in Example 10.1.2 as a system of first order equations.

Socution If we define v, = y; and v, = y3, then v; = ¢ and v; = y3, so (10.1.16) becomes

miv; = —(c1 +c2)vr + cova — (k1 + k2)y1 + kayo + F1

mg’U; = couy — CoVy + koy1 — koyo + F.

Therefore {y1,y2,v1,v2} satisfies the 4 x 4 first order system
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10 Linear Systems of Differential Equations

Yy = u1
7
b (10.1.17)
vp = \dsto[—(e1 + c2)vr + cava — (k1 + ka)yn + kaye + Fi o
Ué = \thmLz [621)1 — covo + kzyl — k‘QyQ =+ Fg] .

REMARK

The difference in form between (10.1.15) and (10.1.17), due to the way in which the unknowns are denoted in the two systems,
isn't important; (10.1.17) is a first order system, in that each equation in (10.1.17) expresses the first derivative of one of the
unknown functions in a way that does not involve derivatives of any of the other unknowns.

ExawmpLE 10.1.5

Rewrite the system

iz, 9,9 ,y")
gt,z,z",y,y'y")

8
Il

<
Il

as a first order system.

SoruTtion We regard z, =, y, v/, and y” as unknown functions, and rename them

’ ’ a
T=21, T =2, Y=Y, Y =Yz, Y =Ys.

These unknowns satisfy the system

T} = T
zy = f(t,x1,%2,Y1,Y2,Y3)
Y=
Yy = U3
ys = g(t,x1,T2,91,92,93)

Rewriting Scalar Differential Equations as Systems

In this chapter we’ll refer to differential equations involving only one unknown function as scalar differential equations. Scalar
differential equations can be rewritten as systems of first order equations by the method illustrated in the next two examples.

ExampLE 10.1.6

Rewrite the equation

v+ ay” 46y + 4y +y=0 (10.1.18)

as a 4 x 4 first order system.

Sovrution We regard y, v/, v”, and y” as unknowns and rename them
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Va

y=v1, ¥ =y, ¥y =y3, and y" =y,

Then y¥ = ¢}, so (10.1.18) can be written as

Yy +4ys + 6ys + 4dys +y1 = 0.

Therefore {yi,y2,y3,y4} satisfies the system

/7
Y1 =92

y;=y3
Y3 =1

Yy = — 4ys — 6y3 — 4y» — y1.\bbox

ExavpLe 10.1.7
Rewrite

"l:/// = f(t7 z? z/7 z//)

as a system of first order equations.

SoruTtion We regard z, z’, and z” as unknowns and rename them

’ ”
z=y1, = =y and z"=ys

Then

’ ’ ’ Va / a
Y= =y3 Yp=2z =y3 and yz=z".

Therefore {yi1,y2,ys} satisfies the first order system

’
Yy = Y2
¥y = U3
vy = [flty1,02,03)

Since systems of differential equations involving higher derivatives can be rewritten as first order systems by the method used in
Examples 10.1.5 -10.1.7 , we'll consider only first order systems.

Numerical Solution of Systems
The numerical methods that we studied in Chapter 3 can be extended to systems, and most differential equation software

packages include programs to solve systems of equations. We won't go into detail on numerical methods for systems; however, for
illustrative purposes we’ll describe the Runge-Kutta method for the numerical solution of the initial value problem

y1 = 91(t,y1,52),  y1(to) = Yo,
Yo = 92(t,y1,92), wa(to) = Y20
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at equally spaced points ¢, t1, ..., t, = b in an interval [ty, b]. Thus,

ti=t0+’ih, i=0,1,.4.,n,

where

We'll denote the approximate values of y; and y, at these points by y1, y11, --- , y1. @Nd yag, Y21, --- , y2,. The Runge-Kutta method
computes these approximate values as follows: given y;; and y,;, compute

L = g1(ti, yri, yai),
Jui = g2(ti, yui, y2i),

Iz = <t'+h '+hI' i hJ')

2i = g1 i 27ylz 2 1i, Y2i + D) 1i ),
h h h

i = i+ =y + o his v + T Ju

J2 92<t+2 y1+2 1 y2+2J1)
h h h

Iyi =g (ti toovit 5121'721% + EJzz') )
h h h

J3i = g2 <ti + 50 Y + EIZiayZi + EJZi) ,
Iy = g1(ti + h, y1i + hlsi, y2i + hJ3i),

1
Jui = ga(ti + h,yri + hlzi, y2i + hJs),

and

h
YLirl = Y1 + E(IM + 20y + 215 + Ly),

h
Y2,+1 = Y2i + g(Ju +2J2; + 2J3 + Jui)

fori=0, ..., n— 1. Under appropriate conditions on g; and g,, it can be shown that the global truncation error for the Runge-Kutta
method is O(h*), as in the scalar case considered in Section 3.3.
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10.1 Exercises

1. Tanks T and T, contain 50 gallons and 100 gallons of salt solutions, respectively. A solution with 2 pounds of salt per gallon is
pumped into T, from an external source at 1 gal/min, and a solution with 3 pounds of salt per gallon is pumped into T> from an
external source at 2 gal/min. The solution from T; is pumped into T; at 3 gal/min, and the solution from T3 is pumped into T} at
4 gal/min. T is drained at 2 gal/min and T3 is drained at 1 gal/min. Let Q;(¢) and Q.(t) be the number of pounds of salt in T}
and T, respectively, at time ¢ > 0. Derive a system of differential equations for Q; and Q.. Assume that both mixtures are well
stirred.

Show answer

2. Two 500 gallon tanks T; and T initially contain 100 gallons each of salt solution. A solution with 2 pounds of salt per gallon is
pumped into T; from an external source at 6 gal/min, and a solution with 1 pound of salt per gallon is pumped into T, from an
external source at 5 gal/min. The solution from T is pumped into T» at 2 gal/min, and the solution from Ty is pumped into T; at
1 gal/min. Both tanks are drained at 3 gal/min. Let Q:(t) and Q. (¢) be the number of pounds of salt in T; and T, respectively, at
time ¢ > 0. Derive a system of differential equations for @, and @, that's valid until a tank is about to overflow. Assume that
both mixtures are well stirred.

Show answer

3. Amass m; is suspended from a rigid support on a spring S; with spring constant k; and damping constant ¢;. A second mass
my is suspended from the first on a spring S, with spring constant k, and damping constant c¢,, and a third mass ms is
suspended from the second on a spring S; with spring constant k3 and damping constant cs. Let y; = y1(t), y2 = y2(t), and ys
= y3(t) be the displacements of the three masses from their equilibrium positions at time ¢, measured positive upward. Derive
a system of differential equations for y;, y» and y3;, assuming that the masses of the springs are negligible and that vertical
external forces Fy, F», and F; also act on the masses.

Show answer

4, Let X ==zi+yj+ zk be the position vector of an object with mass m, expressed in terms of a rectangular coordinate system
with origin at Earth’s center (Figure 10.1.3). Derive a system of differential equations for z, y, and z, assuming that the object
moves under Earth’s gravitational force (given by Newton's law of gravitation, as in Example 10.1.3 ) and a resistive force
proportional to the speed of the object. Let « be the constant of proportionality.

Show answer

5. Rewrite the given system as a first order system.

u’ = f(t,u,v,0’,0)
z” = f(t7x7y7 y,)

@ ", — T (b) " = gt 0.0/, w)

v =9ltuy) w” = h(t,u,v,v,w,w")
(c) y/” = f(ta Y, y/v y”) (d) y(d) = f(t7 y)

x” = f(t7 x7 y)
(e) ”

Y’ =g(t,z,y)

Show answer

6. Rewrite the system (10.1.14) of differential equations derived in Example 10.1.3 as a first order system.

Show answer
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7. Formulate a version of Euler's method (Section 3.1) for the numerical solution of the initial value problem

y1 = g1(t,y1,v2), wyi1(to) = o,
ya = ga(t,y1,42), walto) = yoo,

on an interval [to, b].

8. Formulate a version of the improved Euler method (Section 3.2) for the numerical solution of the initial value problem

91(t,y1,92),  w1(to) = Yo,
g2(t,y1,92),  y2(to) = Y2,

n
Y2

on an interval [to, b].

10.2 Linear Systems of Differential Equations

A first order system of differential equations that can be written in the form

¥ = au@®y1 +a®)y2 + -+ ant)y. + f1(t)
y; = a2 (t)yl + (122(75)3/2 + -+ a2n(t)yn + f?(t) (1021)
y:z = a1 (Y1 + an2(t)y2 + - + ana(t)yn + fu(t)

is called a linear system.

The linear system (10.2.1) can be written in matrix form as

\coly'n = \matfuncann\colyn + \colfuncfn,

or more briefly as

y' = Aty +£(2), (10.2.2)

where

y = \colyn, A(t) = \matfuncann, and f(¢t) = \colfuncfn.

We call A the coefficient matrix of (10.2.2) and f the forcing function. We'll say that A and f are continuous if their entries are
continuous. If f = 0, then (10.2.2) is homogeneous; otherwise, (10.2.2) is nonhomogeneous.

An initial value problem for (10.2.2) consists of finding a solution of (10.2.2) that equals a given constant vector

k = \colkn.

at some initial point ¢t,. We write this initial value problem as

y' =At)y +1£(t), vy(t) =k

The next theorem gives sufficient conditions for the existence of solutions of initial value problems for (10.2.2). We omit the proof.
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THeorem 10.2.1

Suppose the coefficient matrix A and the forcing function f are continuous on (a,b), let to be in (a,b), and let k be an arbitrary
constant n-vector. Then the initial value problem

y = A®)y +£(t), y(to) =k

has a unique solution on (a, b).

ExawvpLE 10.2.1

a. Write the system

Y1 + 2y + 2
2+ ya+ e

. (10.2.3)

Y2
in matrix form and conclude from Theorem 10.2.1 that every initial value problem for (10.2.3) has a unique solution on
(7007 OO)

b. Verify that
1
y= g\tWOCO]87€4t + ¢1\twocol11e¥ + ¢\ twocoll—1e™ (10.2.4)

is a solution of (10.2.3) for all values of the constants c; and c;.

c. Find the solution of the initial value problem

1
y’ = \twobytwo1221y + \twocol2le*, y(0) = g\tw0001322‘ (10.2.5)

SocuTion (A) The system (10.2.3) can be written in matrix form as
y’ = \twobytwo1221y + \twocol21e*.
An initial value problem for (10.2.3) can be written as
y’ = \twobytwol221y + \twocol2le®, y(to) = \twocolkks.
Since the coefficient matrix and the forcing function are both continuous on (—oo, c0), Theorem 10.2.1 implies that this problem has

a unique solution on (—co, ).

SocuTion (B) If y is given by (10.2.4), then
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1 .
Ay +f= g\twobytwolﬂl\twocol87e4t + ¢1\twobytwo1221\twocol11e*
+ ¢o\ twobytwo1221\twocoll—le~* + \twocol21e

1
= g\twocol2223e4t + ¢ \twocol33e® + co\twocol—11le~* + \twocol21le

1
= g\twocol322864t + 3¢y \twocoll1e? — co\twocoll—le™t = y'.
SovuTion (c) We must choose ¢; and ¢, in (10.2.4) so that
1 1
g\twocol87 + c1\twocolll + ¢o\twocoll—1 = g\tw0001322,

which is equivalent to
\twobytwo1l11—1\twocoleicy = \twocol—13.
Solving this system yields ¢; = 1, ¢ = —2, SO
1 4t 3t —t
y= g\tWOCOlS7e + \twocollle®* — 2\twocoll—1le

is the solution of (10.2.5).

REMARK

The theory of n x n linear systems of differential equations is analogous to the theory of the scalar n-th order equation
Po(t)y™ + Pi(t)y ™V + - + P(t)y = F(2), (10.2.6)

as developed in Sections 9.1. For example, by rewriting (10.2.6) as an equivalent linear system it can be shown that
Theorem 10.2.1 implies Theorem 9.1.1 (Exercise 12).
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10.2 Exercises

1. Rewrite the system in matrix form and verify that the given vector function satisfies the system for any choice of the constants

¢ and c,.
1= 2y1+4
a. y} b1ty y = c1\twocol11e® + ¢o\twocoll—1le %
Yo = 4y 42y
S T
b. y} v y = c1\twocollle ™ + ¢5\ twocol—25e
Y2 = =Syt yy
’
= —4y; —10
C. y} u 2y = e1\twocol—53e% + o\ twocol2—1e!
Yy = Byt Ty
’
= 2
d. y} vt 92 y = c1\twocollle® + ¢p\twocoll—1e!
Yo = Y142y

Show answer

2. Rewrite the system in matrix form and verify that the given vector function satisfies the system for any choice of the constants
c1, ¢z, and cs.

¥ = —y1+2y2+3ys
a y, = Y2 + 6y3
vy = —2ys;

y = c;1\threecol110e! + c5\threecol100e~ + ¢3\threecoll —21e~%

i = 2y + 23
b. v, = 2y + 2y3
ys = 2y1+ 2y

y = c1\threecol—101e % + c;\threecol0—11le % + c3\threecoll1le

Y1 —y1 + 2y2 + 23
C. yy = 2y1— y2+2u3
v 21 + 22 — ¥3;

y = ¢\ threecol—101e 73 + ¢o\ threecol0—11e 3 + c3\threecol111e3

yr = 33— y2— U3
d gy = —2y1+3y2+2y;
¥y = dyi— y2—2y3;

y = c1\threecol101e* + ¢y \threecoll—11e* + ¢\ threecoll—37e

Show answer

3. Reuwrite the initial value problem in matrix form and verify that the given vector function is a solution.

= + 0 = 1
a. y} vz y = 2\twocollle? — \twocol12¢%
Yy = 2+, 320) = 0
1= 5yi+3 0 = 12
b. y} vit3u: (0) y = 3\twocoll—1e? + 3\twocol3—1le*
Yo = —yitye, 12000 = —6

Show answer
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4. Rewrite the initial value problem in matrix form and verify that the given vector function is a solution.

v
a. y; =
’

Ys =

10 Linear Systems of Differential Equations

6y +4y> +4ys 3100 = 3
—Ty1 — 22 —ys, , ¥2(0) = —6
Ty 44y +3ys y3(0) = 4

y = \threecoll—11e® + 2\threecoll—21e* + \threecol0—11e~*

’

h =
b. 3, =

Ys

8y1 +Tya+ Tys 1(0) = 2
—5y; —6ya — 9y3, ¥2(0) = —4
5y1 + Tya + 10y3,  ¥3(0) 3

y = \threecoll—11e8 + \threecol0—11e3 + \threecoll—21et

Show answer

5. Rewrite the system in matrix form and verify that the given vector function satisfies the system for any choice of the constants

c; and c,.

/ —
a it~
Y2 =

y=61{

y/
b. 7}

Y2 =

y = c1\twocol—11e? + ¢, [

Yy

c. 7,
Y2

3t
y = ¢1\twocol21e ™3 + o\ twocol—21et + [ € ]

d yi =
Ys

y = ¢1\twocol—31e ™ + ¢y\twocol—11e 3 + |:

Show answer

—3y1 +2y2 +3— 2t
—5y1 +3y2+6 — 3t

2cost :| { 2sint
C2

twocollt
3cost —sint 3sint + cost } + \twoco

3y1 +y2 — 5et
—y1+y+e

1+t
+ ] e + \twocol13e!

—y1 — 4ys + 4et + 8tet
—y1— Yo+ + (4t +2)ef

2tet

—6y1 — 3y2 + 14e? 4 12¢
Y1 — 2y + Te?t — 12¢¢

e + 3et
2e?t — 3¢t

6. Convert the linear scalar equation

Py(t)y™ + P(t)y™) + - + P (t)y(t) = F(2)

into an equivalent n x n system

y = Ay +£(t),

and show that A and f are continuous on an interval (a,b) if and only if (A) is normal on (a, b).
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7. A matrix function

Q(t) = \matfuncgrs

is said to be differentiable if its entries {¢;;} are differentiable. Then the derivative Q’ is defined by

Q’(t) = \matfuncq'rs.

a. Prove: If P and @ are differentiable matrices such that P+ Q is defined and if ¢; and ¢, are constants, then

(1P + Q) = 1P’ + Q.

b. Prove: If P and Q are differentiable matrices such that PQ is defined, then

(PQ) = P'Q+PQ'.

8. Verify that Y’ = AY.
a. \dstY = \twobytwoe®e el —e72 A = \twobytwo2442
b. \dstY = \twobytwoe #—2e3e#5¢% A = \twobytwo—2—2—51
. \dstY = \twobytwo—5e*2e!3e*—e!, A = \twobytwo—4—1037

d. \dstY = \twobytwoe3ele*—e!, A = \twobytwo2112

(5 e e
eY=|e 0 —2 % |, A=\threebythree—12301600—2
0 0 e

f. \dstY = \cthreebythree—e % —e e e 2ete20e!, A = \threebythree022202220

g. \dstY = \cthreebythreee3e=30e30—e 3 e3te™ 73 A = \threebythree—966—636—663

e2t 63)5 eft
h.Yy=| 0 —e¥ —3¢t |, A=\threebythree3—1—1—2324—1—2
622 e3t 7e—t

9. Suppose

y1 = \twocolyniyzar and yy = \twocolyiayze

are solutions of the homogeneous system

y = A(t)y,

and define

Y = \twobytwoy11y12y21y22-

a. Show that Y’ = AY.
b. Show that if c is a constant vector then y = Yc is a solution of (A).

c. State generalizations of (a) and (b) for n x n systems.
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10. Suppose Y is a differentiable square matrix.
a. Find a formula for the derivative of Y2
b. Find a formula for the derivative of Y, where n is any positive integer.

c. State how the results obtained in (a) and (b) are analogous to results from calculus concerning scalar functions.

Show answer

11. It can be shown that if Y is a differentiable and invertible square matrix function, then Y -1 is differentiable.
a. Show that (Y1)’ = -y -1y’Y L. (Hint: Differentiate the identity Y-y = I.)
b. Find the derivative of Y = (Y-1)", where n is a positive integer.

c. State how the results obtained in (a) and (b) are analogous to results from calculus concerning scalar functions.

12. Show that Theorem 10.2.1 implies Theorem 9.1.1.

HinT

Write the scalar equation
PO(I)y(n) +P1($)y("’1) + -+ P,(2)y = F(x)

as an n x n system of linear equations.

13. Suppose y is a solution of the n x n System y’ = A(t)y on (a,b), and that the n x n matrix P is invertible and differentiable on
(a,b). Find a matrix B such that the function x = Py is a solution of x’ = Bx on (a, b).

Show answer

10.3 Basic Theory of Homogeneous Linear System

In this section we consider homogeneous linear systems y’ = A(t)y, where A = A(t) is a continuous n x n matrix function on an
interval (a,b). The theory of linear homogeneous systems has much in common with the theory of linear homogeneous scalar
equations, which we considered in Sections 2.1, 5.1, and 9.1.

Whenever we refer to solutions of y’ = A(t)y we’ll mean solutions on (a,b). Since y = 0 is obviously a solution of y’ = A(t)y, we call it
the trivial solution. Any other solution is nontrivial.

If y1, y2, ..., y» @re vector functions defined on an interval (a,b) and ci, cs, ..., ¢, are constants, then
y=cy1+tcys+ -+ cuyn (1031)

is a linear combination of yi, ya, ...,y.. It's easy show that if y;, y, ...,y, are solutions of y’ = A(t)y on (a,b), then so is any linear
combination of yi, ya, ..., y. (Exercise 1). We say that {yi,y», ...,y»} is a fundamental set of solutions of y’ = A(t)y on (a,b) on if
every solution of y’ = A(t)y on (a,b) can be written as a linear combination of y1, y, ..., ya., as in (10.3.1). In this case we say that
(10.3.1) is the general solution of y" = A(t)y on (a,b).

It can be shown that if 4 is continuous on (a,b) then y’ = A(t)y has infinitely many fundamental sets of solutions on (a, b)
(Exercises 15 and 16). The next definition will help to characterize fundamental sets of solutions of y’ = A(t)y.

We say that a set {y1,y?, ..., y»} Of n-vector functions is linearly independent on (a, b) if the only constants c;, cs, ..., ¢, such that

cy1(t) + coyo(t) + -+ cpyn(t) =0, a<t<b, (10.3.2)
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are ¢; = ¢y = - = ¢, = 0. If (10.3.2) holds for some set of constants ci, ¢, ..., ¢, that are not all zero, then {y1,y, ...,y»} is linearly
dependent on (a,b)

The next theorem is analogous to Theorems 5.1.3 and 9.1.2.

THeorem 10.3.1

Suppose the n x n matrix A = A(t) is continuous on (a,b). Then a set {y1,y, ..., y.} Of n solutions of y’ = A(t)y on (a,b) is a
fundamental set if and only if it's linearly independent on (a, b).

ExampLE 10.3.1

Show that the vector functions

et 0 et

yi=| 0 |, ya=|¢€" |, and yz=| €%

et 1 0

are linearly independent on every interval (a,b).
SovLuTion Suppose
et 0 62t 0
c1 +eo| e | +e3| e | =0, a<t<b

et 1 0 0

We must show that ¢; = ¢, = e3 = 0. Rewriting this equation in matrix form yields

et 0 e c1 0
0 e’ e co | =101, a<t<b
et 1 0 c3 0

Expanding the determinant of this system in cofactors of the entries of the first row yields

3t 3t 0 e 0 &
e e e e
0 3t g3t | =gt -0 +e
PR 10 et 0 et 1
e
— et(7€3t) + €2t(762t) — 7264t.

Since this determinant is never zero, ¢; = ¢y = ¢3 = 0.

We can use the method in Example 10.3.1 to test n solutions {yi,ys,...,y»} 0f @any n x n system y’ = A(t)y for linear independence
on an interval (a,b) on which A is continuous. To explain this (and for other purposes later), it's useful to write a linear combination
of y1, y2, ..., yn in a different way. We first write the vector functions in terms of their components as

Y11 Yi2 Yin

Y21 Ya2 Yon
y1= . y Y2 = . yees Yn = .

Yn1 Yn2 Ynn
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10 Linear Systems of Differential Equations

y=ciy1+cys + -+ cayn

then

Y1 Y12 Yin
Y21 Y2 Y2,
y=c . +c2 . + - 4cn ."
Ynl Yn2 Ynn
Yyuu Yz o Y
= y?l y?2 y_% \colen.
Ynl Yn2 - Ynn
This shows that
c1y1+ coy2 + -+ cpyn = Ye, (10.3.3)
where
c = \colen
and
Y Y2 0 Y
Y21 Y22 o Y2
Y=lyiy: »yal=| "7 "7 s (10.3.4)
Ynl Yn2 - Ynn

that is, the columns of Y are the vector functions y1,ys, ..., y,.

For reference below, note that

Y =y, vy v
= [Ay: Ayy - Ay,)
= A[Yl y2 - yn] = AY;

that is, Y satisfies the matrix differential equation

Y’ = AY.
The determinant of Y,
Y Yz Y
W= y.21 ?{22 ?J?n (10.3.5)
Ynl Yn2 - Ynn

is called the Wronskian (http://www-history.mes.st-and.ac.uk/Mathematicians/Wronski.html) of {y1,yz, ..., ya}. It can be shown (Exercises 2 and 3)
that this definition is analogous to definitions of the Wronskian of scalar functions given in Sections 5.1 and 9.1. The next theorem
is analogous to Theorems 5.1.4 and 9.1.3. The proof is sketched in Exercise 4 for n = 2 and in Exercise 5 for general n.
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THeorem 10.3.2

Suppose the n x n matrix A = A(t) is continuous on (a,b), let y1, ys, ..., y» be solutions of y’ = A(t)y on (a,b), and let to be in
(a,b). Then the Wronskian of {y1,ys,...,ya} iS given by

W (t) = W(ty) exp (/t [a11(s) + a22(s) + - + ann(s)] ds) , a<t<b. (10.3.6)

Therefore, either W has no zeros in (a,b) or W =0 on (a, b).

REMARK

The sum of the diagonal entries of a square matrix A is called the trace of A, denoted by tr(A). Thus, for an n x n matrix A4,
tI‘(A) = a1 + a9 + + (7

and (10.3.6) can be written as

W(t) = W (to) exp (/tttr(A(s)) ds) , a<t<b.

The next theorem is analogous to Theorems 5.1.6 and 9.1.4.

THeorem 10.3.3

Suppose the n x n matrix A = A(t) is continuous on (a,b) and let yy, y, ...,y, be solutions of y’ = A(t)y on (a,b). Then the
following statements are equivalent; that is, they are either all true or all false:

a. The general solution of y’ = A(t)y on (a,b) ISy = c1y1 + cay2 + - + ¢u¥n, Where ¢y, ca, ..., ¢, are arbitrary constants.
b. {y1,y2 -.,y.} IS @ fundamental set of solutions of y’ = A(t)y on (a,b).

C. {y1,¥2,.-,yn} is linearly independent on (a, b).

d. The Wronskian of {y1,ys,...,y.} IS honzero at some point in (a,b).

e. The Wronskian of {yi,ys,...,y.} iS nonzero at all points in (a, b).

We say that Y in (10.3.4) is a fundamental matrix for y’ = A(t)y if any (and therefore all) of the statements (a)-(e) of Theorem 10.3.2
are true for the columns of Y. In this case, (10.3.3) implies that the general solution of y’ = A(t)y can be written as y = Yc, where ¢
is an arbitrary constant n-vector.

ExampLE 10.3.2

The vector functions

2t262t t —t

y1 = \twocol—e and y, = \twocol—e ' e

are solutions of the constant coefficient system
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y’ = \twobytwo—4—365y (10.3.7)

on (—oo, o0). (Verify.)
a. Compute the Wronskian of {yi,y»} directly from the definition (10.3.5),
b. Verify Abel’'s formula (10.3.6) for the Wronskian of {y1,y.}.
c. Find the general solution of (10.3.7).

d. Solve the initial value problem

4
y’ = \twobytwo—4—365y, y(0) = { e } . (10.3.8)
SovuTion (A) From (10.3.5)
e et
W(t) = o _, | =€ \twobytwo—1-121 = . (10.3.9)
2e e’

SovuTion (B) Here

A = \twobytwo—4—365,

SO tr(4) = —4+ 5 = 1. If t, is an arbitrary real number then (10.3.6) implies that

—_e2tr  _e—to

262)50 e*tu

t—t, ty t—t, t
6( u)=€ue " =,

W (t) = W(to) exp ( /t t 1ds) _

which is consistent with (10.3.9).

SoLuTion (c) Since W(t) # 0, Theorem 10.3.3 implies that {y:,y.} is a fundamental set of solutions of (10.3.7) and

is a fundamental matrix for (10.3.7). Therefore the general solution of (10.3.7) is

2t —t

Yy = c1y1 + cays = ¢1\twocol—e*2e? + co\twocol—ete ! = |: ;:m _:% :| |: a } . (10.3.10)

SocuTion (p) Setting ¢ = 0 in (10.3.10) and imposing the initial condition in (10.3.8) yields

o[ ][0 ]-1]

Thus,

—c1—cp= 4
2c1 +cy = —5.
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The solution of this system is ¢; = —1, ¢, = —3. Substituting these values into (10.3.10) yields

_ —e% s -t e 4 3¢t
v 2e2t et || —2e% —3et

as the solution of (10.3.8).
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10.3 Exercises

Prove: If yi, y, ..., y, are solutions of y’ = A(t)y on (a,b), then any linear combination of y,, ys, ..., y. iS also a solution of y’
= A(t)y on (a,b).

2. In Section 5.1 the Wronskian of two solutions y; and y, of the scalar second order equation

Po(z)y” + Pi(x)y’ + Pa(z)y =0 (A)
was defined to be
W= y} yg
Y1 Y2
a. Rewrite (A) as a system of first order equations and show that W is the Wronskian (as defined in this section) of two
solutions of this system.
b. Apply Egn. (10.3.6) to the system derived in (a), and show that
¢ P
W(z) = W(xg)exp{fﬁu P;Ez; ds}7
which is the form of Abel’s formula given in Theorem 9.1.3.
3. In Section 9.1 the Wronskian of » solutions y, y», ..., y, Of the n—th order equation
(A)

Po(z)y™ + Py(x)y™ V) + - 4 Pu(z)y =0

was defined to be

Y1 Y2 Yn
1 Ys Yn
W =
y(ln—l) gn—l) (nn—l)

a. Rewrite (A) as a system of first order equations and show that W is the Wronskian (as defined in this section) of n
solutions of this system.

b. Apply Egn. (10.3.6) to the system derived in (a), and show that
¢ p,
W(z) = W(gcg)exp{flﬂG P;Eg ds}7

which is the form of Abel’s formula given in Theorem 9.1.3.

Show answer
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4. Suppose

y1 = \twocolyniyzar and y; = \twocolyiayze

are solutions of the 2 x 2 system y’ = Ay on (a,b), and let

Y = \twobytwoynyizyz1y22 and W= ‘ Y Y
Y21 Y22
thus, W is the Wronskian of {yi,y.}.
a. Deduce from the definition of determinant that
Z// Z// Yii Y12
W’ = ‘ 1 Y12 ‘ ! !
Y21 Y22 Yor Yoo

b. Use the equation Y’ = A(¢t)Y and the definition of matrix multiplication to show that

[yil y{z] =anulyn yi2] + a2y Y22l

and

[vo1 ¥l = anfyn yiz] +anlya 2l

c. Use properties of determinants to deduce from (a) and (a) that

’ ’
‘ Y Y2 | _ anW and ‘ y}l 932 ‘ — anW.
Y21 Y22 Ya1 Y22

d. Conclude from (c) that
W/ = (a11 + LLQQ)W,

and use this to show that if « < ¢y < b then

W(t) = W(to) exp ( /t t [a11(s) + as(s)] ds) a<t<b.
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5. Suppose the n x n matrix A = A(t) is continuous on (a,b). Let

Yyu Yz o Y
Yy = ?J.21 9.22 y.Qn ’
Ynl Yn2 - Ynn

where the columns of Y are solutions of y’ = A(t)y. Let

ri = [yu Yi2 --- yin]

be the ith row of Y, and let W be the determinant of Y.

a. Deduce from the definition of determinant that
W' =W;+ Wy + -+ W,

where, for 1 < m < n, the ith row of W,, is r; if i #m, and 7/ if i = m.

b. Use the equation Y’ = AY and the definition of matrix multiplication to show that
r;n = am1T1 + am2r2 + - + AGmnTn.
c¢. Use properties of determinants to deduce from (b) that
det(Wy,) = ammW.
d. Conclude from (a) and (c) that
W' = (a11 + age + - + an) W,

and use this to show that if o < t; < b then

W(t) = W(to) exp (/t [a11(s) + ag2(s) + - + ann(s)] ds) , a<t<hb.

to

6. Suppose the n x n matrix A is continuous on (a,b) and ¢, is a point in (a,b). Let Y be a fundamental matrix for y’ = A(t)y on
(a,b).

a. Show that Y (t,) is invertible.

b. Show that if k is an arbitrary n-vector then the solution of the initial value problem

y' =A@t)y, y(to) =k

y =YY Ltk
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7. Let
ca |
A = \twobytwo02442, = , = , k= .
\twoby yi { e y2 o 9

a. Verify that {y;,y»} is a fundamental set of solutions for y’ = Ay.
b. Solve the initial value problem

y =4y, y(0)=k (A)

c. Use the result of Exercise 6(b) to find a formula for the solution of (A) for an arbitrary initial vector k.

Show answer

8. Repeat Exercise 7 with

e ¥ —2e3 10
A = \twobytwo—2—2—51, y; = | Y2 = , k= RE

Show answer

9. Repeat Exercise 7 with

_Belt 2¢t —19
A = \twobytwo—4—1037, y; = [ ¢ ] y Y2 = |: et ] » k= |: 11 ]

Show answer

10. Repeat Exercise 7 with

edt et 2
A = \twobytwo2112, y; = s |0 Y2 = s k= [ :| .
e 8

Show answer

11. Let

A = \threebythree3—1—1—2324—1-—2,

eZt e3t eft 2
yi=| 0 |, ya=]| =¥ |, ya=| -3¢ |, k=| -7
o2t e3t 7t 20

a. Verify that {y1,y2,y3} is a fundamental set of solutions for y’ = Ay.

b. Solve the initial value problem
y =4y, y(0)=k (A)

c. Use the result of Exercise 6(b) to find a formula for the solution of (A) for an arbitrary initial vector k.

Show answer
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16.

17.

18.
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Repeat Exercise 11 with

A = \threebythree022202220,

_e—2t _e—Zt €4t 0
y1= 0 s o ya=| e |, ya= e |, k=] -9
e % 0 et 12

Show answer

Repeat Exercise 11 with

A = \threebythree—12301600—2,

et e”! e 2 5
yi=|e |, ye=| 0 |, yz3=]| 2% |, k= 5
0 0 e—2t —1

Show answer

Suppose Y and Z are fundamental matrices for the n x n system y’ = A(t)y. Then some of the four matrices YZ~!, Y~1Z,
Z7ly, zy ! are necessarily constant. Identify them and prove that they are constant.

Show answer

Suppose the columns of an n x n matrix Y are solutions of the n x n system y’ = Ay and C is an n x n constant matrix.
a. Show that the matrix Z = YC satisfies the differential equation zZ’ = AZ.

b. Show that Z is a fundamental matrix for y’ = A(t)y if and only if C is invertible and Y is a fundamental matrix for y’
= A(t)y.

Suppose the n x n matrix A = A(t) is continuous on (a,b) and t, is in (a,b). Fori=1, 2, ..., n, let y; be the solution of the initial
value problem y; = A(t)y;, yi(to) = e;, where

1 0 0
0 1 0

ey = L, 2= Ll en = Lo
0 0 1

that is, the jth component of e; is 1 if j =i, or 0 if j # 4.
a. Show that{yi,ys,...,y.»} is @ fundamental set of solutions of y’ = A(t)y on (a,b).

b. Conclude from (a) and Exercise 15 that y’ = A(t)y has infinitely many fundamental sets of solutions on (a, b).

Show that Y is a fundamental matrix for the system y’ = A(t)y if and only if Y -1 is a fundamental matrix for y’ = —A7(t)y,
where AT denotes the transpose of A. Hint: See Exercise 11.

Let Z be the fundamental matrix for the constant coefficient system y’ = Ay such that Z(0) = I.

a. Show that Z(t)Z(s) = Z(t + s) for all s and t. Hint: For fixed s let T1(t) = Z(t)Z(s) and T'y(t) = Z(t + s). Show that T'; and T,
are both solutions of the matrix initial value problem T’ = AT, T(0) = Z(s). Then conclude from Theorem 10.2.1 that T';
= FQ.

b. Show that (Z(t))~! = Z(—t).

c. The matrix Z defined above is sometimes denoted by 4. Discuss the motivation for this notation.
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10.4 Constant Coefficient Homogeneous Systems |

We’'ll now begin our study of the homogeneous system
y =4y, (10.4.1)

where A is an n x n constant matrix. Since A is continuous on (—oo, 00), Theorem 10.2.1 implies that all solutions of (10.4.1) are
defined on (—o0, o). Therefore, when we speak of solutions of y’ = Ay, we’ll mean solutions on (—oo, co).

In this section we assume that all the eigenvalues of 4 are real and that 4 has a set of n linearly independent eigenvectors. In the
next two sections we consider the cases where some of the eigenvalues of A are complex, or where A does not have n linearly
independent eigenvectors.

In Example 10.3.2 we showed that the vector functions

2t262t t

y1 = \twocol—e and y; = \twocolfeftef
form a fundamental set of solutions of the system
y’ = \twobytwo—4—365y, (10.4.2)

but we did not show how we obtained y;, and y- in the first place. To see how these solutions can be obtained we write (10.4.2) as

yr = —4y1—3y2

b (10.4.3)
Y2 6y1 + 5y2

and look for solutions of the form
y1=z1eM and  yy = wee™, (10.4.4)
where zi, 25, and X are constants to be determined. Differentiating (10.4.4) yields
Y, = AzieM  and  y) = Azae™.
Substituting this and (10.4.4) into (10.4.3) and canceling the common factor e* yields

—dz; — 3z = Axy
6x1 + 52

)\ZL‘Q.

For a given ), this is a homogeneous algebraic system, since it can be rewritten as

(747/\)%‘173$2 =0

10.4.5
6z1+ (5—Nzg = 0. ( )

The trivial solution z; = z, = 0 of this system isn’t useful, since it corresponds to the trivial solution y; = y, = 0 of (10.4.3), which can’t
be part of a fundamental set of solutions of (10.4.2). Therefore we consider only those values of X for which (10.4.5) has nontrivial
solutions. These are the values of \ for which the determinant of (10.4.5) is zero; that is,
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10 Linear Systems of Differential Equations

—4—-X =3
6 5 =(—4-XN(5-A)+18
=A7—x-2
=A—-2)(A+1)=0,
which has the solutions \; =2 and X\, = —1.
Taking A = 2 in (10.4.5) yields
76%1 - 3%2 =0
6x1 + 322 =0,

which implies that z; = —z,/2, where z, can be chosen arbitrarily. Choosing z, = 2 yields the solution y; = —e?, y, = 2¢ of (10.4.3).
We can write this solution in vector form as

y1 = \twocol—1 2e%. (10.4.6)
Taking A = —1 in (10.4.5) yields the system
—3x1 — 329 =0
6x1 4+ 622 =0,

SO z; = —my. Taking z, = 1 here yields the solution y; = —e ™, y, = e~ of (10.4.3). We can write this solution in vector form as
y2 = \twocol—1 1le7. (10.4.7)

In (10.4.6) and (10.4.7) the constant coefficients in the arguments of the exponential functions are the eigenvalues of the coefficient
matrix in (10.4.2), and the vector coefficients of the exponential functions are associated eigenvectors. This illustrates the next
theorem.

THeorem 10.4.1

Suppose the n x n constant matrix A has n real eigenvalues \;, \s, ..., A, (Which need not be distinct) with associated linearly
independent eigenvectors xi,x, ... ,x,. Then the functions

y1= Xle)\ltv Y2 = X26)\2t7 ey Yo = xne)\“t
form a fundamental set of solutions of y’ = Ay; that is, the general solution of this system is

y= clxlex‘t + CQXQeM + -+ cnxneA"".

Proor Differentiating y; = x;e** and recalling that Ax; = \;x; yields

4
yi = Aixieht = Ax;eMt = Ay;.

This shows that y; is a solution of y’ = Ay.

The Wronskian of {y1,y2,...,yx} IS
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Since the columns of the determinant on the right are x;, x,, ..., x,, which are assumed to be linearly independent, the determinant
is nonzero. Therefore Theorem 10.3.3 implies that {y1,ys, ..., y.} IS @ fundamental set of solutions of y’ = Ay.

ExavpLE 10.4.1

a. Find the general solution of

y’ = \twobytwo2442y. (10.4.8)

b. Solve the initial value problem

y’ = \twobytwo2442y, y(0) = { 75 ] (10.4.9)

Sovurtion (A) The characteristic polynomial of the coefficient matrix A in (10.4.8) is

2—A 4
4 2—A

‘:()\72)2716
=A—2-4)(A—2+4)
=A—6)(A+2).

Hence, \; = 6 and )\, = —2 are eigenvalues of A. To obtain the eigenvectors, we must solve the system

{2;/\ 2:”2}:[8] (10.4.10)

with A = 6 and X = —2. Setting A = 6 in (10.4.10) yields

SO

is a solution of (10.4.8). Setting A = —2 in (10.4.10) yields
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alln]

which implies that z; = —z,. Taking z, = 1 yields the eigenvector

Il
—
o o
[

SO

SocuTion (B) To satisfy the initial condition in (10.4.9), we must choose ¢; and ¢, in (10.4.11) so that

ol e[ -]

This is equivalent to the system

Cl —Cy = 5
c1+c=—1,

SO ¢; = 2,co = —3. Therefore the solution of (10.4.9) is

or, in terms of components,

Yy = 25t + 36_2t, Yo = 28t — 3¢,

ExavpLE 10.4.2
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a. Find the general solution of
3 -1 -1
y=|-2 3 2]y (10.4.12)
4 -1 -2
b. Solve the initial value problem
3 -1 -1 2
y=|-2 3 2|y y0=]|-1]|. (10.4.13)
4 -1 -2 8

SovruTion (a) The characteristic polynomial of the coefficient matrix 4 in (10.4.12) is

—2 3-A 2 |=—(A—2)A—3)(A+1).

3—x -1 -1 o 0
-2 3-Xx 2 z | =] 0 (10.4.14)
4 -1 —2=x || =z 0

with X = 2, 3, —1. With X = 2, the augmented matrix of (10.4.14) is

1 -1 -1 : 0
—2 1 2 : 0
4 -1 —4 : 0

which is row equivalent to

10 -1 : 0
01 0:0
00 O
Hence, z; = z3 and z, = 0. Taking z3 = 1 yields
1
yi=|0 |e*

as a solution of (10.4.12). With X = 3, the augmented matrix of (10.4.14) is

0 -1 -1 : 0
—2 0 2 : 0
4 -1 -5 : 0

which is row equivalent to
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10 —1 0
01 1 0
00 O
Hence, z; = z3 and x5 = —z3. Taking z3 = 1 yields
1
ya=| -1 |¢€"
1

as a solution of (10.4.12). With A = —1, the augmented matrix of (10.4.14) is

4 -1 -1 : 0
-2 4 2 :0
4 -1 -1 : 0

which is row equivalent to

10 —+ : 0
3
01 £ :o0
00 0 0
Hence, z; = x3/7 and z, = —3x3/7. Taking =3 = 7 yields
1
ys=| =3 |e*’
7

1 1 1
y=c1| 0 |eX+ec| —1 |e¥4e3| =3 e,
1 1 7
which can also be written as
82t efit e—t ¢
y=| 0 —e* -3¢t c2 (10.4.15)
e e et c3

SovuTion () To satisfy the initial condition in (10.4.13) we must choose c;, cs, c3 in (10.4.15) so that

1 1 1 c1 2
0 -1 -3 C2 = —1
1 1 7 C3 8

Solving this system yields c¢; = 3, ¢, = —2, ¢3 = 1. Hence, the solution of (10.4.13) is
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th e3t eft 3
y=| 0 —e¥ —3et -2
e?t e3t 7e—t 1
1 1
=3 2| -1 |eM4 | =3 |t
1 1 7
ExampLE 10.4.3
Find the general solution of
-3 2 2
y = 2 -3 2|y
2 2 -3

SoruTion The characteristic polynomial of the coefficient matrix A in (10.4.16) is

—3-X 2 2
2 —-3-A 2 =-A-1A\+5)>2
2 2 —3—A

(10.4.16)

Hence, \; = 1 is an eigenvalue of multiplicity 1, while X\, = —5 is an eigenvalue of multiplicity 2. Eigenvectors associated with A\; =1

are solutions of the system with augmented matrix

which is row equivalent to

1 -1 0
-1
0 0 0

Hence, z; = =, = 23, and we choose z; = 1 to obtain the solution

yi= e

of (10.4.16). Eigenvectors associated with A\, = —5 are solutions of the system with augmented matrix

2 2 2 :0
2 2 2 :0
2 2 2 :0

Hence, the components of these eigenvectors need only satisfy the single condition

T+ x9+x3=0.
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10 Linear Systems of Differential Equations

Since there’s only one equation here, we can choose z, and z; arbitrarily. We obtain one eigenvector by choosing z; =0 and z3 = 1,
and another by choosing z, = 1 and z3 = 0. In both cases z; = —1. Therefore

-1 -1
0 and
1 0

are linearly independent eigenvectors associated with X, = —5, and the corresponding solutions of (10.4.16) are

—1 —1
y2 = 0 |e™ and y3 = 1 |e™®.
1

Because of this and (10.4.17), Theorem 10.4.1 implies that the general solution of (10.4.16) is

1 —1 -1
y=c| 1 e+ co 0 |e+ c3 1 | e
1 1 0

Geometric Properties of Solutions when n = 2

We'll now consider the geometric properties of solutions of a 2 x 2 constant coefficient system

a a
o :| \twocoly;ys. (10.4.18)
az1 Qa2

\twocolyiy; = [
It is convenient to think of a “y;-y» plane," where a point is identified by rectangular coordinates (y, y2). If y = \dst\twocoly,y» is a
non-constant solution of (10.4.18), then the point (y;(¢), y2(t)) moves along a curve C in the y;-y, plane as ¢ varies from —co t0 .
We call C the trajectory of y. (We also say that C is a trajectory of the system (10.4.18).) I's important to note that C is the trajectory
of infinitely many solutions of (10.4.18), since if 7 is any real number, then y(¢ — 7) is a solution of (10.4.18) (Exercise 28(b)), and
(y1(t — 7),y2(t — 7)) also moves along C as ¢ varies from —oo t0 co. Moreover, Exercise 28(c) implies that distinct trajectories of
(10.4.18) can't intersect, and that two solutions y; and y, of (10.4.18) have the same trajectory if and only if y,(t) = y:(t — ) for
some .

From Exercise 28(a), a trajectory of a nontrivial solution of (10.4.18) can't contain (0, 0), which we define to be the trajectory of the
trivial solution y = 0. More generally, if y = \dst\twocolk; ks # 0 iS & constant solution of (10.4.18) (which could occur if zero is an
eigenvalue of the matrix of (10.4.18)), we define the trajectory of y to be the single point (i, k,).

To be specific, this is the question: What do the trajectories look like, and how are they traversed? In this section we’ll answer this
question, assuming that the matrix

of (10.4.18) has real eigenvalues \; and ), with associated linearly independent eigenvectors x; and x,. Then the general solution
of (10.4.18) is

v = crxieMt 4 coxge. (10.4.19)

We'll consider other situations in the next two sections.
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We leave it to you (Exercise 35) to classify the trajectories of (10.4.18) if zero is an eigenvalue of A. We'll confine our attention here
to the case where both eigenvalues are nonzero. In this case the simplest situation is where X\; = X, # 0, s0 (10.4.19) becomes

y = (c1x1 4 coxp)eM.

Since x; and x, are linearly independent, an arbitrary vector x can be written as x = c1x; + cox2. Therefore the general solution of
(10.4.18) can be written as y = xe** where x is an arbitrary 2-vector, and the trajectories of nontrivial solutions of (10.4.18) are half-
lines through (but not including) the origin. The direction of motion is away from the origin if \; > 0 (Figure 10.4.1), toward it if A; <0
(Figure 10.4.2). (In these and the next figures an arrow through a point indicates the direction of motion along the trajectory through
the point.)

Figure 10.4.1. Trajectories of a 2 x 2 system with a repeated positive eigenvalue

Figure 10.4.2. Trajectories of a 2 x 2 system with a repeated negative eigenvalue

Now suppose X, > Ay, and let L; and L, denote lines through the origin parallel to x; and x,, respectively. By a half-line of L; (or L),
we mean either of the rays obtained by removing the origin from L; (or L,).

Letting ¢, = 0 in (10.4.19) yields y = ¢;x,eM. If ¢, # 0, the trajectory defined by this solution is a half-line of L,. The direction of
motion is away from the origin if A\; > 0, toward the origin if X\, < 0. Similarly, the trajectory of y = cyxye’* with ¢, # 0 is a half-line of
Lo.

Henceforth, we assume that ¢, and ¢, in (10.4.19) are both nonzero. In this case, the trajectory of (10.4.19) can't intersect L, or Lo,
since every point on these lines is on the trajectory of a solution for which either ¢; = 0 or ¢, = 0. (Remember: distinct trajectories
can't intersect!). Therefore the trajectory of (10.4.19) must lie entirely in one of the four open sectors bounded by L; and L,, but do
not any point on L; or L,. Since the initial point (y;(0), y2(0)) defined by

y(0) = c1x1 + caxs

is on the trajectory, we can determine which sector contains the trajectory from the signs of ¢; and ¢, as shown in Figure 10.4.3.

The direction of y(¢) in (10.4.19) is the same as that of

e My(t) = axie” MM 4 coxs (10.4.20)

and of

e My (t) = erx1 + caxzeM M, (10.4.21)

Since the right side of (10.4.20) approaches c;x, as t — oo, the trajectory is asymptotically parallel to L, as t — co. Since the right
side of (10.4.21) approaches c;x; as t — —oo, the trajectory is asymptotically parallel to L, as ¢t - —oo.

The shape and direction of traversal of the trajectory of (10.4.19) depend upon whether \; and X, are both positive, both negative,
or of opposite signs. We'll now analyze these three cases.

Henceforth |u| denote the length of the vector u.

Figure 10.4.3. Four open sectors bounded by L, and L,

Figure 10.4.4. Two positive eigenvalues; motion away from origin

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 36 of 101



10 Linear Systems of Differential Equations

Casel: o >X1 >0

Figure 10.4.4 shows some typical trajectories. In this case, lim;,_, |y(t)| = 0, S0 the trajectory is not only asymptotically parallel to
L; as t — —oo, but is actually asymptotically tangent to L, at the origin. On the other hand, lim;_,«, |y(t)| = cc and

flgg} ”y(t) — CQXQe/\Zt” = flg& "Clxle)\lt” = 00,

s0, although the trajectory is asymptotically parallel to L, as ¢t — oo, it's not asymptotically tangent to L,. The direction of motion
along each trajectory is away from the origin.

Case 2: 0 > Xy > )\

Figure 10.4.5 shows some typical trajectories. In this case, lim: - |y(t)| = 0, SO the trajectory is asymptotically tangent to L. at the
origin as ¢ — oo. On the other hand, lim:— o |y(t)| = oo and

. A . Ag
Jdim [y (8) = exie]| = lim_Jeaxse™] = oo,

so, although the trajectory is asymptotically parallel to L, as t — —oo, it's not asymptotically tangent to it. The direction of motion
along each trajectory is toward the origin.

Figure 10.4.5. Two negative eigenvalues; motion toward the origin

Figure 10.4.6. Eigenvalues of different signs

Case 3: o > 0>\

Figure 10.4.6 shows some typical trajectories. In this case,
tlirgo ly()] = and tlijgo ||y(t) — cszeMH = ,}Hg, leixieMt| =0,
so the trajectory is asymptotically tangent to L, as t — co. Similarly,
Jim y(®)] =oco and  lim [ly(t) - erxie™’|| = lim fexxze™| =0,

so the trajectory is asymptotically tangent to L; as t — —oo. The direction of motion is toward the origin on L; and away from the
origin on L,. The direction of motion along any other trajectory is away from L,, toward L.

10.4 Exercises

In Exercises 1-15 find the general solution.
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1
. \dsty’ =
\dsty 9

—

N
—
<

Show answer

5 3
_ 1
.\dsty—4{ 3 75]y

Show answer

. \dsty’ =+ |:

U
N
|

—

— w
[
<

Show answer

[ —1 —4
. \dsty’ =
\dsty = _1]y

Show answer

. \dsty’ = 2 }y

(4 -3
. \dsty’ =
\dsty 5 71]y

Show answer

[ —6 —3
. \dsty’ =
\dsty 1 _Q]y

Show answer

1 -1 -2
. \dsty’ = 1 -2 -3 |y
—4 1 -1 ]
Show answer
[ -6 —4 —8]
L\dsty'=| -4 0 —4 |y
| 8 —4 —6 |
Show answer
3 5 8]
. \dsty” = 1 -1 =2 |y
-1 -1 -1
Show answer
[ 1 -1 2]
\dsty’ = 12 —4 10 |y
—6 1 =7 ]
Show answer
(4 —1 —4
L\dsty' =] 4 -3 -2 |y
-1 -1

Show answer

r
=
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13. \dsty’ =

15. \dsty’ =

Show answer

10 Linear Systems of Differential Equations

In Exercises 16—27 solve the initial value problem.
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16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

10 Linear Systems of Differential Equations

\dsty’ = \twobytwo—74—67y, y(0) = \twocol2—4

Show answer

\dsty’ = %\twobytw072f22y, y(0) = \twocol0—3

Show answer

\dsty” = \twobytwo21—1224—15y, y(0) = \twocol53

Show answer

\dsty” = \twobytwo—74—67y, y(0) = \twocol—17

Show answer

\dsty’ = +\threebythree1204—10003y, y(0) = \threecol471

Show answer

\dsty’ = %\thrcobythr0c27237443210y, y(0) = \threecol115

Show answer

\dsty’ = \threebythree6—3—821—23—3—5y, y(0) = \threecol0—1—1

Show answer

\dsty’ = %\threebythre62477157574471y7 y(0) = \threecol413

Show answer

\dsty’ = \threebythree30111—27103y, y(0) = \threecol276

Show answer

\dsty” = \threebythree—2—5—1—4—11453y, y(0) = \threecol8—10—4

Show answer

\dsty’” = \threebythree3—104—204—42y, y(0) = \threecol7102

Show answer

|
N

2
\dsty’ = 2 6 2 |y, y(0)=\threecol6—107
-2 -2 2

Show answer

Let A be an n x n constant matrix. Then Theorem 10.2.1 implies that the solutions of

y' = Ay (A)

are all defined on (—oo, o).
a. Use Theorem 10.2.1 to show that the only solution of (A) that can ever equal the zero vector is y = 0.

b. Suppose y; is a solution of (A) and y, is defined by y.(t) = y:1(t — 7), where 7 is an arbitrary real number. Show that y, is
also a solution of (A).

c. Suppose y; and y, are solutions of (A) and there are real numbers ¢, and ¢, such that y,(t1) = y2(t2). Show that y»(t)
=y (t—7) for all ¢, where r = t, — t;. Hint: Show that y,(t — 7) and y(t) are solutions of the same initial value problem for
(A), and apply the uniqueness assertion of Theorem 10.2.1.
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10 Linear Systems of Differential Equations

In Exercises 29- 34 describe and graph trajectories of the given system.

29. y' = \dst\twobytwolll—1y

Show answer

30. [CIG |y’ = \dst\twobytwo—43—2—11y

Show answer

31. [CIG |y’ = \dst\twobytwo9—3—111y

Show answer

32. |CIG |y’ = \dst\twobytwo—1—10—54y

Show answer

33. |CIG |y’ = \dst\twobytwo5—4110y

Show answer

34. (CIG |y’ = \dst\twobytwo—713—5y

Show answer

35. Suppose the eigenvalues of the 2 x 2 matrix A are A = 0 and u # 0, with corresponding eigenvectors x; and x,. Let L; be the
line through the origin parallel to x;.

a. Show that every point on L, is the trajectory of a constant solution of y’ = Ay.
b. Show that the trajectories of nonconstant solutions of y’ = Ay are half-lines parallel to x, and on either side of L, and

that the direction of motion along these trajectories is away from L, if x > 0, or toward L; if 4 < 0.

The matrices of the systems in Exercises 36-41 are singular. Describe and graph the trajectories of nonconstant solutions of the
given systems.
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36. |CIG |y’ = \dst\twobytwo—111—1y

Show answer

37. |CIG |y’ = \dst\twobytwo—1—326y

Show answer

38. [CIG |y’ = \dst\twobytwol—3—13y

Show answer

39. [CIG |y’ = \dst\twobytwol—2—12y

Show answer

40. |CIG |y’ = \dst\twobytwo—4—411y

41. y’ = \dst\twobytwo3—1—31y

42, Let P= P(t) and Q = Q(t) be the populations of two species at time ¢, and assume that each population would grow

P’'=aP and Q' =bQ, (A)

where o and b are positive constants. One way to model the effect of competition is to assume that the growth rate per
individual of each population is reduced by an amount proportional to the other population, so (A) is replaced by

P'= aP—aQ
Q' = —BP+bQ,

where « and  are positive constants. (Since negative population doesn’'t make sense, this system holds only while P and @
are both positive.) Now suppose P(0) = P, > 0 and Q(0) = Qo > 0.

a. For several choices of a, b, a, and 3, verify experimentally (by graphing trajectories of (A) in the P-Q plane) that there’s a
constant p > 0 (depending upon a, b, o, and g) with the following properties:

i. If Qo > pPy, then P decreases monotonically to zero in finite time, during which Q remains positive.
ii. If Qo < pPy, then Q decreases monotonically to zero in finite time, during which P remains positive.

b. Conclude from (a) that exactly one of the species becomes extinct in finite time if Qo # pPy. Determine experimentally
what happens if Qy = pP,.

c. Confirm your experimental results and determine ~ by expressing the eigenvalues and associated eigenvectors of
A = \twobytwoa—a—8b

in terms of q, b, o, and g, and applying the geometric arguments developed at the end of this section.

10.5 Constant Coefficient Homogeneous Systems ||

We saw in Section 10.4 that if an n x n constant matrix 4 has n real eigenvalues A, X, ..., A, (Which need not be distinct) with
associated linearly independent eigenvectors x, xs, ..., x,, then the general solution of y’ = Ay is
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v = c1x Mt + coxge™ + - 4 cpxpet.

In this section we consider the case where A has n real eigenvalues, but does not have n linearly independent eigenvectors. It is
shown in linear algebra that this occurs if and only if A has at least one eigenvalue of multiplicity » > 1 such that the associated
eigenspace has dimension less than r. In this case A is said to be defective. Since it's beyond the scope of this book to give a
complete analysis of systems with defective coefficient matrices, we will restrict our attention to some commonly occurring special
cases.

ExampLE 10.5.1

Show that the system

y’ = \twobytwoll—254—9y (10.5.1)

does not have a fundamental set of solutions of the form {x;eM?, x,e*'}, where A, and ), are eigenvalues of the coefficient
matrix A of (10.5.1) and x;, and x, are associated linearly independent eigenvectors.

SocuTion The characteristic polynomial of A is

\twochar11—254—9 = (A — 11)(A + 9) + 100
=M -—2+1=01-1)>2

Hence, X = 1 is the only eigenvalue of A. The augmented matrix of the system (A—I)x=0is

10 =25 : O
4 —-10 : 0]’

which is row equivalent to

1 —\dst3 : 0

0 0 : 0

Hence, z; = 5z2/2 Where z, is arbitrary. Therefore all eigenvectors of A are scalar multiples of x; = \dst\twocol52, SO A does not have
a set of two linearly independent eigenvectors. [

From Example 10.5.1, we know that all scalar multiples of y; = \dst\twocol52¢’ are solutions of (10.5.1); however, to find the general
solution we must find a second solution y, such that {y,,y.} is linearly independent. Based on your recollection of the procedure for
solving a constant coefficient scalar equation

ay” +by’ +cy=0

in the case where the characteristic polynomial has a repeated root, you might expect to obtain a second solution of (10.5.1) by
multiplying the first solution by ¢. However, this yields y, = \dst\twocol52te’, which doesn’t work, since

y5 = \twocol52(te! +e'), while \twobytwoll—254—9y, = \twocol52te!.

The next theorem shows what to do in this situation.
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THeorem 10.5.1

Suppose the n x n matrix A has an eigenvalue \: of multiplicity > 2 and the associated eigenspace has dimension 1; that is, all
A1-eigenvectors of A are scalar multiples of an eigenvector x. Then there are infinitely many vectors u such that

(A= Du=x. (10.5.2)
Moreover, if u is any such vector then
y1 =Xxe

Moand  y, = ueMt + xteMt (10.5.3)

are linearly independent solutions of y’ = Ay.

A complete proof of this theorem is beyond the scope of this book. The difficulty is in proving that there’s a vector u satisfying
(10.5.2), since det(A — X\ I) = 0. We'll take this without proof and verify the other assertions of the theorem.

We already know that y; in (10.5.3) is a solution of y’ = Ay. To see that y, is also a solution, we compute

vy — Ays = Auett + xeMt + A\ xteM! — AueMt — AxteM!
= (Au+x — Au)eMt + (Ax — Ax)teM.

Since Ax = \;x, this can be written as
vy — Ays = — (A — A\ Du—x) eM?,

and now (10.5.2) implies that y;, = Ay,.

To see that y; and y, are linearly independent, suppose ¢; and ¢, are constants such that
1y + coye = crxeMt + co(ueMt + xteMt) = 0. (10.5.4)
We must show that ¢; = ¢ = 0. Multiplying (10.5.4) by e—** shows that
cx +co(u+xt) =0. (10.5.5)

By differentiating this with respect to ¢, we see that c,x = 0, which implies ¢, = 0, because x # 0. Substituting ¢, = 0 into (10.5.5),
yields ¢;x = 0, which implies that ¢; = 0, again because x # 0

ExampLE 10.5.2

Use Theorem 10.5.1 to find the general solution of the system
y’ = \twobytwoll—254—9y (10.5.6)

considered in Example 10.5.1.

Sovution In Example 10.5.1 we saw that \; = 1 is an eigenvalue of multiplicity 2 of the coefficient matrix A4 in (10.5.6), and that all of
the eigenvectors of A are multiples of
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x = \twocol52.
Therefore
y1 = \twocol52e’

is a solution of (10.5.6). From Theorem 10.5.1, a second solution is given by y, = ue’ + xte!, where (A — I)u = x. The augmented
matrix of this system is

which is row equivalent to

o vl

o M=
[

Therefore the components of u must satisfy
uy — 5”2 =73
where u, is arbitrary. We choose u, = 0, so that »; = 1/2 and
1
u = \twocol-0.
2
Thus,
Et
yo = \twocollO; + \twocol52te’.

Since y; and y are linearly independent by Theorem 10.5.1, they form a fundamental set of solutions of (10.5.6). Therefore the
general solution of (10.5.6) is

¢
y = ¢1\twocol52e’ + ¢; (\twocollo% + \twocol52tet) .\bbox

Note that choosing the arbitrary constant u, to be nonzero is equivalent to adding a scalar multiple of y; to the second solution y,
(Exercise 33).

ExampLE 10.5.3

Find the general solution of

y’ = \threebythree34—1021—222—5y. (10.5.7)

Sovrution The characteristic polynomial of the coefficient matrix A in (10.5.7) is
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2 1-X2 =2 |[=—QA-DA+1%

Hence, the eigenvalues are X; = 1 with multiplicity 1 and X\, = —1 with multiplicity 2.

Eigenvectors associated with \; = 1 must satisfy (4 — I)x = 0. The augmented matrix of this system is

SN
[CIE=J'N

|
=
SRS
o o o

which is row equivalent to

Hence, z; = z3 and x5 = 2z3, where z3 is arbitrary. Choosing z; = 1 yields the eigenvector
x1 = \threecol121.

Therefore
y1 = \threecol121e’

is a solution of (10.5.7).

Eigenvectors associated with \, = —1 satisfy (4 + I)x = 0. The augmented matrix of this system is

4 4 —10 : 0
2 2 -2 0|,
2 2 —4 :0
which is row equivalent to
110 :0
001 :0
000 :0

Hence, z3 = 0 and z; = —x,, Where z, is arbitrary. Choosing z, = 1 yields the eigenvector

xy = \threecol—110,

SO

v = \threecol—110e~*

is a solution of (10.5.7).
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Since all the eigenvectors of A associated with X\, = —1 are multiples of x,, we must now use Theorem 10.5.1 to find a third solution
of (10.5.7) in the form

y3 = ue~ + \threecol—110te ¢, (10.5.8)

where u is a solution of (4 + I)u = x,. The augmented matrix of this system is

4 4 —10 -1

2 2 -2 1],

2 2 —4 0
which is row equivalent to

110 1

00 1 5

000 0

Hence, uz = 1/2 and u; = 1 — uy, Where u, is arbitrary. Choosing u, = 0 yields
1
u= \threecollOE7
and substituting this into (10.5.8) yields the solution
67t
v3 = \thrcccol2017 + \threecol—110te "

of (10.5.7).

Since the Wronskian of {y1,y2,ys} att=0is

R N
2 1 0|==,

h 2
1 0

{y1,¥2,y3} IS a fundamental set of solutions of (10.5.7). Therefore the general solution of (10.5.7) is

—t
y = c1\threecol121e’ + cy\threecol—110e ™" + c3 (\threecol201% + \threecol—llOte’t> .

THeorem 10.5.2

Suppose the n x n matrix A has an eigenvalue \; of multiplicity > 3 and the associated eigenspace is one—dimensional; that is,
all eigenvectors associated with A, are scalar multiples of the eigenvector x. Then there are infinitely many vectors u such that

(A= M\Iu=x, (10.5.9)
and, if u is any such vector, there are infinitely many vectors v such that

(A—MIDv=u (10.5.10)
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If u satisfies (10.5.9) and v satisfies (10.5.10), then

At
y1=xe",

ya = ueMt + xteMt, and
t2eMt
y3 = veM! + uteMt + X——

are linearly independent solutions of y’ = Ay.

Again, it's beyond the scope of this book to prove that there are vectors u and v that satisfy (10.5.9) and (10.5.10). Theorem 10.5.1
implies that y; and y, are solutions of y’ = Ay. We leave the rest of the proof to you (Exercise 34).

ExawvpLE 10.5.4

Use Theorem 10.5.2 to find the general solution of

y’ = \threebythree11113—1022y. (10.5.11)

SocuTion The characteristic polynomial of the coefficient matrix 4 in (10.5.11) is

Hence, \; = 2 is an eigenvalue of multiplicity 3. The associated eigenvectors satisfy (A — 2I)x = 0. The augmented matrix of this
system is

02 0 0
which is row equivalent to
10 -1 0
01 0 0
0 0 0 : 0

Hence, z; = z3 and z, = 0, so the eigenvectors are all scalar multiples of

x; = \threecol101.

Therefore

y1 = \threecol101e?

is a solution of (10.5.11).

We now find a second solution of (10.5.11) in the form
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y2 = ue? + \threecol101te¥,

where u satisfies (4 — 2I)u = x;. The augmented matrix of this system is

—1 ,
2 0
which is row equivalent to
10 -1 -1
01 0 .
00 0 0

Letting u3 = 0 yields u; = —1/2 and u, = 1/2; hence,
1
u= E\throccolfllﬂ

and

2t
Y2 = \threecol—llo% + \threecol101te

is a solution of (10.5.11).

We now find a third solution of (10.5.11) in the form

t2 2t

2t
ys = veX + \threecolflloeT + \threecol101

where v satisfies (4 — 2I)v = u. The augmented matrix of this system is

-1 1 1 : —%

1
11 -1 e
02 0 0

which is row equivalent to

1
10 -1 5
01 0 0
0 0 0 0

Letting v; = 0 yields v; = 1/2 and v, = 0; hence,
1
v = E\threecolloo.

Therefore
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eZt

t62t t2 2t
V3= \threecollOOT + \threecol—llOT + \threecol101

2

is a solution of (10.5.11). Since y,, y2, and y; are linearly independent by Theorem 10.5.2, they form a fundamental set of solutions
of (10.5.11). Therefore the general solution of (10.5.11) is

2t
y = \dste; \threecol101e® + ¢, (\threecolfllo% + \three001101t62t>

eZt te?t t2€2t
+ cg\dst (\threecollOOT + \threecol—llOT + \threecol101 3 )

THeorem 10.5.3
Suppose the n x n matrix A has an eigenvalue \; of multiplicity > 3 and the associated eigenspace is two—dimensional; that is,
all eigenvectors of A associated with )\, are linear combinations of two linearly independent eigenvectors x; and x,. Then
there are constants « and 3 (not both zero) such that if
X3 = ax; + fXa, (10.5.12)
then there are infinitely many vectors u such that
(A — )\1[)11 = X3. (10513)
If u satisfies (10.5.13), then
y1=xeM,
y2 = x9e™ and
y3 = ueMt 4 xgteM?, (10.5.14)
are linearly independent solutions of y’ = Ay.
We omit the proof of this theorem.
ExampLE 10.5.5
Use Theorem 10.5.3 to find the general solution of
y’ = \threebythree001—111—102y. (10.5.15)

Sovution The characteristic polynomial of the coefficient matrix A in (10.5.15) is

-2 0 1
-1 1-Xx 1 |[=—(A-1)>3
-1 0 2-X

Hence, )\; = 1 is an eigenvalue of multiplicity 3. The associated eigenvectors satisfy (A — I'x = 0. The augmented matrix of this
system is
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-1 0 1 : 0
-1 0 1 01,
-1 0 1 : 0

which is row equivalent to

[
o O O
[en)
o

Hence, z; = z3 and z, is arbitrary, so the eigenvectors are of the form

x1 = \threecolzgzazs = 3\threecoll01 + z5\threecol010.

Therefore the vectors

x; = \threecol1l01 and x, = \threecol010 (10.5.16)

form a basis for the eigenspace, and

y1 = \threecoll0le! and 1y, = \threecol010e’

are linearly independent solutions of (10.5.15).

To find a third linearly independent solution of (10.5.15), we must find constants o and g (not both zero) such that the system

(A—IDu = ax; + fxs (10.5.17)

has a solution u. The augmented matrix of this system is

-1 0 1 o
-1 0 ﬂ )
-1 0 «
which is row equivalent to
1 0 —1 : —a
00 0: B—al. (10.5.18)
00 0 : 0

Therefore (10.5.17) has a solution if and only if 3 = «, where « is arbitrary. If o = g = 1 then (10.5.12) and (10.5.16) yield

X3 = X1 + X = \threecol101 + \threecol010 = \threecol111,

and the augmented matrix (10.5.18) becomes

10 -1 : —1
0 0 0 : 0
00 0 0
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This implies that u; = —1 + u3, while u, and u; are arbitrary. Choosing us; = u3 = 0 yields
u = \threecol—100.

Therefore (10.5.14) implies that
v3 = ue’ + xste’ = \threecol—100e’ + \threecollllte’

is a solution of (10.5.15). Since y1, y», and y3 are linearly independent by Theorem 10.5.3, they form a fundamental set of solutions
for (10.5.15). Therefore the general solution of (10.5.15) is

¥ = c¢1\threecol101e’ + ¢;\threecol010e’ + c5 (\threecol—100e’ + \threecoll11te').\bbox

Geometric Properties of Solutions when n = 2

We'll now consider the geometric properties of solutions of a 2 x 2 constant coefficient system

a2

7 a
\twocoly y, = { H } \twocoly1y2 (10.5.19)
asz1

a22

under the assumptions of this section; that is, when the matrix

A:|:a11 1112}

az; Qg

has a repeated eigenvalue \; and the associated eigenspace is one-dimensional. In this case we know from Theorem 10.5.1 that
the general solution of (10.5.19) is

y = cxeMt + cp(ueMt + xteMt), (10.5.20)

where x is an eigenvector of A and u is any one of the infinitely many solutions of
(A= XDHu=x. (10.5.21)
We assume that X; # 0.

Figure 10.5.1. Positive and negative half-planes

Let L denote the line through the origin parallel to x. By a half-line of L we mean either of the rays obtained by removing the origin
from L. Eqgn. (10.5.20) is a parametric equation of the half-line of L in the direction of x if ¢; > 0, or of the half-line of L in the
direction of —x if ¢; < 0. The origin is the trajectory of the trivial solution y = 0.

Henceforth, we assume that ¢, # 0. In this case, the trajectory of (10.5.20) can't intersect L, since every point of L is on a trajectory
obtained by setting ¢, = 0. Therefore the trajectory of (10.5.20) must lie entirely in one of the open half-planes bounded by L, but
does not contain any point on L. Since the initial point (y;(0),y2(0)) defined by y(0) = ¢1x; + cou is on the trajectory, we can determine
which half-plane contains the trajectory from the sign of ¢,, as shown in Figure 10.5.1. For convenience we’ll call the half-plane
where ¢, > 0 the positive half-plane. Similarly, the-half plane where ¢, < 0 is the negative half-plane. You should convince yourself
(Exercise 35) that even though there are infinitely many vectors u that satisfy (10.5.21), they all define the same positive and
negative half-planes. In the figures simply regard u as an arrow pointing to the positive half-plane, since wen't attempted to give u
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its proper length or direction in comparison with x. For our purposes here, only the relative orientation of x and u is important; that
is, whether the positive half-plane is to the right of an observer facing the direction of x (as in Figures 10.5.2 and 10.5.5), or to the
left of the observer (as in Figures 10.5.3 and 10.5.4).

Multiplying (10.5.20) by e~ yields
e My (t) = e1x + cou + catx.

Since the last term on the right is dominant when |¢] is large, this provides the following information on the direction of y(¢):

a. Along trajectories in the positive half-plane (c; > 0), the direction of y(¢) approaches the direction of x as t — oo and the
direction of —x as ¢ — —oo.

b. Along trajectories in the negative half-plane (c, < 0), the direction of y(t) approaches the direction of —x as t — co and the
direction of x as t —+ —cc.

Since

Jim [y()] = oo and  lim y(t) =0 if X >0,
or

Jim [[y(#)] = oo and  limy(t) =0 if X\ <0,

there are four possible patterns for the trajectories of (10.5.19), depending upon the signs of ¢, and ;. Figures 10.5.2-10.5.5
illustrate these patterns, and reveal the following principle:

If \; and ¢, have the same sign then the direction of the traectory approaches the direction of —x as |y| — 0 and the direction of x as
lyl = oo. If A\; @and ¢, have opposite signs then the direction of the trajectory approaches the direction of x as |y| — 0 and the
direction of —x as |y|| — oo.

Figure 10.5.2. Positive eigenvalue; motion away from the origin

Figure 10.5.3. Positive eigenvalue; motion away from the origin

Figure 10.5.4. Negative eigenvalue; motion toward the origin

Figure 10.5.5. Negative eigenvalue; motion toward the origin

10.5 Exercises

In Exercises 1-12 find the general solution.
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1. \dsty’ = \twobytwo34—17y

Show answer

2. \dsty’ = \twobytwo0—11—2y

Show answer

3. \dsty’ = \twobytwo—74—1—11y

Show answer

4, \dsty’ = \twobytwo31—11y

Show answer

5. \dsty’ = \twobytwo412—3—8y

Show answer

6. \dsty’ = \twobytwo—109—42y

Show answer

7. \dsty’ = \twobytwo—1316—911y

Show answer

8. \dsty’ = \threebythree021—461042y

Show answer

9. \dsty’ = %\threebythreel173747437210y

Show answer

10. \dsty’ = \threebythree—11—1—-202—13—1y

Show answer

11. \dsty’ = \threebythreed—2—2—23—12—13y

Show answer

12. \dsty’ = \threebythree6—532—13211y

Show answer

In Exercises 13-23 solve the initial value problem.
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. sty’ = \twobytwo—118—2—-3y, y(0) = \twoco
13. \dsty’ b 118—2-3 0 162

Show answer

14. \dsty’ = \twobytwol5—916—9y, y(0) = \twocol58

Show answer

15. \dsty’ = \twobytwo—3—41—Ty, y(0) = \twocol23

Show answer

16. \dsty’ = \twobytwo—724—617y, y(0) = \twocol31

Show answer

17. \dsty’ = \twobytwo—73—3—1y, y(0)= \twocol02

Show answer

18. \dsty’ = \threebythree—1101—1—2—1—1—1y, y(0) = \threecol65—7

Show answer

19. \dsty’ = \threebythree—221—221—-332y, y(0) = \threecol—6—20

Show answer

20. \dsty’ = \threebythree—7—44—101—9—56y, y(0) = \threecol—69—1

Show answer

21. \dsty’ = \threebythree—1—4—1361—3—23y, y(0) = \threecol—213

Show answer

22. \dsty’ = \threebythreed—8—4—3—1-31—19y, y(0) = \threecol—41—3

Show answer

23. \dsty’ = \threebythree—5—111—7113—408y, y(0) = \threecol022

Show answer

The coefficient matrices in Exercises 24—32 have eigenvalues of multiplicity 3. Find the general solution.
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27.

28.

29.

30.

31.

32.

33.

34.
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\dsty’ = \threebythree5—11—19—3—224y

Show answer

\dsty’ = \threebythree110—122232—16y

Show answer

\dsty” = \threebythree—6—4—42—11231y

Show answer

\dsty’” = \threebythree02—2—15—3111y

Show answer

\dsty” = \threebythree—2—12102—24112—248y

Show answer

\dsty” = \threebythree—1—1281—941—61y

Show answer

\dsty’ = \threebythree—40—1—1—3—110—2y

Show answer

\dsty’ = \threebythree—3—3445—823—5y

Show answer

y’ = \threebythree—3—101—10—1—1—2y

Show answer

Under the assumptions of Theorem 10.5.1, suppose u and 1 are vectors such that

(A—=XJu=x and (A—MDu=x,

and let

yo = ueMt 4 xteMt and o = et + xteM.

Show that y, — ¥, is a scalar multiple of y; = xe.

Under the assumptions of Theorem 10.5.2, let

Mt
y1=xe™",
yo = ueMt + xte’\lt7 and
t2eMit
y3 = veM! + uteM? 4+ x

Complete the proof of Theorem 10.5.2 by showing that y; is a solution of y’ = Ay and that {yi,y»,ys} is linearly independent.
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35. Suppose the matrix

has a repeated eigenvalue X; and the associated eigenspace is one-dimensional. Let x be a X;-eigenvector of A. Show that if
(A— X D)u; = x and (A — MI)uy = x, then u, — u; is parallel to x. Conclude from this that all vectors u such that (4 — A\ u=x
define the same positive and negative half-planes with respect to the line L through the origin parallel to x.

In Exercises 36- 45 plot trajectories of the given system.
36. y’ = \dst\twobytwo—3—141y
37. y’ = \dst\twobytwo2—110y

38. y’ = \dst\twobytwo—1—335y

39. y’ = \dst\twobytwo—53—31y
40. y’ = \dst\twobytwo—2—334y
41. y’ = \dst\twobytwo—4—332y

42, y’ = \dst\twobytwo0—11—2y
43. y’ = \dst\twobytwo01—12y
44, y’ = \dst\twobytwo—21—10y

45, y’ = \dst\twobytwo0—41—4y

10.6 Constant Coefficient Homogeneous Systems IlI

We now consider the system y’ = Ay, where A has a complex eigenvalue X\ = a + i8 with 3 # 0. We continue to assume that A has
real entries, so the characteristic polynomial of 4 has real coefficients. This implies that x = « — i3 is also an eigenvalue of A.

An eigenvector x of A associated with A = o + i3 will have complex entries, so we’ll write
X=u+1iv
where u and v have real entries; that is, u and v are the real and imaginary parts of x. Since Ax = \x,
A(u+iv) = (a+if)(u+iv). (10.6.1)
Taking complex conjugates here and recalling that A has real entries yields
A(u—iv) = (a—if)(u —iv),

which shows that x = u — iv is an eigenvector associated with X = a — i8. The complex conjugate eigenvalues X and X can be
separately associated with linearly independent solutions y’ = Ay; however, we won't pursue this approach, since solutions
obtained in this way turn out to be complex—valued. Instead, we’ll obtain solutions of y’ = Ay in the form

y = fiu+t fav (10.6.2)
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where f; and f, are real-valued scalar functions. The next theorem shows how to do this.

THeorem 10.6.1

Let A be an n x n matrix with real entries. Let A = a +i8 (8 # 0) be a complex eigenvalue of 4 and let x = u +iv be an
associated eigenvector, where u and v have real components. Then u and v are both nonzero and

y1 = e (ucos Bt — vsin ft) and y,; = e (usin Bt + v cos Bt),
which are the real and imaginary parts of

e (cos Bt + i sin Bt) (u + iv), (10.6.3)

are linearly independent solutions of y’ = Ay.

Proor A function of the form (10.6.2) is a solution of y’ = Ay if and only if
flu+ fiv = frAu+ frAv. (10.6.4)
Carrying out the multiplication indicated on the right side of (10.6.1) and collecting the real and imaginary parts of the result yields
A(u+iv) = (au— Bv) +i(av + fu).
Equating real and imaginary parts on the two sides of this equation yields

Au = au-—pfv
Av = av+ fu

We leave it to you (Exercise 25) to show from this that u and v are both nonzero. Substituting from these equations into (10.6.4)
yields

fiu+ fov = fi(au— Bv) + folav + fu)
= (afi + Bf2)u+ (=Bf1 +af)v.

This is true if

fil = afi+Bf

. fi—afi =  Bf
1 or, equivalently,
2

—Bf1+afe, fa—af —Bf1

If we let f; = gie® and f, = g.e*, where g; and g, are to be determined, then the last two equations become

9/1 = B92
g; = —Bg,

which implies that

91 = Bgy = —B%q1,
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S0
91 + A1 =0.
The general solution of this equation is
g1 = ¢ cos Bt + co sin fSt.

Moreover, since g, = ¢1/8,

go = —cy sin Bt + ¢ cos St.
Multiplying g, and g, by e** shows that

fi=e™( ¢ cos Bt + cysin ft),
fa = e (—cy sin Bt + ¢ cos Bt).

Substituting these into (10.6.2) shows that

y = e*[(cscosfBt+ cosinBt)u+ (—cysin Bt + cq cos Bt)v]

) . o (10.6.5)
= cie*(ucosft — vsin ft) + coe™ (usin Gt + v cos ft)

is a solution of y’ = Ay for any choice of the constants ¢; and ¢,. In particular, by first taking ¢; = 1 and ¢, = 0 and then taking ¢; = 0
and ¢, = 1, we see that y; and y, are solutions of y’ = Ay. We leave it to you to verify that they are, respectively, the real and
imaginary parts of (10.6.3) (Exercise 26), and that they are linearly independent (Exercise 27).

ExampLE 10.6.1

Find the general solution of

y’ = \twobytwod—55—2y. (10.6.6)

Sovrution The characteristic polynomial of the coefficient matrix A in (10.6.6) is

Hence, X = 1 + 4i is an eigenvalue of A. The associated eigenvectors satisfy (4 — (1 + 4i) I) x = 0. The augmented matrix of this
system is

[3—42’ -5 so]
5 —3—4i : 0]’

which is row equivalent to
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Therefore z; = (3 + 4i)z,/5. Taking z, = 5 yields z; = 3 + 44, SO

|3t 4i
B 5
is an eigenvector. The real and imaginary parts of

4
e!(cos 4t + i sin 4t) |: 344 ]

5

are

. { 3cos4t — 4sin 4t
yi=¢€

5 cos 4t

} and y e"[ 3sin4t 4+ 4cos 4t :|
2= )

5sin 4t

which are linearly independent solutions of (10.6.6). The general solution of (10.6.6) is

3cos 4t — 4sin 4t } ¢ { 3sin4t + 4 cos 4t }
+ co€ .

=cet
Y ! 5 cos 4t 5sin 4t

ExampLE 10.6.2

Find the general solution of

y’ = \twobytwo—1439—616y. (10.6.7)

SocuTion The characteristic polynomial of the coefficient matrix A in (10.6.7) is

“M-A 39 | e
—6 16— A =@A=1)7+9.

Hence, X = 1 + 3i is an eigenvalue of A. The associated eigenvectors satisfy (4 — (1 + 3i)I) x = 0. The augmented augmented matrix
of this system is

—15—3¢ 39 0
—6 15—-3i + 0]’

which is row equivalent to

Therefore z; = (5 —14)/2. Taking z, = 2 yields z; = 5 —i, SO

= [%]

is an eigenvector. The real and imaginary parts of
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5_i
e(cos 3t + isin 3t) { 9 ! ]

are

sin 3t + 5 cos 3t

—cos 3t + 5sin 3t
2 cos 3t ’

t t
- d -
yi=e { } e ya=e { 2sin 3t

which are linearly independent solutions of (10.6.7). The general solution of (10.6.7) is
.| sin3t + 5cos3t ;| —cos3t+ 5sin3t
y =ce 2

2 cos 3t 2sin 3t

ExampLE 10.6.3

Find the general solution of

y’ = \threebythree—554—876100y. (10.6.8)

SocuTion The characteristic polynomial of the coefficient matrix A in (10.6.8) is

—5—A 5 4
-8 T—X 6 |=—(A—2)(\*+1).

Hence, the eigenvalues of 4 are \; = 2, A\, =4, and A3 = —i. The augmented matrix of (A—2I)x =0 s

-7 5 4 : 0
-8 5 6 : 0|,
10 =2 : 0
which is row equivalent to
1 0 -2 : 0
01 -2
00 0 0

Therefore z; = 2 = 23. Taking z3 = 1 yields

x; = \threecol221,

SO

y1 = \threecol221e*

is a solution of (10.6.8).

The augmented matrix of (A —il)x =0 is
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which is row equivalent to

1 0 —i 0
0 1 1—2 0
0 0 0 0

Therefore z; = iz3 and z, = —(1 —i)x3. Taking z3 = 1 yields the eigenvector

X9 = —1+1

The real and imaginary parts of

7
(cost+isint) | —1+14

1
are
—sint cost
yo = | —cost—sint and y3= | cost—sint |,
cost sint

which are solutions of (10.6.8). Since the Wronskian of {y1,y»,ys} att=0is

2 0
2 -1 =1,
1 10

{y1,¥2,y3} is a fundamental set of solutions of (10.6.8). The general solution of (10.6.8) is

—sint cost
y= cl\three(‘,0122162'5 +cy | —cost—sint | +c3 | cost—sint
cost sint
ExampLE 10.6.4
Find the general solution of
y’ = \threebythreel—1—21321—12y. (10.6.9)

SocuTion The characteristic polynomial of the coefficient matrix A in (10.6.9) is
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-1 -1 =2 0
1 1 2 0,
1 -1 0 0
1 01 0
011 0
000 0

Therefore z; = 22 = —z3. Taking =3 = 1 yields

SO

is a solution of (10.6.9).

x1 = \threecol—1—11,

y1 = \threecol—1—11¢%*

The augmented matrix of (A — (2+2i)I)x =0 is

which is row equivalent to

Therefore z, = iz3 and z, =

—1-2 -1 -2 : 0
1 1-26 2 : 0|,
1 —1 -2 : 0
10 —i :0
01 4 :0
00 0:0

—ixs. Taking z3 = 1 yields the eigenvector

Xy = \threecoli—il

The real and imaginary parts of

are

€% (cos 2t + i sin 2t)\threecoli—il
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—sin2¢ cos 2t
yo = e sin 2t and y,=¢e*| —cos2t |,
cos 2t sin 2¢

which are solutions of (10.6.9). Since the Wronskian of {y;,y,,ys;} att=01is

-1 0 1
-1 0 -1 |=-2
11 0

{y1,¥2,y3} is a fundamental set of solutions of (10.6.9). The general solution of (10.6.9) is

—sin 2t cos 2t
y= cl\threecolflflle% + czezt sin2t | + 036% —cos 2t
cos 2t sin 2¢

Geometric Properties of Solutions when n = 2

We'll now consider the geometric properties of solutions of a 2 x 2 constant coefficient system

a1l a2

\twocolyy, = |: } \twocoly;ys (10.6.10)

Gz Q22

under the assumptions of this section; that is, when the matrix

ailr a2
A= |: :|
az; Qs

has a complex eigenvalue X = a + i3 (8 # 0) and x = u + iv is an associated eigenvector, where u and v have real components. To
describe the trajectories accurately it's necessary to introduce a new rectangular coordinate system in the y;-y, plane. This raises a
point that hasn’t come up before: It is always possible to choose x so that (u,v) = 0. A special effort is required to do this, since not
every eigenvector has this property. However, if we know an eigenvector that doesn’t, we can multiply it by a suitable complex
constant to obtain one that does. To see this, note that if x is a A-eigenvector of 4 and k is an arbitrary real number, then

x; = (1+ik)x = (1 +ik)(u+iv) = (u—kv) +i(v + ku)
is also a A-eigenvector of A, since
Axy = A((1 +ik)x) = (1 + ik) Ax = (1 + ik)Ax = A((1 + ik)x) = Ax1.
The real and imaginary parts of x; are
uy=u—kv and vi=v+ku, (10.6.11)
so
(ug,vi) =(u—kv,v+ku) =— [(u7 v)k2 + (HV||2 — Hqu)k - (u,v)] .

Therefore (uy,v1) =0 if

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 64 of 101



10 Linear Systems of Differential Equations

(u, V)R + (VI = ul®)k — (,v) = 0. (10.6.12)

If (u,v) # 0 we can use the quadratic formula to find two real values of k£ such that (u;,v;) = 0 (Exercise 28).

ExampLE 10.6.5

In Example 10.6.1 we found the eigenvector

x = \ctwocol3 + 4i5 = \twocol35 + \twocol40

for the matrix of the system (10.6.6). Here u = \dst\twocol35 and v = \twocol40 are not orthogonal, since (u,v) = 12. Since |v|?
— |lu|? = —18, (10.6.12) is equivalent to

2k —3k—2=0.
The zeros of this equation are k; = 2 and k, = —1/2. Letting k = 2 in (10.6.11) yields
u; =u—2v=\twocol-5 5 and v;=v+2u=\twocoll010,

and (u;,v;) = 0. Letting k= —1/2 in (10.6.11) yields

v u 1
u =u+ 7= \twocol55 and v;=v— o 5\twocol—5 5,

and again (u,v;) = 0. [ |

(The numbers don’t always work out as nicely as in this example. You'll need a calculator or computer to do Exercises 29-40.)

Henceforth, we’ll assume that (u,v) = 0. Let U and V be unit vectors in the directions of u and v, respectively; that is, U = u/|u| and
V = v/|v|. The new rectangular coordinate system will have the same origin as the yi1-y2 system. The coordinates of a point in this
system will be denoted by (21, 22), where 21 and z: are the displacements in the directions of U and V, respectively.

From (10.6.5), the solutions of (10.6.10) are given by

y = e [(c1 cos Bt + o sin ft)u + (—cy sin Bt + co cos Bt)v] . (10.6.13)

For convenience, let’s call the curve traversed by e—ty(t) a shadow trajectory of (10.6.10). Multiplying (10.6.13) by e—* yields

e My (t) = 21(t)U + 22(t)V,
where

21(t) = |ul|(c1 cos Bt + o sin Bt)
29(t) = | v||(—c1 sin Bt + ¢o cos St).

Therefore

(a(®)? | (22()?

S 2 2
P T T ate
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(verify!), which means that the shadow trajectories of (10.6.10) are ellipses centered at the origin, with axes of symmetry parallel to
U and V. Since

, Blul , Al

=2 d =——2
O ’ faf =

the vector from the origin to a point on the shadow ellipse rotates in the same direction that V would have to be rotated by =/2
radians to bring it into coincidence with U (Figures 10.6.1 and 10.6.2).

Figure 10.6.1. Shadow trajectories traversed clockwise

Figure 10.6.2. Shadow trajectories traversed counterclockwise

If o = 0, then any trajectory of (10.6.10) is a shadow trajectory of (10.6.10); therefore, if X is purely imaginary, then the trajectories of
(10.6.10) are ellipses traversed periodically as indicated in Figures 10.6.1 and 10.6.2.

If a > 0, then

Jm [y(#)] = oo and  lim y(t) =0,
so the trajectory spirals away from the origin as ¢ varies from —oo to co. The direction of the spiral depends upon the relative

orientation of U and V, as shown in Figures 10.6.3 and 10.6.4.

If « <0, then

Jim [[y(#)] = oo and  lim y(t) =0,

so the trajectory spirals toward the origin as ¢ varies from —co to co. Again, the direction of the spiral depends upon the relative
orientation of U and V, as shown in Figures 10.6.5 and 10.6.6.

Figure 10.6.3. o > 0; shadow trajectory spiraling outward
Figure 10.6.4. o > 0; shadow trajectory spiraling outward
Figure 10.6.5. o < 0; shadow trajectory spiraling inward

Figure 10.6.6. o < 0, shadow trajectory spiraling inward

10.6 Exercises

In Exercises 1-16 find the general solution.
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1. \dsty’ = \twobytwo—12—55y

Show answer

2. \dsty’ = \twobytwo—114—269y

Show answer

3. \dsty’ = \twobytwol2—45y

Show answer

4. \dsty’ = \twobytwo5—63—1y

Show answer

5. \dsty’ = \threebythree3—31022511y

Show answer

6. \dsty’ = \threebythree—3311—5—3—373y

Show answer

7. \dsty’ = \threebythree21—1011101y

Show answer

8. \dsty’ = \threebythree—31—34—124—23y

Show answer

9. \dsty’ = \twobytwo5—4101y

Show answer

10. \dsty’ = %\twobytwo7—525y

Show answer

11. \dsty’ = \twobytwo32—51y

Show answer

12. \dsty’ = \twobytwo3452—20—30y

Show answer

13. \dsty’ = \threebythree11210—1—1—2—1y

Show answer

14. \dsty’ = \threebythree3—4—2—57—8—-1013—8y

Show answer

15. \dsty’ = \threebythree60—3—3331—26y"

Show answer

16. \dsty’ = \threebythree12—202—1100y’

Show answer

In Exercises 17-24 solve the initial value problem.
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. \dsty’ = \twobytwod—63—2y, y(0) = \twocol52

Show answer

. \dsty’ = \twobytwo715—31y, y(0) = \twocol51

Show answer

. \dsty” = \twobytwo7—153—5y, y(0) = \twocoll77

Show answer

. \dsty’ = ¢ \twobytwod4—252y, y(0) = \twocoll—1

Show answer

. \dsty’ = \threebythree52—1—322132y, y(0) = \threecol406

Show answer

. \dsty’” = \threebythree440810—2023—2y, y(0) = \threecol865

Show answer

. \dsty’ = \threebythree115—15—618—22—311—15y, y(0) = \threecol151710

Show answer

. \dsty’ = \threebythreed—44—103152—31ly, y(0) = \threecol16146

Show answer

. Suppose an n x n matrix A with real entries has a complex eigenvalue \ = a + i3 (3 # 0) with associated eigenvector x = u
+iv, where u and v have real components. Show that u and v are both nonzero.

. Verify that

y1 = e*(ucos Bt — vsinBt) and y, = e*(usin Bt + vcosft),

are the real and imaginary parts of

e®*(cos Bt + isin Bt)(u + iv).

. Show that if the vectors u and v are not both 0 and 3 + 0 then the vector functions

y1=e(ucosft —vsinfBt) and yp = e*(usin Bt + vcosft)

are linearly independent on every interval. Hint: There are two cases to consider: (i) {u,v} linearly independent, and (i) {u, v}
linearly dependent. In either case, exploit the the linear independence of {cos t,sin 5t} on every interval.
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28. Suppose u = \dst\twocolujus and v = \dst\twocolv;v, are not orthogonal; that is, (u,v) # 0.

a. Show that the quadratic equation
(u, V)& + (Iv]* — Juf*)k — (u,v) = 0

has a positive root k; and a negative root kg = —1/k;.

b. Letul) =u—kiv, vV = v+ kju, ul? = u—kyv, and v = v + kou, so that (ul”, v{") = ({?,v{?)) = 0, from the discussion
given above. Show that

c. Let Uy, V1, Us, and V2 be unit vectors in the directions of u{”, v, u{?, and v{?, respectively. Conclude from (a) that Us
=V and V; = —Uy, and that therefore the counterclockwise angles from U; to Vv and from U; to V; are both =/2 or
both —=/2.

In Exercises 29-32 find vectors U and V parallel to the axes of symmetry of the trajectories, and plot some typical trajectories.

29. \dsty’ = \twobytwo3—55—3y

Show answer

30. \dsty’ = \twobytwo—1510—2515y

Show answer

31. |CIG ] \dsty’ = \twobytwo—48—44y

Show answer

32. [CIG | \dsty’ = \twobytwo—3—1533y

Show answer

In Exercises 33-40 find vectors U and 'V parallel to the axes of symmetry of the shadow trajectories, and plot a typical trajectory.
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33. [CIG] \dsty’ = \twobytwo—56—127y

Show answer

34. \dsty’ = \twobytwo5—126—Ty

Show answer

35. [CIG | \dsty’ = \twobytwo4—59—2y

Show answer

36. [CIG| \dsty’ = \twobytwo—49—52y

Show answer

37. |CIG ] \dsty’ = \twobytwo—110—10—1y

Show answer

38. |[CIG| \dsty’ = \twobytwo—1—520—1y

Show answer

39. [CIG| \dsty’ = \twobytwo—710—109y

Show answer

40. |CIG| \dsty’ = \twobytwo—76—125y

Show answer

10.7 Variation of Parameters for Nonhomogeneous Linear Systems

We now consider the nonhomogeneous linear system
y = A(t)y +£(t),

where A is an n x n matrix function and f is an n-vector forcing function. Associated with this system is the complementary system
y =AQ)y.

The next theorem is analogous to Theorems 5.3.2 and 9.1.5. It shows how to find the general solution of y’ = A(t)y + £(¢) if we know
a particular solution of y” = A(t)y + £(t) and a fundamental set of solutions of the complementary system. We leave the proof as an
exercise (Exercise 21).

THeorem 10.7.1

Suppose the n x n matrix function A and the n-vector function f are continuous on (a, b). Let y, be a particular solution of y’
= A(t)y + £(t) on (a,b), and let {y1,y,...,y.} be a fundamental set of solutions of the complementary equation y’ = A(t)y on
(a,b). Then y is a solution of y” = A(t)y + £(t) on (a,b) if and only if

y=Yptcyr+cy2+ -+ Cuyn,

where ¢y, ¢, ..., ¢, are constants.
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Finding a Particular Solution of a Nonhomogeneous System

We now discuss an extension of the method of variation of parameters to linear nonhomogeneous systems. This method will
produce a particular solution of a nonhomogenous system y’ = A(t)y + f(¢) provided that we know a fundamental matrix for the
complementary system. To derive the method, suppose Y is a fundamental matrix for the complementary system; that is,

Y Yz o Y
Y = y.21 y'22 y?n ,
Ynl Yn2 - Ynn
where

Y11 Yi2 Yin
21 22 2
y1= y: y Y2 = y: y vty Y = y:"
Yn1 Yn2 Ynn

is a fundamental set of solutions of the complementary system. In Section 10.3 we saw that Y’ = A(¢)Y. We seek a particular
solution of

y = A®)y +£(t) (10.7.1)
of the form
yp=Yu, (10.7.2)
where u is to be determined. Differentiating (10.7.2) yields

y, =Y u+Yu
= AYu+Yu’' (since Y’ = AY)
= Ay, + Yu’' (since Yu=1y,).

Comparing this with (10.7.1) shows that y, = Yu is a solution of (10.7.1) if and only if
Yu' =f.

Thus, we can find a particular solution y, by solving this equation for u’, integrating to obtain u, and computing Yu. We can take all
constants of integration to be zero, since any particular solution will suffice.

Exercise 22 sketches a proof that this method is analogous to the method of variation of parameters discussed in Sections 5.7 and
9.4 for scalar linear equations.

ExampLE 10.7.1
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a. Find a particular solution of the system
2€4t
y’ = \twobytwol221y + ar (10.7.3)
€
which we considered in Example 10.2.1.
b. Find the general solution of (10.7.3).
SovuTion (A) The complementary system is
y’ = \twobytwol221y. (10.7.4)

The characteristic polynomial of the coefficient matrix is

11— 2
2 1—X

’ =(A+1)(A—3).

Using the method of Section 10.4, we find that

is a fundamental matrix for (10.7.4). We seek a particular solution y, = Yu of (10.7.3), where Yu’ = f; that is,

et et ¢ i 2e4t
B wocolujuy = .
g3t et edt

The determinant of Y is the Wronskian

3t et ‘—26%_
e3t et
By Cramer’s rule,
W = —\dstodr 2:; Z: = \dstdr = \dstde!,
uy = 7\(18‘5# Zzz QZZ = \dst;;, = \dstge™.

Therefore
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, 1| 3et
u == .
2 | et

Integrating and taking the constants of integration to be zero yields

SO
3t —t
1|e € 15¢! 1| 8e"
Yp:Yu:\dstE [ Gt gt } { o5t } = \dstg { e }

is a particular solution of (10.7.3).

SovuTtion (B) From Theorem 10.7.1, the general solution of (10.7.3) is

1| 8t edt et
Yy =Yptciyr+coys = 5 |: 7ot ] +a o + e et | (10.7.5)
which can also be written as
B 1 8€4t eSt eft
y=3 7edt o3 et ¢
where c is an arbitrary constant vector.
Writing (10.7.5) in terms of coordinates yields
8 4t 3t —t
Y = ge "+ cre” + coe
7 4t 3t —t
Y2 = ge +cie” —coe
so our result is consistent with Example 10.2.1. . ]

If Aisn’t a constant matrix, it's usually difficult to find a fundamental set of solutions for the system y’ = A(t)y. It is beyond the scope
of this text to discuss methods for doing this. Therefore, in the following examples and in the exercises involving systems with
variable coefficient matrices we’ll provide fundamental matrices for the complementary systems without explaining how they were
obtained.

ExampLE 10.7.2

Find a particular solution of

2 2 -2t
y = { ¢ } ¥ + \twocolll, (10.7.6)

given that
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is a fundamental matrix for the complementary system.

Sorution We seek a particular solution y, = Yu of (10.7.6) where Yu’ = f; that is,
th

e4t -1 ,
e \twocolujuy = \twocolll.

The determinant of Y is the Wronskian

et _q ’=266t
eﬁt th .
By Cramer’s rule,
U/l = \dSt 2;61 1 621 = \dSt%’l—l = \dstemi;?“
up = \dstgy Z:i 1 = \dSt% = \dst%‘

Therefore

Integrating and taking the constants of integration to be zero yields

1 3¢~ 4 2¢76
u=—— ,
6e 2 + 12t

so
1| e —1 34 4 2¢76 1 de 2 +12t—3
yp=Yu=— 6t 2t —2t =9 2
24 | €% e 6e " + 12t 24 | —3e*(4t+1)—8
is a particular solution of (10.7.6).

ExampLE 10.7.3

Find a particular solution of

2 |t -3t
r__ = 2
y = { 1 _o ]ert \twocolll,
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given that

is a fundamental matrix for the complementary system on (—oc,0) and (0, o).

SocruTtion We seek a particular solution y, = Yu of (10.7.7) where Yu’ = f; that is,

2t 32
1 2t

:| \twocolujus = \twocolt*t?.

The determinant of Y is the Wronskian

2t 3t? _p
12t |
By Cramer’s rule,
2 3t2 5
uy = \ds‘c%2 2 Qt‘ = \dst# = 2t—3t%
2t t? 5y
uy = \dst% ) tQ‘ = \dst”i—;tz = 2t—1.

Therefore
, [ 2t — 3t ]
u = .
2t —1
Integrating and taking the constants of integration to be zero yields
1243
YT e |
SO

yp=Yu=

2t 3t? 22— | | #3(t—1)
12t 22—t | | 2(t—1)
is a particular solution of (10.7.7).

ExawpLE 10.7.4
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a. Find a particular solution of

y’ = \threebythree2—1—-110—11—-10y + | 0 |. (10.7.8)

b. Find the general solution of (10.7.8).

SovuTtion (A) The complementary system for (10.7.8) is

" = \threebythree2—1—110—11—10y. (10.7.9)

The characteristic polynomial of the coefficient matrix is

2—2 -1 -1

1 =X =1 |==2A-12%
1 -1 =X
Using the method of Section 10.4, we find that
et et
y1= , ya=| e |, and y3=1| 0
0 et

are linearly independent solutions of (10.7.9). Therefore

is a fundamental matrix for (10.7.9). We seek a particular solution y, = Yu of (10.7.8), where Yu’ = f; that is,

t t t

1 e e e
1 e 0 | \threecolujusus= | 0
1 0 et et
The determinant of Y is the Wronskian
1 et e
1 € = ¢,
1 0 et

Thus, by Cramer’s rule,
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e e €
uy = —\dst% 0 e 0| = —\dst 63;;6 = et—¢f
et 0 e
1 e ¢
wy, = —\dstF|1 0 0 = —\dst 1;5” 1—e2
1 et e
1 et €
wy = —\dst=r |1 e = \dst& = L
1 0 et
Therefore
67t _ et
u=|1—¢?2
1
Integrating and taking the constants of integration to be zero yields
et — et
u=| \dst5 +t |,
t
so
t et
1 et et et et e'(2t — 1) — \dst 5
yp=Yu = |1 ¢ 0 \dstoe +¢ | = | ef(t—1)—\dst&
1 0 € t

el(t—1) — \dste™

is a particular solution of (10.7.8).

SovuTion (A) From Theorem 10.7.1 the general solution of (10.7.8) is

—t

et(2t — 1) — \dst <

2 1 et et
y=yptayiteyrteys=| ei(t—1)—\dst& | +ter| 1 |[+ea| e [ +es| O
1 et

et(t —-1)— \dste’t
which can be written as

ef(2t —1) — \dst 5"
y=yp+¥Ye=| eit—1)—\dst~ |+| 1 ¢ 0 |c
el(t—1) — \dste™

where c is an arbitrary constant vector.

ExampLE 10.7.5
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given that

Find a particular solution of

10 Linear Systems of Differential Equations

is a fundamental matrix for the complementary system.

Sorution We seek a particular solution of (10.7.10) in the form y, = Yu, where Yu’ = f; that is,

The determinant of Y is the Wronskian

By Cramer’s rule,

Therefore

—\dst=lz
—\dst =4~

2edt

—\dst ﬁ

Integrating and taking the constants of integration to be zero yields

\threecolujuquy =
0 e
et 3t | = —2¢eM.
1 0
o2t

3
et | = \dst o
0
o2
st _ ES[
e = \dst 55
0
1

3t 2t
et = —\dst<x
ot

\dst %

\dst e~

2¢ % ¢~
\dst ="

t
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1 t
u=3 —et ,
et — o2
SO
1 et 0 e t ett+1)—1
yp=Yu= 3 0 edt et —et = \dst= —et
et 1 0 et—e el(t—1)

is a particular solution of (10.7.10).

10.7 Exercises

In Exercises 1-10 find a particular solution.
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21 4t
1. \dsty’ = \twobytwo—1—4—1—1y + [ s e3t :|
-

Show answer

. 50¢
2. \dsty’ = ¢ \twobytwo—43—2—11y +

10e—3t

Show answer

1
3. \dsty’ = \twobytwol221y + [ ' ]

Show answer

2
4, \dsty’ = \twobytwo—4—365y + l: 9t :|
—2e

Show answer

473
5. \dsty’ = \twobytwo—6—31—2y +
4ef5t

Show answer

6. \dsty’ = \twobytwo01—10y + { 1 :|

Show answer

7. \dsty’ = \threebythree31—1351—624y + | 6

Show answer

1
8. \dsty’ = \threebythree3—1—1-2324—1—2y + | et

et

Show answer

et

9. \dsty’ = \threebythree—3222—3222—3y + | ¢ 5

et

Show answer

et

10. \dsty’ = % \threebythreell—3—4—43—210y + | €'

et

Show answer

In Exercises 11-20 find a particular solution, given that Y is a fundamental matrix for the complementary system.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

10 Linear Systems of Differential Equations

1 ¢ cost cost sint
dsty’ =1 t Y=t
\dsty” = 7 [—t 1]y+ {sint} {—sint cost:|
1t -t et et
dsty’ =1 + ;o Y=t
\dsty t{t 1:|y t2] |:et —et:|
t —1] 1 t 1
dsty’ = = t Y=
\dsty tLl[—1 ¢ Yt —1]’ [1 t]
1 —Zet— [ et | 2 et
dsty’ = + ;Y=
\dsty” =3 |:2et -1 Y e 2 et 2
33 0 ] ] AT
s 1 1 . 1
\dsty F{ 1 -3 y+7[1 PYET

Show answer

—t

\dst - —\dst£ 21 t et
\dsty” = , y+[ 2 }; Yz[ ¢ let }
\dstzor  \dstzip -1 ¢

Show answer

2 8
\dsty’ = %\threebythreel100217222y+ \threecol121 Y = | ¢ 2t® —1
0 2t
3 et e?t e3t 65t eZt 0
\dsty’=1] et 2 e |y+| 0 [; Y=|¢e"* 0 e
e et 1 0 et —1 -1
t t cost sint
1 0 i
\dsty’:% 0 t |y+|t|; Y=t| 0 —sint cost
0 —t t 0 —cost —sint
et —t 1—et et el et
\dsty'=—F | et 1 —t—et |y+4| 0 |; Y=1F]€ —e
tt 1—et et et e

Show answer

Prove Theorem 10.7.1.

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 81 of 101



10 Linear Systems of Differential Equations

22. a. Convert the scalar equation
Po(t)y™ + Po(t)y™ ™V + - + Pu(tly = F(1)
into an equivalent n x n system
y =A@ty +£(t).
b. Suppose (A) is normal on an interval (a,b) and {y1, s, ..., ¥} iS & fundamental set of solutions of
Pot)y™ + Py(t)y™ ) + -+ Po(t)y =0
on (a,b). Find a corresponding fundamental matrix Y for
y' = AQ)y
on (a,b) such that
Y=ciy1+ Y2+ -+ CalYn
is a solution of (C) if and only if y = Yc with

c1
c2

Cn

is a solution of (D).

c. Let yp = wiy1 +wiy2 + -+ + uayn be a particular solution of (A), obtained by the method of variation of parameters for

scalar equations as given in Section 9.4, and define

Show that y, = Yu is a solution of (B).

d. Let y, = Yu be a particular solution of (B), obtained by the method of variation of parameters for systems as given in

this section. Show that y, = uiy1 + u1ys + - + uny, IS a solution of (A).

Show answer
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23. Suppose the n x n matrix function 4 and the n—vector function f are continuous on (a,b). Let ¢ty be in (a,b), let k be an arbitrary
constant vector, and let Y be a fundamental matrix for the homogeneous system y’ = A(t)y. Use variation of parameters to
show that the solution of the initial value problem

y =A{t)y +£(t), y(to)=k

y(t)=Y(t) (Yfl(to)k + [ Y Us)f(s) ds) _

to
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10 Linear Systems of Differential Equations

Chapter 10 Linear Systems of Differential Equations

10.1 Introduction to Systems of Differential Equations

1 Q1 = \dst2— £Q1+ £Q>
Q) = \dst6+ Q1 — Qs
, QI = \dstl2 — i Q1 + o Q2
Q5 = \dst5+ ﬁQl - mé‘wQ%
3 may) = —(c1 + )y + oy — (k1 + k2)y1 + kaya + Fy

mayy = (c2 — c3)yy — (c2 + c3)ys + cays + (ke — k3)y1 — (k2 + k3)ys + ksys + Fy

ma3ys = csy] + csys — cays + kay1 + kay2 — ksys + F

R2 R
49:”:—\dst%z/+m y”:—\dst%y’-l—w;;ﬁiz)ﬁ
"
z
— ’ gR%z
= —\dst22" + T
T = 7 up = f(t,u1,v1,v2, ws)
Ty = a3 v = vy
@ =3 = f(t,z1,91,92) (b) v, = g(t,u1,v1,v9,w)
Vo= y w; = ws
5 yé = g(tvylva) wé = h(t,U1,U1,U2,w1,w2)
(c
’
Y1
Yy - /
? Ty = T2
Ys - zy = t,x
(e) ,2 f(7 lvyl)
Yy = Y2
yy = g(t,z1,m)
o gR%x
' = m 71 = \dst (@2 +y2+22)"?
- \dst ¥; = —\dst—2r___
Yy Y1 st Y1 (z2+y7+z2)5/2
’ J—
= oA 2 = —\dst—Zz __
6 1 (12+y2+z2)d/2
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10 Linear Systems of Differential Equations

10.2 Linear Systems of Differential Equations

1 (a) y’ = \twobytwo2442y (b) y’ = \twobytwo—2—2—51y
()
y/
= \twobytwo—4—1037y
(d) y’
= \twobytwo2112y
2 (a) y’ = \threebythree—12301600—2y  (b) y’ = \threebythree022202220y
()
y/
= \threebythree—1222—1222—1y
(d)
y/

= \threebythree3—1—1—-2324—1—2y
3 (a) y’ = \twobytwoll—24y, y(0) = \twocoll0  (b) y’ = \twobytwo53—11ly, y(0) = \twocol9—5

4 (a) y’ = \threebythree644—7—2—1743y, y(0) = \threecol3—64

(b)

’

y

= \threebythree877—5—6—95710y,
y(0)

= \threecol2—43

—Bet
5 (a) y’ = \twobytwo—32—53 + \twocol3 — 2t6 — 3t (b) y’ = \twobytwo31—11y + [ te :|
e

10 (a) \dst%Y2=Y'Y + YY"’

(b)

\dstLy»

=Y’yn!
+YY'Y"?

+Y2y yns
+Ynly”

=SS Yy

13 B= (P’ + PA)P .

Elementary Differential Equations (W.F. Trench) — CC BY-NC-SA 3.0 — Page 85 of 101


http://localhost:4000/differentialEquations/10-2-linear-systems-of-differential-equations/
http://localhost:4000/differentialEquations/10-2-linear-systems-of-differential-equations/#exer-10-2-1
http://localhost:4000/differentialEquations/10-2-linear-systems-of-differential-equations/#exer-10-2-2
http://localhost:4000/differentialEquations/10-2-linear-systems-of-differential-equations/#exer-10-2-3
http://localhost:4000/differentialEquations/10-2-linear-systems-of-differential-equations/#exer-10-2-4
http://localhost:4000/differentialEquations/10-2-linear-systems-of-differential-equations/#exer-10-2-5
http://localhost:4000/differentialEquations/10-2-linear-systems-of-differential-equations/#exer-10-2-10
http://localhost:4000/differentialEquations/10-2-linear-systems-of-differential-equations/#exer-10-2-13
http://localhost:4000/differentialEquations/10-3-basic-theory-of-homogeneous-linear-system/
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10.3 Basic Theory of Homogeneous Linear System

, 0 !
R
0 1 0
3y = 0 0 1 y
—\dst g \dst B \dstped

366t _ 66—2t

R N R 1
3ebt + 6e—2t

7 (b) y =\dst [ } (©) y=\dst3 { 6t — o2 bt 4 o2

Se % — 5ed  2e % 4 5t

Se 4 4 2e3  2e 4 — 2¢3t
6e 4t — 103

—A4t 3t
8 (b)y—\dst[ﬁe e }

(c) y = \dst+ {

[ —15e2 — 4et —5e2 + 6et  —10e% + 10e!
9 (b) y = \dst c) y = \dst k
9y =1\ 9e? 4 2¢t :| ©y=1\ { 3e2t — 3et 6e? — 5et
[ 5e3t _ 3¢t e pel e _ gt
10 (b) y = \dst c) \dsty =
(b) \ | 5e™ + 3¢t (©)\ 2 R R
[ €2t — 2e3t 4 3¢t 4 +3e% —et e — 63t 2% —3e 4 et
11 (b) y = \dst 2¢3 — 9¢! (c) y = \dstg —3e% 4 3¢ 6e’t 3¢t — 3¢ k
] €2 — 9e%t 4 91t de2 + 3¢ — Tet 6o — 6e3t 2e2 — 33t 4 Te—t
e gl 2= Lot o=y oMt o2 ot
12 (b) y = \dst5 | —10e~2 + e* (C)y=\dsts | —e24elt 2% felt —e2pel |k
1le—2 4 et O I T SR T W
el 43¢t —e et el—et 2t —3et e
13 (b) y = \dst 3et +2e2 (c)y=\dst| O et 2¢et — 2e~ % k
_67215 0 0 ef2t

14 vz 'and zy!
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10.4 Constant Coefficient Homogeneous Systems |

1 1
1 y = \dste; 1 }e3t+02|:7 ]e’t

1 —1
2 y = \dstc; 1 :| e M2 4 ¢y [ 1 } e 2

- -1
3 y = \dstey 3 } et + ¢y { } e

—2
4 y = \dstc 1 et 4 ¢y |: 1 } et

—4
5 y = \dstc; 1 e 24 |: 1 } et

3 1
6 y = \dste; e + ¢y |: 1 } et

- -1
1 y = \dstcl 3 :| et +co [ :| e 3t

(1] -1 -1
8y=\dste; | 2 |e B 4cy| —4 |etdez| —1 |
L 1] 1 1
o . C g
9 y=\dste; | 1 | e 10+ 2 | e+ c3 0 | e
L 2 ] 0 L 1 ]
[ —2 —1 [ =7
10 y = \dstc; | —4 | el +c2 1 |eX4e3| =5 | e
| 3] 0 B
[ —1 ] -1 —2
1l y=\dste; | =1 [eZ+co| =2 |e Bt +eg| —6 | e
1 1 3
[ 11 1
12 y = \dste; TleMt+e| 2 e Zdes| 1 e
1 1 1
[ 4 —1 -1
13 y=\dste; | -1 |e ¥ +co| —1 |efl4c3 0 |e*
! 1 1
[1 -1 1
14 y=\dste; | 1 | e +cy 0 |et+es| 1 |e™
5 0
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10 Linear Systems of Differential Equations

1 —1 1
15 y =\dste; | =1 | + ¢ 0 |e¥+ecs| 3 | e
2 3 0

16 y = \dst—\twocol26e® + \twocol42e =

17 y = \dst\twocol2—4e'/? 4 \twocol—21e*

18 y = \dst\twocol77e% — \twocol24e 3!

19 y = \dst\twocol39e® — \twocol42e =5

20 y = \dst\threecol550e?/2 + \threecol001e!/2 + \ threecol—120e /2

21 y = \dst\threecol333e’ + \threecol—2—22¢™*

22 y = \dst\threecol2—22e! — \threecol303e~2 + \threecol110e®

23 y = \dst—\threecol121e! + \threecol424e~* + \threecol110e?

24 y = \dst\threecol—2—22¢%* — \threecol030e =% + \threecol4124e

25 y = \dst\threecol—1—11e % + \threecol2—22e? + \threecol7—7—7e’!
26 y = \dst\threecoll44e~t + \threecol66—2e2

27 y = \dst\threecol4—22 + \threecol3—96e* + \threecol—11—1e*

29 Half lines of L, : y» = 3, and L, : y, = —y; are trajectories other trajectories

are
asymptotically
tangent

to

Ly

as

t

— —00

and
asymptotically
tangent

to

L,

as

t

— Q.
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10 Linear Systems of Differential Equations

30 Half lines of L; : y» = —2y; and L, : y» = —y; /3 are trajectories

other
trajectories
are
asymptotically
parallel

to

Ly

as

t

— —00

and
asymptotically
tangent

to

Ly

as

t

— Q.

31 Half lines of L; : y» = y1/3 and L, : y, = —y; are trajectories other trajectories

are
asymptotically
tangent

to

Ly

as

t

— —00

and
asymptotically
parallel

to

L,

as

t

— Q.
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32 Half lines of L; : y» = y1/2 and L, : y, = —y; are trajectories other trajectories

are
asymptotically
tangent

to

Ly

as

t

— —00

and
asymptotically
tangent

to

Lo

as

t

— OQ.

33 Half lines of L, : yo = —y; /4 and L, : y, = —y; are trajectories other trajectories

are
asymptotically
tangent

to

L,

as

t

— —00

and
asymptotically
parallel

to

L,

as

t

— Q.
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34 Half lines of L; : yo = —y; and L, : y, = 3y, are trajectories other trajectories

are
asymptotically
parallel

to

Ly

as

t

— —00

and
asymptotically
tangent

to

Lo

as

t

— Q.

36 Points on L, : y, = y; are trajectories of constant solutions. The trajectories

of
nonconstant
solutions
are

half-
lines

on

either
side

of

Ly,
parallel
to

1
—1 |
traversed

toward
L1 .
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10 Linear Systems of Differential Equations

37 Points on L, : y» = —y; /3 are trajectories of constant solutions. The trajectories

of
nonconstant
solutions
are
half-
lines
on
either
side
of
Ly,
parallel
to

-1
)
traversed
away
from
L.

38 Points on L, : y» = y1/3 are trajectories of constant solutions. The trajectories

of
nonconstant
solutions
are

half-
lines

on

either
side

of

Ly,
parallel
to

1
)
\dst\twocol 1-—1,
traversed
away

from
Ll.
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10 Linear Systems of Differential Equations

39 Points on L, : y» = y;/2 are trajectories of constant solutions. The trajectories

of
nonconstant
solutions
are

half-
lines

on

either
side

of

Ly,
parallel
to

)

L.

40 Points on L, : y» = —y; are trajectories of constant solutions. The trajectories

of
nonconstant
solutions
are

half-
lines

on

either
side

of

Ly,
parallel
to

—4
e
traversed

toward
L1 .
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10 Linear Systems of Differential Equations

41 Points on L, : y, = 3y; are trajectories of constant solutions. The trajectories

of
nonconstant
solutions
are

half-
lines

on

either
side

of

Ly,
parallel
to

1
)
traversed
away

from
Ll.
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10 Linear Systems of Differential Equations

10.5 Constant Coefficient Homogeneous Systems |l

1 y = \dstep\twocol21e™ + ¢ (\twocol—1 0e® + \twocol21te™).

2 y = \dster \twocollle™ + ¢o (\twocoll0e " + \twocolllte )

3 y = \dster\twocol—2 1e=% + ¢5 (\twocol—1 0e=% + \twocol—2 1te~%)

4 y = \dstcy\twocol—1 1e? + ¢5 (\twocol—1 0e? + \twocol—1 1te?)

6 y = \dstc; \twocol32e ™ + ¢, (\twocolfl 0 e;t + \twocol32te’4t)

7 y = \dste; \twocold3e™ + ¢o (\twocolfl 063;! + \twocol43te’t)

8 y = \dstc \threecol—1—12 + ¢\ threecol112e + c3 (\thl’eecolOlO%t + \threecolll?te“)

9 y = \dstey \threecol—111e’ 4 ¢o\threecoll—11e " + ¢3 (\threecol030e * + \threecoll—11te*).
10 y = \dstc; \threecol011e? + ¢y\threecoll0le % + c3 (\threecolllo%m + \threecollOlte’Zt)
11 y = \dstc; \threecol—2—31e% + ¢\ threecol0—11e* + c; (\threecollOO%ﬂ + \threecolO—llte‘“)
12 y = \dstc; \threecol—1—11e~2 + ¢g\ threecolllle + c3 (\threecollOO%t + \threecollllte4t).

13 y = \dst\twocol62e ™" — \twocol84te "

14 y = \dst\twocol58e3 — \twocol1216te3

15 y = \dst\twocol23e > — \twocol84te 5t
16 y = \dst\twocol31le® — \twocol126te®

17 y = \dst\twocol02e ™ + \twocol66te 4
18 y = \dst\threecol48—6e’ + \threecol2—3—1e % + \threecol—110te

19 y = \dst\threecol336e? — \threecol956 + \threecol220¢
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+c3 (\t

30
31

32

10 Linear Systems of Differential Equations

y = \dst—\threecol202e 3 + \threecol—491e’ — \threecol044te!
y = \dst\threecol—222¢% + \threecol0—11e? + \threecol3—33te
y = \dst—\threecol110e~# + \threecol—32—3e% + \ threecol80—8te®

y = \dst\threecol363e* — \threecol341 + \threecol844t

y = \dstc; \threecol011e% + ¢, (\threecol—llOeTm + \threecolOllteﬁt)

y = \dstc; \threecol—111e* + ¢, (\threecollOO%ﬁ + \threecolflllte&)

y = \dste; \threecolo—11e™# + ¢, (\threecol—110e = + \threecol0—11te~2")

27 y = \dstc; \threecol011e? + ¢, (\threecolllO‘“‘Tn + \threec01011t62t)

y = \dste; \threecol—212e =6 + ¢, (7\threccol610%ﬁt + \thr000017212te_6t)

y = \dster\threecol—401e ™3 + ca\threecol610e ' + c3 (\threecoll00e ~3 + \threecol211te )
y = \dste; \threecol—101e 3 + ¢;\threecol010e ' + c3 (\threecoll00e 3 + \threecol—1—11te ")
y = \dstc; \threecol201le ™ + ¢\ threecol—320e " + c3 (\threecollOO%i + \threecol—lQlte’t)

y = \dster \threecol—110e~% + ¢, threecol001e ™ + ¢3 (\threecol—100e ™% + \threecoll—11te %)
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10.6 Constant Coefficient H

10 Linear Systems of Differential Equations

omogeneous Systems Il

1 y = \dstc,e\ctwocol3 cost + sin t5 cos t + coe?\ctwocol3 sint — cost5sin t.

2 y = \dstcie *\ctwocol5 cos 2t + sin 2¢13 cos 2t + cae*\ ctwocol5 sin 2t — cos 2¢13 sin 2t.

3 y = \dsteie3*\ctwocolcos 2t + sin 2¢2 cos 2t + co€3t\ctwocolsin 2t — cos 2¢2 sin 2¢.

4 y = \dsteie?*\ctwocolcos 3t — sin 3tcos 3t + cae*\ctwocolsin 3t + cos 3tsin 3t.

5 \dsty = c¢;\threecol—1—12e =2 + cye’\cthreecolcos 2t — sin 2tcos 2t + sin 22 cos 2t + cze®\cthreecolsin 2¢ + cos 2tsin 2¢ — cos 2¢2 sin 2t.

6 \dsty = ¢;\threecol—1—1le™ + cze’m\cthreecolcos 2t — sin 2t— cos 2t — sin 2¢2 cos 2t 4 cze 2\ cthreecolsin 2t + cos 2t— sin 2t + cos 2t2 sin 2t

7 \dsty = c;\threecoll11e? + cye!\threecol—sin tsin tcost + cze’\threecolcos t— cos tsin ¢

8 \dsty = ¢;\threecol—111e’ + coe™*\cthreecol— sin 2t — cos 22 cos 2t2 cos 2t + cze '\ cthreecolcos 2t — sin 2¢2 sin 2¢2 sin 2t

[ cos 6t — 3sin 6t

9 \dsty = cje®

5 cos 6t

sin 6¢ + 3 cos 6t
5 sin 6¢

oo

|

10 \dsty = cre [ cost—3sint

oo

2cost

sint + 3 cost

|

2sint

[ 3sin3t — cos 3t [ —3cos3t —sin 3t
11 dsty = 2t 2t
L \dsty = ere 5cos 3t +eae L 5 sin 3t
[ sin4t — 8 cos 4t [ —cos4t — 8sin4t
12 \dsty = c;e* %
12 \dsty = cie 5cos 4t } +eae L 5sin 4t
[ —1 sint | —cost
13 \dsty = ¢; 1 | e 24 coet | —cost | +c3et | —sint
| 1 cost | sint
[2 ] —cos 3t —sin 3t | —sin 3t + cos 3t
14 \dsty = ¢; e 2 4 coe® —sin 3t + cze? cos 3t
| 1] cos 3t sin 3t
(1] —sin 3t cos 3t
15 \dsty =c¢; | 2 | €3 + coelt sin3t | +c3ef | —cos3t
| 1] cos 3t sin 3t
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10 Linear Systems of Differential Equations

1 2cost — 2sint 2sint + 2cost
16 \dsty =c; | 1 | e’ +coe!| cost—sint + c3et cost + sint
1 2cost 2sint

17 \dsty — ¢ |: 5 cos 3t + sin 3t ]

2 cos 3t + 3sin 3t

18 \dst 4t [ 5 cos 6t + 5 sin 6t }
18 \dsty =e

cos 6t — 3 sin 6¢

17 cos 3t — sin 3t
19 \dsty = e’ |: ]

7 cos 3t + 3sin 3t

&y:\dstet/z[ cos(t/2) + sin(t/2) ]

—cos(t/2) + 2sin(t/2)

3cost +sint
21 \dsty = \threecoll—12e? +e* | cost — 3sint
4cost —2sint

4 cos 2t + 8sin 2t
22 \dsty = \threecold42e% + e | —65sin 2t + 2 cos 2t
3cos 2t + sin 2t

15 cos 6t + 10 sin 6¢
23 \dsty = \threecol033e % + e | 14 cos6t — 8sin 6t
7 cos 6t — 4sin 6¢

10 cos4t — 4 sin 4t
24 \dsty = \threecol6—33e% + | 17cos4t —sin4t
3cos4t — 7sin4t

— 1 _ = L
29 U = \dst ﬁ\twocol 11, V = \dst ﬁ\twocolll

30 U ~ \dst\twocol.5257.8507, V ~ \dst\twocol—.8507 .5257
31 U ~ \dst\twocol.8507.5257,

A\
~ \dst\twocol—.5257 .8507

32 U ~ \dst\twocol—.9732 .2298, V = \dst\twocol.2298.9732

33 U ~ \dst\twocol .5257.8507, V = \dst\twocol—.8507.5257

34 U ~ \dst\twocol—.5257 .8507, V ~ \dst\twocol.8507.5257

35 U ~ \dst\twocol—.8817 .4719, V =~ \dst\twocol.4719.8817
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10 Linear Systems of Differential Equations

36 U =~ \dst\twocol.8817.4719, V ~ \dst\twocol—.4719 .8817

(]

70

\dst\twocol01, V = \dst\twocol—10

(o

8 U = \dst\twocol01, V = \dst\twocol10

39 U= \dst%\twocolll, V= \dst%\twocol—l 1

40 U ~ \dst\twocol.5257.8507, V ~ \dst\twocol—.8507 .5257
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10 Linear Systems of Differential Equations

10.7 Variation of Parameters for Nonhomogeneous Linear Systems

1 \dst 5ett + e 3 (2 + 8t)
B —et — e ¥ (1 —4t)
13e% + 3e~3
2 \dst [ —e3t —11e 3t
7—6t
ot L
3 \dsts [ —11+ 3t }
[ 5—3et
4 \dst :
—6 + 5e

[ -5t ~3t(3_9
5 \dst 675E3+6t)+673£3 t)
—e (3 +2t) —e (1 —2t)
[t
6 \dst
6 s g |
[ 2—6t ]
7 \dst—¢ | T+6t
| 1-12¢ |
[ 3¢t +4 ]
8 \dst—+ | 6e! —4
L 10 -

et(1 4 12t) — e (1 + 6t)
9 \dstr | —2ef(1—6t) —e (1 —12¢)
el (1 +12t) — e (1 + 6t)

13 \dst(t — 1) (In [t — 1] + ¢) [ _1 ]

Be2t _ o3t
14 \dst4 [ :f ¢ :|
et —

56—22

3 3
15 it { 263 In|t| + £3(t + 2) ]

2In |t + 3t — 2

16 \dst [ te t(t+2) + (£ — 2) ]

tet(t —2)+ (3 +2)
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10 Linear Systems of Differential Equations

t
17 \dst— | ¢
K
[ —3et
18 \dst1 1
L 67t
2t2 4t
19 t
—t
2 +1
20 \dst% | 2t—1
2 +1
0 1 0 0
0 0 0 o
0 0 1 :
F(t)/Py(t
—Pu(t)/Po(t) —Pu1/Po(t) - —Pi(t)/Polt) ®)/Po(t)
(b)
Y1 Y2 Yn
u1 s Y
\dst i
W e gl
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