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4.1 Vector Arithmetic

A vector is a mathematical object that has both a scalar part (i.e., a magnitude and possibly a phase),
as well as a direction. Many physical quantities are best described as vectors. For example, the rate of
movement through space can be described as speed, i.e., as a scalar having S| base units of m/s.
However, this quantity is more completely described as velocity; i.e., as a vector whose scalar part is
speed and direction indicates the direction of movement. Similarly, force is a vector whose scalar part
indicates magnitude (Sl base units of N), and direction indicates the direction in which the force is
applied. Electric and magnetic fields are also best described as vectors.

In mathematical notation, a real-valued vector A is said to have a magnitude A = |A| and direction a
such that

A= Aa (4.1)

where a is a unit vector (i.e., a real-valued vector having magnitude equal to one) having the same
direction as A. If a vector is complex-valued, then A is similarly complex-valued.

Cartesian Coordinate System. Fundamentals of vector arithmetic are most easily grasped using the
Cartesian coordinate system. This system is shown in Figure 4.1. Note carefully the relative orientation
of the z, y, and > axes. This orientation is important. For example, there are two directions that are
perpendicular to the » = 0 plane (in which the z- and y-axes lie), but the +z axis is specified to be one of
these in particular.
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Figure 4.1. Cartesian coordinate system.
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Position-Fixed vs. Position-Free Vectors. It is often convenient to describe a position in space as a
vector for which the magnitude is the distance from the origin of the coordinate system and for which
the direction is measured from the origin toward the position of interest. This is shown in Figure 4.2.
These position vectors are “position-fixed” in the sense that they are defined with respect to a single
point in space, which in this case is the origin. Position vectors can also be defined as vectors that are
defined with respect to some other point in space, in which case they are considered position-fixed to
that position.
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X

Figure 4.2. Position vectors. The vectors r; and r, are position-fixed
and refer to particular locations.

Position-free vectors, on the“GtHEEEHE SR8 A8t efined with respectto-agarticular point in space. An
example is shown in Figure 4.3. Particles 1 m apart may both be traveling at 2 m/s in the same
direction. In this case, the velocity of each particle can be described using the same vector, even
though the particles are located at different points in space.
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o

particle 2
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Figure 4.3. Two particles exhibiting the same velocity. In this case, the
velocity vectors v, and v, are position-free and equal.
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Position-free vectors are said to be equal if they have the same magnitudes and directions. Position-
fixed vectors, on the other hand, must also be referenced to the same position (e.g., the origin) to be
considered equal.

Basis Vectors. Each coordinate system is defined in terms of three basis vectors which concisely
describe all possible ways to traverse three-dimensional space. A basis vector is a position-free unit
vector that is perpendicular to all other basis vectors for that coordinate system. The basis vectors x, y,
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and 2 of the Cartesian coordinate system are shown in Figure 4.4. In this notation, % indicates the
direction in which z increases most rapidly, ¥ indicates the direction in which y increases most rapidly,
and 2 indicates the direction in which z increases most rapidly. Alternatively, you might interpret %, ¥,
and z as unit vectors that are parallel to the z-, y-, and z-axes and point in the direction in which values
along each axis increase.
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Figure 4.4. Basis vectors in the Cartesian coordinate system.
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Vectors in the Cartesian Coordinate System. In Cartesian coordinates, we may describe any vector
A as follows:

A =RA, +§A, + 24, (4.2)

where A,, A,, and A, are scalar quantities describing the components of A in each of the associated
directions, as shown in Figure 4.5. This description makes it clear that the magnitude of A is:

|A| = /A2 + A2 + A2 (4.3)

and therefore, we can calculate the associated unit vector as
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Figure 4.5. Components of a vector A in the Cartesian coordinate
system.
Vector Addition and SubtradtigfenSs Boairh8n to/add and subtiactvestors. For example, vectors
describing two forces A and B applied to the same point can be described as a single force vector C
that is the sum of A and B; i.e., C = A + B. This addition is quite simple in the Cartesian coordinate
system:

C=A+B
= (%A, +yA, + 24A.) + (XB, + yB, + 2B,) (4.5)
=%(A,+B,)+y(A,+By) +2(A.+ B,)

In other words, the £ component of C is the sum of the £ components of A and B, and similarly for y
and z. From the above example, it is clear that vector addition is commutative; i.e.,

A+B=B+A (4.6)
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In other words, vectors may be added in any order. Vector subtraction is defined similarly:

D=A-B
= ()214ﬂc + yAy + iAz) — (XBx + yBy + QBZ) (4.7)
:)A((Az_Bz) +§’(Ay_By)+i(Az_BZ)

In other words, the x component of D is the difference of the x components of A and B, and similarly
for y and z. Like scalar subtraction, vector subtraction is not commutative.

Relative Positions and Distances. A common task in vector analysis is to describe the position of one
point in space relative to a different point in space. Let us identify those two points using the position
vectors r; and r,, as indicated in Figure 4.6. We may identify a third vector r,, as the position of r,
relative to ry:

Irio = ro—rIg (48)

Now |ry»] is the distance between these points, and ri5/ |r12] iS @ unit vector indicating the direction to r,
from r;.

ro=r-n

Figure 4.6. Relative position (distance and direction) between
locations identified by their position vectors.

© K. Kikkeri CC BY SA 4.0 (https://creativecommons.org/licenses/by-sa/4.0/)

Electromagnetics Vol. 1 — CC BY-SA 4.0 — Page 6 of 40


http://localhost:4000/ElectromagneticsVolOneTextbook/4-end-matter/#m0006_fRelativePosition_Credit
https://creativecommons.org/licenses/by-sa/4.0/

4 Vector Analysis

Example 4.1

Direction and distance between positions.

Consider two positions, identified using the position vectors r; = 2x + 3y + 1z and r, = 1x — 2y
+ 3z, both expressed in units of meters. Find the direction vector that points from r; to r,, the
distance between these points, and the associated unit vector.

Solution. The vector that points from r; to r is

R:I‘Q—I‘l
=(1-2)%+(~2—3)y+(3—1)z
=X — 5y +22 (4.9)

The distance between r; and r, is simply the magnitude of this vector:

R| = \/(—1)2 +(=5)%+(2)2~548m (4.10)
The unit vector R is simply R normalized to have unit magnitude:

R =R/|R|
>~ (—%x — 59 + 22) /5.48
—0.182% — 0.913y + 0.365Z (4.11)

R Il

Multiplication of a Vector by a Scalar. Let's say a particular force is specified by a vector F. What is
the new vector if this force is doubled? The answer is simply 2F — that is, twice the magnitude applied in
the same direction. This is an example of scalar multiplication of a vector. Generalizing, the product of
the scalar « and the vector A is simply aA.

Scalar (“Dot”) Product of Vectors. Another common task in vector analysis is to determine the
similarity in the direction in which two vectors point. In particular, it is useful to have a metric which,
when applied to the vectors A = a4 and B = bB, has the following properties (see Figure 4.7):

Electromagnetics Vol. 1 — CC BY-SA 4.0 — Page 7 of 40



4 Vector Analysis

« If A is perpendicular to B, the result is zero.
« If A and B point in the same direction, the result is AB.
« If A and B point in opposite directions, the result is —AB.

» Results intermediate to these conditions depend on the angle  between A and B, measured as
if A and B were arranged “tail-to-tail” as shown in Figure 4.8.

B
A-B=0
B
A-B = AB
A
A-B = -AB

Figure 4.7. Special cases of the dot product.
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In vector analysis, this operator is known as the scalar product (not to be confused with scalar
multiplication) or the dot product. The dot product is written A - B and is given in general by the
expression:

A -B = ABcos (4.12)

Note that this expression yields the special cases previously identified, which are ¢ = /2, 1 = 0, and v
= m, respectively. The dot product is commutative; i.e.,

A-B=B-A (4.13)

The dot product is also distributive; i.e.,
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A-B+C)=A - B+A-C (4.14)

A

Figure 4.8. Calculation of the dot product.
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The dot product has some other useful properties. For example, note:

A A= (XAc+ YAy +24:) - (XA + §Ay + 24z)
= X-RAZ+R-JA A + % 24,A,

LY RAA AT 2AA, (4.15)
+2-%A,A, +2-yAA, + 2 2A2
which looks pretty bad until you realize that
R X=9-9y=2-2=1 (4.16)
and any other dot product of basis vectors is zero. Thus, the whole mess simplifies to:
AA=A+ A+ A (4.17)

This is the square of the magnitude of A, so we have discovered that
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A-A=|AP =4 (4.18)
Applying the same principles to the dot product of potentially different vectors A and B, we find:

A B = (%4, +3A, +2A.) - (B, + 9B, + 2B.)

= A,B, + A B, + A.B, (4.19)

This is a particularly easy way to calculate the dot product, since it eliminates the problem of
determining the angle . In fact, an easy way to calculate ¢ given A and B is to first calculate the dot
product using Equation 4.19 and then use the result to solve Equation 4.12 for 4.
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Example 4.2

Angle between two vectors.

of meters. Find the angle between these vectors.

Solution. From Equation 4.12
C-D=CDcos®
where C =|C|, D = |D|, and ¢ is the angle we seek. From Equation 4.19:

Cc-bD=0C,D,+C,D,+C.D,
=2-3+3-(—2)+1-2m?
=2m’

also
C=,/C2+C2+C2=3.742m
D=4/D2+ D2+ D?>=4123m
SO

C-D
cosY = D =~ (0.130

Taking the inverse cosine, we find ¢ = 82.6°.

Consider the position vectors C = 2x + 3y + 1z and D = 3x — 2y + 2z, both expressed in units

(4.20)

(4.21)
(4.22)
(4.23)

(4.24)

(4.25)

(4.26)

Cross Product. The cross product is a form of vector multiplication that results in a vector that is

perpendicular to both of the operands. The definition is as follows:

A x B =nABsinyp
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As shown in Figure 4.9, the unit vector n is determined by the “right hand rule.” Using your right hand,
curl your fingers to traverse the angle ¥ 45 beginning at A and ending at B, and then n points in the
direction of your fully-extended thumb.

It should be apparent that the cross product is not commutative but rather is anticommutative; that is,

AxB=-BxA (4.28)

You can confirm this for yourself using either Equation 4.27 or by applying the right-hand rule.

The cross product is distributive:

AxB+C)=AxB+AxC (4.29)

Figure 4.9. The cross product A x B.
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There are two useful special cases of the cross product that are worth memorizing. The first is the cross
product of a vector with itself, which is zero:

AxA=0 (4.30)

The second is the cross product of vectors that are perpendicular; i.e., for which 45 = «/2. In this case:

A xB=nAB (4.31)
Using these principles, note:
IXKX=§xy=2x2=0 (4.32)
whereas
IxXy=2 (4.33)
yXz=x%x (4.34)
IxX=9 (4.35)

A useful diagram that summarizes these relationships is shown in Figure 4.10.
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Figure 4.10. Cross products among basis vectors in the Cartesian
system. The cross product of any two basis vectors is the third basis
vector when the order of operands is counter-clockwise, as shown in
the diagram, and is —1 times the third basis vector when the order of

operands is clockwise with respect to the arrangement in the diagram.

It is typically awkward to “manually” determine i in Equation 4.27. However, in Cartesian coordinates
the cross product may be calculated as:

AxB= %(A,B,—A.,B)
+2(A;By— AyB;)

This may be easier to remember as a matrix determinant:

AxB= |4, A, A, (4.37)
B, B, B

x z

Y

Similar expressions are available for other coordinate systems.

Vector analysis routinely requires expressions involving both dot products and cross products in
different combinations. Often, these expressions may be simplified, or otherwise made more
convenient, using the vector identities listed in Appendix B.3.

Additional Reading:

» “Vector field (htips://en.wikipedia.org/wiki/Vector field)” on Wikipedia.

» “Vector algebra (https://en.wikipedia.org/wiki/Vector algebra)” on Wikipedia.

4.2 Cartesian Coordinates

The Cartesian coordinate system is introduced in Section 4.1. Concepts described in that section —i.e.,
the dot product and cross product — are described in terms of the Cartesian system. In this section, we
identify some additional features of this system that are useful in subsequent work and also set the
stage for alternative systems; namely the cylindrical and spherical coordinate systems.

Integration Over Length. Consider a vector field A = xA(r), where r is a position vector. What is the
integral of A over some curve € through space? To answer this question, we first identify a differential-
length segment of the curve. Note that this segment of the curve can be described as

dl = xdz + ydy + zdz (4.38)
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The contribution to the integral for that segment of the curve is simply A - dl. We integrate to obtain the
result; i.e.,

/ A-dl (4.39)
c

For example, if A = %A, (i.e., A(r) is a constant) and if € is a straight line from z = z; and z = z, along
some constant y and z, then dl = &dx, A - dl = Aydz, and subsequently the above integral is

/” Aodl‘ = AO (SCQ - .T]) (440)

In particular, notice that if A, = 1, then this integral gives the length of ¢. Although the formalism seems
unnecessary in this simple example, it becomes very useful when integrating over paths that vary in
more than one direction and with more complicated integrands.

Note that the Cartesian system was an appropriate choice for preceding example because this allowed
two of the three basis directions (i.e., y and z) to be immediately eliminated from the calculation. Said
differently, the preceding example is expressed with the minimum number of varying coordinates in the
Cartesian system. Here’s a counter-example. If ¢ had been a circle in the z = 0 plane, then the problem
would have required two basis directions to be considered — namely, both z and y. In this case, another
system — namely, cylindrical coordinates (Section 4.3) — minimizes the number of varying coordinates
(to just one, which is ¢).

Integration Over Area. Now we ask the question, what is the integral of some vector field A over some
surface §? The answer is

/5 A - ds (4.41)

We refer to ds as the differential surface element, which is a vector having magnitude equal to the
differential area ds, and is normal (perpendicular) to each point on the surface. There are actually two
such directions. We'll return to clear up the ambiguity in a moment. Now, as an example, if A =z and §
is the surface bounded by z; < z < 5, y1 <y < 99, then

ds =2 dz dy (4.42)

since dzdy is differential surface area in the 2 = 0 plane and z is normal to the 2 = 0 plane. So A - ds
= dzdy, and subsequently the integral in Equation 4.41 becomes

[y = o o) (4.43)
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Note that this has turned out to be a calculation of area.

Once again, we see the Cartesian system was an appropriate choice for this example because this
choice minimizes the number of varying coordinates; in the above example, the surface of integration is
described by a constant value of =z with variable values of = and y. If the surface had instead been a
cylinder or a sphere, not only would all three basis directions be variable, but also the surface normal
would be variable, making the problem dramatically more complicated.

Now let’s return to the issue of the direction of ds. We chose +2, but why not choose —2z — also a normal
to the surface — as this direction? To answer simply, the resulting area would be negative. “Negative
area” is the expected (“positive”) area, except with respect to the opposite-facing normal vector. In the
present problem, the sign of the area is not important, but in some problems this sign becomes
important. One example of a class of problems for which the sign of area is important is when the
guantity of interest is a flux. If A were a flux density, then the integration over area that we just
performed indicates the magnitude and direction of flux, and so the direction chosen for ds defines the
direction of positive flux. Section 2.4 describes the electric field in terms of a flux (i.e., as electric flux
density D), in which case positive flux flows away from a positively-charged source.

Integration Over Volume. Another common task in vector analysis is integration of some quantity over
a volume. Since the procedure is the same for scalar or vector quantities, we shall consider integration
of a scalar quantity A(r) for simplicity. First, we note that the contribution from a differential volume
element

dv =dz dy dz (4.44)

is A(r) dv, so the integral over the volume 7 is
/ A(r) dv (4.45)
v

For example, if A(r) =1 and 7 is a cube bounded by z; <z < x4, y1 <y < ys, and z; < z < z, then the
above integral becomes

x2 Y2 z2
/ / / dr dy dz = (xg — x1) (y2 —y1) (22 — 21) (4.46)
T1 Y1 Z1

i.e., this is a calculation of volume.

The Cartesian system was an appropriate choice for this example because 7 is a cube, which is easy
to describe in Cartesian coordinates and relatively difficult to describe in any other coordinate system.

Additional Reading:

» “Cartesian coordinate system (https:/en.wikipedia.org/wiki/Cartesian_coordinate_system)” on Wikipedia.
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4.3 Cylindrical Coordinates

Cartesian coordinates (Section 4.2) are not convenient in certain cases. One of these is when the
problem has cylindrical symmetry. For example, in the Cartesian coordinate system, the cross-section
of a cylinder concentric with the z-axis requires two coordinates to describe: z and y. However, this
cross section can be described using a single parameter — namely the radius — which is p in the
cylindrical coordinate system. This results in a dramatic simplification of the mathematics in some
applications.

The cylindrical system is defined with respect to the Cartesian system in Figure 4.11. In lieu of z and y,
the cylindrical system uses p, the distance measured from the closest point on the = axis,[tl and ¢, the
angle measured in a plane of constant z, beginning at the +z axis (¢ = 0) with ¢ increasing toward the
+y direction.

Figure 4.11. Cylindrical coordinate system and associated basis
vectors.
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The basis vectors in the cylindrical system are 5, 4, and z. As in the Cartesian system, the dot product
of like basis vectors is equal to one, and the dot product of unlike basis vectors is equal to zero. The
cross products of basis vectors are as follows:

pXd=2 (4.47)
dxz=p (4.48)
axp=0¢ (4.49)

A useful diagram that summarizes these relationships is shown in Figure 4.12.

Figure 4.12. Cross products among basis vectors in the cylindrical
system. (See Figure 4.10 for instructions on the use of this diagram.)

The cylindrical system is usually less useful than the Cartesian system for identifying absolute and
relative positions. This is because the basis directions depend on position. For example, 5 is directed
radially outward from the 2 axis, so p = % for locations along the z-axis but p = § for locations along the y
axis. Similarly, the direction ¢ varies as a function of position. To overcome this awkwardness, it is
common to set up a problem in cylindrical coordinates in order to exploit cylindrical symmetry, but at
some point to convert to Cartesian coordinates. Here are the conversions:
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T = pcoso (4.50)

y = psing (4.51)

and z is identical in both systems. The conversion from Cartesian to cylindrical is as follows:

N (4.5
¢ = arctan (y, z) (4.53)

where arctan is the four-quadrant inverse tangent function; i.e., arctan(y/z) in the first quadrant (z > 0, y
> 0), but possibly requiring an adjustment for the other quadrants because the signs of both = and y are
individually significant.2

Similarly, it is often necessary to represent basis vectors of the cylindrical system in terms of Cartesian
basis vectors and vice-versa. Conversion of basis vectors is straightforward using dot products to
determine the components of the basis vectors in the new system. For example, % in terms of the basis
vectors of the cylindrical system is

x=p(p-%)+6 (0 %) +2(2-%) (4.54)

The last term is of course zero since z - % = 0. Calculation of the remaining terms requires dot products
between basis vectors in the two systems, which are summarized in Table 4.1. Using this table, we find

pcos¢ — dsin g (4.55)

X

§ = psing + ¢cos ¢ (4.56)
and of course z requires no conversion. Going from Cartesian to cylindrical, we find

p=Xcos¢+ysing (4.57)

¢ = —Xsing +ycos¢ (4.58)
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Table 4.1. Dot products between basis vectors in the cylindrical and
Cartesian coordinate systems.

p ¢ z
X cos ¢ —sin¢ 0
y sin ¢ cos ¢ 0
Z 0 0 1

Integration Over Length. A differential-length segment of a curve in the cylindrical system is described
in general as

dl = pdp + dpdd + 2 dz (4.59)

Note that the contribution of the ¢ coordinate to differential length is pd¢, not simply d¢. This is because
¢ is an angle, not a distance. To see why the associated distance is pd¢, consider the following. The
circumference of a circle of radius p is 2rp. If only a fraction of the circumference is traversed, the
associated arclength is the circumference scaled by ¢/2x, where ¢ is the angle formed by the traversed
circumference. Therefore, the distance is 27p - ¢/27 = p¢, and the differential distance is pdé.

As always, the integral of a vector field A(r) over a curve € is

/ A-dl (4.60)
¢

To demonstrate the cylindrical system, let us calculate the integral of A(r) = ¢ when € is a circle of
radius p, in the = = 0 plane, as shown in Figure 4.13. In this example, dl = ¢ p, dé since p = py and z =0
are both constant along ¢. Subsequently, A - dl = pod¢ and the above integral is

2m
/ po d¢ = 2mpg (4.61)
0

i.e., this is a calculation of circumference.
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Figure 4.13. Example in cylindrical coordinates: The circumference of
a circle.

© K. Kikkeri CC BY SA 4.0 (https://creativecommons.org/licenses/by-sa/4.0/),

Note that the cylindrical system is an appropriate choice for the preceding example because the
problem can be expressed with the minimum number of varying coordinates in the cylindrical system. If
we had attempted this problem in the Cartesian system, we would find that both = and y vary over €,
and in a relatively complex way.!

Integration Over Area. Now we ask the question, what is the integral of some vector field A over a
circular surface $ in the z = 0 plane having radius p,? This is shown in Figure 4.14. The differential
surface vector in this case is

ds =2 (dp) (pd) = 7 p dp do (4.62)

The quantities in parentheses are the radial and angular dimensions, respectively. The direction of ds
indicates the direction of positive flux — see the discussion in Section 4.2 for an explanation. In general,
the integral over a surface is

/5 A-ds (4.63)

To demonstrate, let's consider A = 2; in this case A - ds = p dp d¢ and the integral becomes

[P veao= ([ o) ()

~ (50t) 2

_ 2
= TP,

(4.64)

which we recognize as the area of the circle, as expected. The corresponding calculation in the
Cartesian system is quite difficult in comparison.

Figure 4.14. Example in cylindrical coordinates: The area of a circle.

© K. Kikkeri CC BY SA 4.0 (https://creativecommons.org/licenses/by-sa/4.0/)

Whereas the previous example considered a planar surface, we might consider instead a curved
surface. Here we go. What is the integral of a vector field A = 5 over a cylindrical surface § concentric
with the z axis having radius p, and extending from z = z; to z = z,? This is shown in Figure 4.15.
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Figure 4.15. Example in cylindrical coordinates: The area of the curved
surface of a cylinder.

© K. Kikkeri CC BY SA 4.0 (https://creativecommons.org/licenses/by-sa/4.0/),

The differential surface vector in this case is
ds = p(pode) (dz) = ppoy do dz (4.65)

The integral is

/SA-ds = /027T /;2 po dodz
([ ([

= 2mpg (22 — 21)

which is the area of 8, as expected. Once again, the corresponding calculation in the Cartesian system
is quite difficult in comparison.

Integration Over Volume. The differential volume element in the cylindrical system is
dv = dp (pd¢) dz = pdp d¢ dz (4.67)

For example, if A(r) =1 and the volume 7 is a cylinder bounded by p < py and z; < z < z, then

/VA(r) dv:/opu/o%/zjzp dp d¢ dz
= ([ o) (o) (/) "

= 7pg (22 — 21)

i.e., area times length, which is volume.

Once again, the procedure above is clearly more complicated than is necessary if we are interested
only in computing volume. However, if the integrand is not constant-valued then we are no longer
simply computing volume. In this case, the formalism is appropriate and possibly necessary.

Additional Reading:

» “Cylindrical coordinate system (https://en.wikipedia.org/wiki/Cylindrical coordinate system)” on Wikipedia.

Electromagnetics Vol. 1 — CC BY-SA 4.0 — Page 20 of 40


http://localhost:4000/ElectromagneticsVolOneTextbook/4-end-matter/#m0096_CylinderArea_Credit
https://creativecommons.org/licenses/by-sa/4.0/
https://en.wikipedia.org/wiki/Cylindrical_coordinate_system

4 Vector Analysis

1. Note that some textbooks use “r” in lieu of p for this coordinate. «
2. Note that this function is available in MATLAB and Octave as atan2(y, x) .«
3. Nothing will drive this point home more firmly than trying it. It can be done, but it's a lot more work... €

4.4 Spherical Coordinates

The spherical coordinate system is defined with respect to the Cartesian system in Figure 4.16. The
spherical system uses r, the distance measured from the origin;! 9, the angle measured from the +z
axis toward the z = 0 plane; and ¢, the angle measured in a plane of constant z, identical to ¢ in the
cylindrical system.

Figure 4.16. Spherical coordinate system and associated basis
vectors.

© K. Kikkeri CC BY SA 4.0 (https://creativecommons.org/licenses/by-sa/4.0/),

Spherical coordinates are preferred over Cartesian and cylindrical coordinates when the geometry of
the problem exhibits spherical symmetry. For example, in the Cartesian coordinate system, the surface
of a sphere concentric with the origin requires all three coordinates (z, y, and z) to describe. However,
this surface can be described using a single constant parameter — the radius r — in the spherical
coordinate system. This leads to a dramatic simplification in the mathematics in certain applications.

The basis vectors in the spherical system are #, 4, and é. As always, the dot product of like basis
vectors is equal to one, and the dot product of unlike basis vectors is equal to zero. For the cross-
products, we find:

tx0=¢ (4.69)
Ox¢=r (4.70)
pxt=0 (4.71)

A useful diagram that summarizes these relationships is shown in Figure 4.17.

Figure 4.17. Cross products among basis vectors in the spherical
system. (See Figure 4.10 for instructions on the use of this diagram.)

Like the cylindrical system, the spherical system is often less useful than the Cartesian system for
identifying absolute and relative positions. The reason is the same: Basis directions in the spherical
system depend on position. For example, t is directed radially outward from the origin, so r = % for
locations along the z-axis but + = y for locations along the y axis and t = 2 for locations along the 2 axis.
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4 Vector Analysis

Similarly, the directions of § and ¢ vary as a function of position. To overcome this awkwardness, it is
common to begin a problem in spherical coordinates, and then to convert to Cartesian coordinates at
some later point in the analysis. Here are the conversions:

x =rcos¢sing (4.72)
y=rsin¢siné (4.73)
z=rcosf (4.74)

The conversion from Cartesian to spherical coordinates is as follows:

Y e (@.75)
6 = arccos (z/r) (4.76)
¢ = arctan (y, z) (4.77)

where arctan is the four-quadrant inverse tangent function.[2

Dot products between basis vectors in the spherical and Cartesian systems are summarized in
Table 4.2. This information can be used to convert between basis vectors in the spherical and Cartesian
systems, in the same manner described in Section 4.3; e.g.

x=t(0%)+0(0%)+(4 %) (4.78)

r=x%(X-1t)+y([y-r)+2(2 1) (4.79)
and so on.

Table 4.2. Dot products between basis vectors in the spherical and
Cartesian coordinate systems.

; o ¢
X sin 6 cos ¢ cos 0 cos ¢ —sin¢
y sin @ sin ¢ cos @ sin ¢ cos ¢
Z cos 0 —sind 0
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Example 4.3

Cartesian to spherical conversion.

Avector field G = x zz/y. Develop an expression for G in spherical coordinates.

Solution: Simply substitute expressions in terms of spherical coordinates for expressions in
terms of Cartesian coordinates. Use Table 4.2 and Equations 4.72-4.74. Making these
substitutions and applying a bit of mathematical clean-up afterward, one obtains

G :(f‘sinecotqﬁ—l—qgcosﬂcotqﬁ— qg)
-1 cosf cos ¢ (4.80)

Integration Over Length. A differential-length segment of a curve in the spherical system is
dl=%dr+0rdi+ ¢ rsinf do (4.81)

Note that 6 is an angle, as opposed to a distance. The associated distance is r df in the ¢ direction.
Note also that in the ¢ direction, distance is r d¢ in the z = 0 plane and less by the factor sin 6 for = <> 0.

As always, the integral of a vector field A(r) over a curve € is
/ A - dl (4.82)
¢

To demonstrate line integration in the spherical system, imagine a sphere of radius a centered at the
origin with “poles” at z = +a and z = —a. Let us calculate the integral of A(r) = 4, where ¢ is the arc
drawn directly from pole to pole along the surface of the sphere, as shown in Figure 4.18. In this
example, dl = 6 a d6 since r = a and ¢ (which could be any value) are both constant along €.
Subsequently, A - dl = a df and the above integral is

/ a df = ma (4.83)
0

i.e., half the circumference of the sphere, as expected.
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Figure 4.18. Example in spherical coordinates: Pole-to-pole distance
on a sphere.

© K. Kikkeri CC BY SA 4.0 (https://creativecommons.org/licenses/by-sa/4.0/),

Note that the spherical system is an appropriate choice for this example because the problem can be
expressed with the minimum number of varying coordinates in the spherical system. If we had
attempted this problem in the Cartesian system, we would find that both = and either = or y (or all three)
vary over ¢ and in a relatively complex way.

Integration Over Area. Now we ask the question, what is the integral of some vector field A over the
surface § of a sphere of radius a centered on the origin? This is shown in Figure 4.19. The differential
surface vector in this case is

ds =1 (r df) (rsinf dp) =t r’siné df do (4.84)

As always, the direction is normal to the surface and in the direction associated with positive flux. The
guantities in parentheses are the distances associated with varying 8 and ¢, respectively. In general, the
integral over a surface is

/5 A-ds (4.85)

In this case, let's consider A = ; in this case A - ds = a? sinf df d¢ and the integral becomes

/07%,%“2 sin df d¢ = a® (Aﬂsinﬁdﬂ) (A%dq&)

— a?(2) (2m)
= 4ma’

(4.86)

which we recognize as the area of the sphere, as expected. The corresponding calculation in the
Cartesian or cylindrical systems is quite difficult in comparison.

Figure 4.19. Example in spherical coordinates: The area of a sphere.

© K. Kikkeri CC BY SA 4.0 (https://creativecommons.org/licenses/by-sa/4.0/)

Integration Over Volume. The differential volume element in the spherical system is
dv = dr(rdf) (rsinfdg) = r’dr sinf d do (4.87)

For example, if A(r) =1 and the volume V is a sphere of radius a« centered on the origin, then
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/VA(r) dvz/oa/(:/o%ﬁdr sinf db d¢
a m 2m
([ o) ([ o) (/) ) s

- (3¢*) @ @n

4
= —ma®

3

which is the volume of a sphere.

Additional Reading:

» “Spherical coordinate system (https://en.wikipedia.org/wiki/Spherical coordinate system)” on Wikipedia.

1. Note that some textbooks use “R” in lieu of r for this coordinate. «
2. Note that this function is available in MATLAB and Octave as atan2(y,x) .«

4.5 Gradient

The gradient operator is an important and useful tool in electromagnetic theory. Here’s the main idea:

The gradient of a scalar field is a vector that points in the direction in which the field is most rapidly
increasing, with the scalar part equal to the rate of change.

A particularly important application of the gradient is that it relates the electric field intensity E(r) to the
electric potential field V(r). This is apparent from a review of Section 2.2 (“Electric Field Intensity”); see
in particular, the battery-charged capacitor example. In that example, it is demonstrated that:

« The direction of E(r) is the direction in which V(r) decreases most quickly, and

« The scalar part of E(r) is the rate of change of V(r) in that direction. Note that this is also implied
by the units, since V(r) has units of V whereas E(r) has units of V/m.

The gradient is the mathematical operation that relates the vector field E(r) to the scalar field V(r) and
is indicated by the symbol “v” as follows:

E(r) = —-VV(r) (4.89)
or, with the understanding that we are interested in the gradient as a function of position r, simply

E=-VV (4.90)
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At this point we should note that the gradient is a very general concept, and that we have merely
identified one application of the gradient above. In electromagnetics there are many situations in which
we seek the gradient V f of some scalar field f(r). Furthermore, we find that other differential operators
that are important in electromagnetics can be interpreted in terms of the gradient operator V. These
include divergence (Section 4.6), curl (Section 4.8), and the Laplacian (Section 4.10).

In the Cartesian system:

Vi=Xx=—+y— +2— (4.91)
XL VA

Example 4.4

Gradient of a ramp function.

Find the gradient of f = ax (a “ramp” having slope « along the z direction).

Solution. Here, df/0z = a and df/dy = 8f/9z = 0. Therefore V f = xa. Note that V f points in
the direction in which f most rapidly increases, and has magnitude equal to the slope of fin
that direction.

The gradient operator in the cylindrical and spherical systems is given in Appendix B.2.

Additional Reading:

» “Gradient (https://en.wikipedia.org/wiki/Gradient)” on Wikipedia.

4.6 Divergence

In this section, we present the divergence operator, which provides a way to calculate the flux
associated with a point in space. First, let us review the concept of flux.

The integral of a vector field over a surface is a scalar quantity known as flux. Specifically, the flux F of
a vector field A(r) over a surface § is

/ Ads=F (4.92)
S
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Note that A could be fairly described as a flux density; i.e., a quantity having units equal to the units of
F, but divided by area (i.e., m?). Also worth noting is that the flux of a vector field that has unit
magnitude and is normal to all points on § is simply the area of s.

It is quite useful to identify some electromagnetic quantities as either fluxes or flux densities. Here are
two important examples:

» The electric flux density D, having units of C/m?2, is a description of the electric field as a flux
density. (See Section 2.4 for more about electric flux density.) The integral of D over a closed
surface yields the enclosed charge Q...;, having units of C. This relationship is known as Gauss’
Law:

7§ D-ds = Qen (4.93)
S

(See Section 5.5 for more about Gauss’ Law.)

« The magnetic flux density B, having units of Wb/m?, is a description of the magnetic field as a flux
density. (See Section 2.5 for more about magnetic flux density.) The integral of B over a surface
(open or closed) yields the magnetic flux ®, having units of Wb:

/ B.ds = ® (4.94)
S

This is important because, for example, the time rate of change of @ is proportional to electric
potential. (See Section 8.3 for more about this principle, called Faraday’s Law.)

Summarizing:

Flux is the scalar quantity obtained by integrating a vector field, interpreted in this case as a flux
density, over a specified surface.

The concept of flux applies to a surface of finite size. However, what is frequently of interest is behavior
at a single point, as opposed to the sum or average over a region of space. For example, returning to
the idea of electric flux density (D), perhaps we are not concerned about the total charge (units of C)
enclosed by a surface, but rather the charge density (C/m?) at a point. In this case, we could begin with
Equation 4.93 and divide both sides of the equation by the volume Vv enclosed by §:

.(ﬁSD'dS _ Qencl
1% 1%

(4.95)
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Now we let V' shrink to zero, giving us an expression that must be true at whatever point we decide to
converge upon. Taking the limitas vV — 0:

fé’ D : dS . Qencl

lim — = 11Ih
V=0 Vv v=s0 V

(4.96)

The quantity on the right hand side is by definition the volume charge density p, (units of C/m?3) at the
point at which we converge. The left hand side is the divergence of D, sometimes abbreviated “div D.”
Thus, the above equation can be written

div D = p, (4.97)

Summarizing:

Divergence is the flux per unit volume through an infinitesimally-small closed surface surrounding
a point.

We will typically not actually want to integrate and take a limit in order to calculate divergence.
Fortunately, we do not have to. It turns out that this operation can be expressed as the dot product v
- D; where, for example,

A0 0 0
V—X% +y8—y+ZE (4.98)

in the Cartesian coordinate system. This is the same “V” that appears in the definition of the gradient
operator (Section 4.5) and is same operator that often arises when considering other differential
operators. If we expand D in terms of its Cartesian components:

D =%D, +§D, + 2D, (4.99)
Then

60D, 0D, 0D,
div \Y% e + a9 + % (4.100)

This seems to make sense for two reasons. First, it is dimensionally correct. Taking the derivative of a
quantity having units of C/m? with respect to distance yields a quantity having units of C/m3. Second, it
makes sense that flux from a point should be related to the sum of the rates of change of the flux
density in each basis direction. Summarizing:
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The divergence of a vector field A is V- A.

Example 4.5

Divergence of a uniform field.

Afield A that is constant with respect to position is said to be uniform. A completely general
description of such a field is A =xA, + yA, +zA, where 4,, A4, and A, are all constants. We
see immediately that the divergence of such a field must be zero. That is, V- A = 0 because
each component of A is constant with respect to position. This also makes sense from the
perspective of the “flux through an infinitesimally-small closed surface” interpretation of
divergence. If the flux is uniform, the flux into the surface equals the flux out of the surface
resulting in a net flux of zero.

Example 4.6

Divergence of a linearly-increasing field.

Consider a field A = x4,z where A, is a constant. The divergence of A is V- A = A,. If we
interpret A as a flux density, then we have found that the net flux per unit volume is simply
the rate at which the flux density is increasing with distance.

To compute divergence in other coordinate systems, we merely need to know V for those systems. In
the cylindrical system:

9 d
ST 4.101
a¢p+zaz ( )

|~

) ,
5" ¢

|+~
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and in the spherical system:

isin(‘)—f-gzg L 9

1
r? Or +0rsin9 00 rsinf d¢ (4.102)

Alternatively, one may use the explicit expressions for divergence given in Appendix B.2.

Example 4.7

Divergence of a radially-decreasing field.

Consider a vector field that is directed radially outward from a point and which decreases
linearly with distance; i.e., A = rAo/r where Ay is a constant. In this case, the divergence is
most easily computed in the spherical coordinate system since partial derivatives in all but
one direction (r) equal zero. Neglecting terms that include these zero-valued partial
derivatives, we find:

v.a=--2 (r2 [ﬂ]) _ A (4.103)

r r2

In other words, if we interpret A as a flux density, then the flux per unit volume is decreasing
with as the square of distance from the origin.

It is useful to know that divergence, like V itself, is a linear operator; that is, for any constant scalars a
and b and vector fields A and B:

V. (aA+bB)=aV-A+bV-B (4.104)

Additional Reading:

» “Divergence (https://en.wikipedia.org/wiki/Divergence)” on Wikipedia.

4.7 Divergence Theorem
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The Divergence Theorem relates an integral over a volume to an integral over the surface bounding
that volume. This is useful in a number of situations that arise in electromagnetic analysis. In this
section, we derive this theorem.

Consider a vector field A representing a flux density, such as the electric flux density D or magnetic flux
density B. The divergence of A is

V-A=f (4.105)

where is f(r) is the flux per unit volume through an infinitesimally-small closed surface surrounding the
point at r. Since f is flux per unit volume, we can obtain flux for any larger contiguous volume V by
integrating over V; i.e.,

flux through V = / fdv (4.106)
v

In the Cartesian system, ¥ can be interpreted as a three-dimensional grid of infinitesimally-small cubes
having side lengths dz, dy, and dz, respectively. Note that the flux out of any face of one of these cubes
is equal to the flux into the cube that is adjacent through that face. That is, the portion of the total flux
that flows between cubes cancels when added together. In fact, the only fluxes which do not cancel in
the integration over v are those corresponding to faces which lie on the bounding surface 8, since the
integration stops there. Stating this mathematically:

/Vf dv = fsAds (4.107)

Thus, we have converted a volume integral into a surface integral.

To obtain the Divergence Theorem, we return to Equation 4.105. Integrating both sides of that equation
over 7, we obtain

/V (V-A)dv= /Vf dv (4.108)

Now applying Equation 4.107 to the right hand side:

/V (V-A)dv= ng-ds (4.109)

The Divergence Theorem (Equation 4.109) states that the integral of the divergence of a vector
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field over a volume is equal to the flux of that field through the surface bounding that volume.

The principal utility of the Divergence Theorem is to convert problems that are defined in terms of
guantities known throughout a volume into problems that are defined in terms of quantities known over
the bounding surface and vice-versa.

Additional Reading:

» “Divergence theorem (https:/en.wikipedia.org/wiki/Divergence theorem)” on Wikipedia.

4.8 Curl

Curl is an operation, which when applied to a vector field, quantifies the circulation of that field. The
concept of circulation has several applications in electromagnetics. Two of these applications
correspond to directly to Maxwell’'s Equations:

« The circulation of an electric field is proportional to the rate of change of the magnetic field. This
is a statement of the Maxwell-Faraday Equation (Section 8.8), which includes as a special case
Kirchoff's Voltage Law for electrostatics (Section 5.11).

» The circulation of a magnetic field is proportional to the source current and the rate of change of
the electric field. This is a statement of Ampere’s Law (Sections 7.9 and 8.9)

Thus, we are motivated to formally define circulation and then to figure out how to most conveniently
apply the concept in mathematical analysis. The result is the curl operator.

So, we begin with the concept of circulation:

“Circulation” is the integral of a vector field over a closed path.

Specifically, the circulation of the vector field A(r) over the closed path € is
?{ A-dl (4.110)
c

The circulation of a uniform vector field is zero for any valid path. For example, the circulation of A

= xA, is zero because non-zero contributions at each point on € cancel out when summed over the
closed path. On the other hand, the circulation of A = ¢A, over a circular path of constant p and z is a
non-zero constant, since the non-zero contributions to the integral at each point on the curve are equal
and accumulate when summed over the path.
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Example 4.8

Circulation of the magnetic field intensity surrounding a line current.

Consider a current I (units of A) flowing along the z axis in the +z direction, as shown in
Figure 4.20. It is known that this current gives rise to a magnetic field intensity H = ¢H,/p,
where H, is a constant having units of A since the units of H are A/m. (Feel free to consult
Section 7.5 for the details; however, no additional information is needed to follow the
example being presented here.) The circulation of H along any circular path of radius a« in a
plane of constant z is therefore

ﬁH-dl - /:0 (qs%) : (qB a d¢) — 27 H,

Note that the circulation of H in this case has two remarkable features: (1) It is independent
of the radius of the path of integration; and (2) it has units of A, which suggests a current. In
fact, it turns out that the circulation of H in this case is equal to the enclosed source current I.
Furthermore, it turns out that the circulation of H along any path enclosing the source current
is equal to the source current! These findings are consequences of Ampere’s Law, as noted
above.

Figure 4.20. Magnetic field intensity due to a current flowing along
the » axis.

© K. Kikkeri CC BY SA 4.0 (https://creativecommons.org/licenses/by-sa/4.0/)

Curl is, in part, an answer to the question of what the circulation at a point in space is. In other words,
what is the circulation as € shrinks to it's smallest possible size. The answer in one sense is zero, since
the arclength of € is zero in this limit — there is nothing to integrate over. However, if we ask instead
what is the circulation per unit area in the limit, then the result should be the non-trivial value of interest.
To express this mathematically, we constrain € to lie in a plane, and define § to be the open surface
bounded by ¢ in this case. Then, we define the scalar part of the curl of A to be:

i ggc, A-dl
A?EO As

(4.111)
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where As is the area of §, and (important!) we require ¢ and § to lie in the plane that maximizes the
above result.

Because § and it's boundary € lie in a plane, it is possible to assign a direction to the result. The chosen
direction is the normal i to the plane in which ¢ and § lie. Because there are two normals at each point
on a plane, we specify the one that satisfies the right hand rule. This rule, applied to the curl, states that
the correct normal is the one which points through the plane in the same direction as the fingers of the
right hand when the thumb of your right hand is aligned along € in the direction of integration. Why is
this the correct orientation of a? See Section 4.9 for the answer to that question. For the purposes of
this section, it suffices to consider this to be simply an arbitrary sign convention.

Now with the normal vector n unambiguously defined, we can now formally define the curl operation as
follows:

noe¢,A-dl
curl A £ lim fﬁ’—

4.112
As—0 As ( )

where, once again, As is the area of 8, and we select $ to lie in the plane that maximizes the magnitude
of the above result. Summarizing:

The curl operator quantifies the circulation of a vector field at a point.

The magnitude of the curl of a vector field is the circulation, per unit area, at a point and such that
the closed path of integration shrinks to enclose zero area while being constrained to lie in the
plane that maximizes the magnitude of the result.

The direction of the curl is determined by the right-hand rule applied to the associated path of
integration.

Curl is a very important operator in electromagnetic analysis. However, the definition (Equation 4.112) is
usually quite difficult to apply. Remarkably, however, it turns out that the curl operation can be defined in
terms of the V operator; that is, the same V operator associated with the gradient, divergence, and
Laplacian operators. Here is that definition:

curl A=V x A (4.113)

For example: In Cartesian coordinates,
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A O .0 .0
V—X% +y8—y+z$ (4.114)
and
A =%A, +3A,+2A, (4.115)
so curl can be calculated as follows:
X vy oz
VxA= & & & (4.116)
A, A, A,
or, evaluating the determinant:
_(0A, 04,
VxA=x ( y ~ )
. [ 0A, 0A,
+y< e ) (4.117)
_(0A, 0A,
5 _
Oox oy

Expressions for curl in each of the three major coordinate systems is provided in Appendix B.2.
It is useful to know is that curl, like V itself, is a linear operator; that is, for any constant scalars « and

(4.118)

and vector fields A and B:
VX (aA+bB)=aVxA+bVxB

Additional Reading:
» “Curl (mathematics) (https:/en.wikipedia.org/wiki/Curl (mathematics))” on Wikipedia.

4.9 Stokes’ Theorem

Stokes’ Theorem relates an integral over an open surface to an integral over the curve bounding that
surface. This relationship has a number of applications in electromagnetic theory. Here is the theorem:
(4.119)

/S(VXA) -ds:?feA-dl
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where § is the open surface bounded by the closed path ¢. The direction of the surface normal ds = nds
is related to the direction of integration along ¢ by the right-hand rule, illustrated in Figure 4.21. In this
case, the right-hand rule states that the correct normal is the one that points through the surface in the
same direction as the fingers of the right hand when the thumb of your right hand is aligned along ¢ in
the direction of integration.

Figure 4.21. The relative orientations of the direction of integration €
and surface normal i in Stokes’ Theorem.

© Cronholm144 (modified) CC BY SA 3.0 (https://creativecommons.org/licenses/by-sa/3.0/)

Stokes’ Theorem is a purely mathematical result and not a principle of electromagnetics per se. The
relevance of the theorem to electromagnetic theory is primarily as a tool in the associated mathematical
analysis. Usually the theorem is employed to transform a problem expressed in terms of an integration
over a surface into an integration over a closed path or vice-versa. For more information on the
theorem and its derivation, see “Additional Reading” at the end of this section.

Additional Reading:

» “Stokes’ Theorem (htips:/en.wikipedia.org/wiki/Stokes' theorem)” on Wikipedia.

4.10 The Laplacian Operator

The Laplacian V%f of a field f(r) is the divergence of the gradient of that field:
Vif2 V- (VY) (4.120)

Note that the Laplacian is essentially a definition of the second derivative with respect to the three
spatial dimensions. For example, in Cartesian coordinates,

’f & 2F

vif =
! ox?  Oy?:  0z2

(4.121)

as can be readily verified by applying the definitions of gradient and divergence in Cartesian
coordinates to Equation 4.120.

The Laplacian relates the electric potential (i.e., V, units of V) to electric charge density (i.e., p,, units of
C/m3). This relationship is known as Poisson’s Equation (Section 5.15):

vy = 2 (4.122)

€
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where ¢ is the permittivity of the medium. The fact that V is related to p, in this way should not be
surprising, since electric field intensity (E, units of V/m) is proportional to the derivative of Vv with respect
to distance (via the gradient) and p, is proportional to the derivative of E with respect to distance (via
the divergence).

The Laplacian operator can also be applied to vector fields; for example, Equation 4.121 is valid even if
the scalar field “f” is replaced with a vector field. In the Cartesian coordinate system, the Laplacian of
the vector field A = %A, + yA, + 24, is

VIA = XV?A, +3V?A, +2V?A, (4.123)

An important application of the Laplacian operator of vector fields is the wave equation; e.g., the wave
equation for E in a lossless and source-free region is (Section 9.2)

V’E + f’E =0 (4.124)

where 3 is the phase propagation constant.

It is sometimes useful to know that the Laplacian of a vector field can be expressed in terms of the
gradient, divergence, and curl as follows:

VEA=V(V-A)—Vx(VxA) (4.125)

The Laplacian operator in the cylindrical and spherical coordinate systems is given in Appendix B.2.

Additional Reading:

« “Laplace operator (hitps:/en.wikipedia.org/wiki/Laplace operator)” on Wikipedia.

End Matter
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