8. Canonical Transformations

8. Canonical Transformations

We found that certain choices of coordinates give rise to cyclic coordinates leading to their
corresponding conjugate momenta being constants. We will see that it is possible to find a set of
coordinate transformations that lead to all coordinates being cyclic.

In the Lagrangian formalism, it is difficult to determine these optimal transformations; this is because
both the coordinates and their time derivatives appear in the Lagrangian. In the Hamiltonian formalism,
we can treat the coordinates and their conjugate momenta as independent, and we thus have more
liberty to seek transformations that make the coordinates cyclic. In general, we call transformations that
preserve Hamilton’s canonical equations, “canonical transformations”. The transformed coordinates are
denoted by @; and P;, and the transformed Hamiltonian by K. The conditions satisfied by a canonical
transformation are thus:

H(qi,pi,t) = K(Qi, P;,t)

Q=5
o 8.1
F 0Q; ®.1)

8.1 Types of transformations

Point transformations

The simplest type of transformation, “point transformations” simply change the ¢; to a new set of
coordinates, @;. We know from our liberty in choosing a set of generalized coordinates that the
Lagrangian is invariant under point transformation. Naturally, Hamilton’s equations are also preserved,
and point transformations of the type:

g = ¢i(Qi, 1) (8.2)
are canonical.

General transformations

Consider the general invertible canonical transformation of the form:

¢ = ¢i(Qs, P, t)
pi = pi(Qi, Pi,t) (8.3)
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8. Canonical Transformations

The equations of motion will be preserved if the integrand of the action (i.e. the Lagrangian) is modified
at most by a total time differential of some function, F:

. d
E 10 — H = E P — K+ —F(q;,Q; 4
i qiDi i QiP; + at (ql)Q’Mt> (8 )

where we have, arbitrarily, chosen that F depends on the pair of variables ¢;, Q;. We could have just as
well chosen any pair of variables that mixes the new and old coordinates, F(p;, P;), F(pi, Q:), Of F(q;, P;).
We assume (impose) that the transformation is canonical, so that:

. 0K
%= 5p
. 0K
o 8.5
P55 (85)

We will require that Equation 8.4 is true so that we can make the transformation canonical. Consider
the time derivative of F:

which we can substitute back into 8.4:

, . OF  OF .\ OF
Zi:éh‘pi—H—zi:QiPi—K-i-Xi:(a—%qri-rQiQi)+E
OF OF \ - OF
o o H — L9 Vo 9 8.7
Z(p o) a—H Z_:(PﬂraQi)Qz K+ (8.7)

We can guarantee the validity of this equation by setting the coefficients of ¢; and @, to zero:

0
Di = 4 F(qi,Q4,1)
P=—2 Fg 000
i = BQZ qiy iy

and by requiring that the new Hamiltonian is then given by:

OF
K(inpivt) :H(piaqiat)+ E (89)
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8. Canonical Transformations

We call F the “generator” of the canonical transformation, since it tells how to define the new
Hamiltonian and the new coordinates. Given F and the above equations, one can always invert the
transformation equations to get:

¢ = qi(Qi, P, t)
pi = pi(Qi, P, t)
Qi = Qi(qi, pirt)
P; = Pi(qi,pi, ) (8.10)

and Hamilton’s canonical equations for K(Q;, P;, t).

We have four possible “types” of canonical transformations depending on the variables that F depends
on:

1. F = Fy(q;,Q;,t) are transformations of the first type
2. F = Fy(q;, P;,t) — >, Q; P; are transformations of the second type
3. F = F5(p;, Qi,t) + >, pig; are transformations of the third type

4. F = Fy(pi, P;,t) + Y. ; pigi — >, Qi P; are transformations of the fourth type

These relations between the generating functions are similar to Legendre transformations, although it is
not always true that, for a given situation, one can use any of the coordinate transformations (this may
lead to expressions that are singular, ill-defined, etc.). It should also be noted that one can use
generating functions that mix the above possibilities for different indices. For example, a valid
generating function could be of one type for i = 1 and of another for i = 2.

One can use the same formalism as above to determine how the various generating functions give
different coordinate transformations. These are summarized in table 8.1.
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Transformation
Type .
equations
F = Fi(g;,Qi,1) pi:%Pi:_%
F = Fy(q;, Pi,t) = >_; Qi P; pizz—if Qi = Z—ﬁf
OF, oF,
F = F3(pi, Qi,t) + i pigi g = =5 Pi=—55
F = Fy(pi, Pi,t) + >, pigi ¢ OF, 9F,
i = T Op; Wi~ P
-2 QiP; ' v

Table 8.1 Summary of the four types of canonical transformations

It is interesting to note that one can choose an arbitrary function F(g;, Q;,t) and generate a canonical
transformation, giving us a new set of arbitrary coordinates and Hamiltonian that will automatically
satisfy the equations of motion. Being able to re-write the equations of motion in an arbitrary coordinate
system is a powerful tool.

EXAMPLE 8-1

Find the transformation equations Q;(q;, p;,t) and P;(q;, p;, t) for the generating function given by F
= ZZ Qiqi

For a canonical transformation of the first type, we have

OF
bi = 8(11' = Qz
b OF
1 6Ql qZ
K=H

These can be trivially inverted to obtain the new coordinates in terms of the old ones:

Qi =p;

Pi=—q

which had the net effect of reversing the coordinates with their conjugate momenta, highlighting how
these should really be treated as independent in Hamiltonian mechanics.
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EXAMPLE 8-2

Find the transformation equations Q;(q;, p;,t) and P;(q;, p;,t) for the generating function given by F

S

For a canonical transformation of the second type, we have

= =

Qi = op; =4

Di 12

Again, these are trivially inverted

Qi =q;
P; = p;

which is the identity transformation.
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EXAMPLE 8-3
Show that the harmonic oscillator problem can be solved easily using transformations from the

generating function F = 247 cot Q, where w = 1/ £ is the angular frequency.
The Hamiltonian for the simple harmonic oscillator is:

2
V4 kz
H=—+—
2m+2q

1
= 5" +m’w’e’)

The transformation equation for the given generating function of the first kind are:

OF

p= (’9_q = mwgq cot Q
p_ OF _ mwe’

oQ 2sin? Q
K=H

Rearranging for p and ¢:

2
¢* = —Psin®Q
mw
p? = 2mwP cos® Q

which we can now substitute to get K:

1
K = H=—(p + mq?)
2m

= L (meP cos’ Q+ m%.)ziPsin2 Q)
2m mw

= wP(cos? Q + sin? Q)

=wP

and since @ is clearly cyclic, we have that P is constant. In this case, the total Hamiltonian is the

energy, E, SO we can write:

€|ty

The canonical equation for Q gives:
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. 0K
Q= 3P -
Q) =wt+ 8

where 3 is an integration constant that depends on the initial conditions. We can now transform this
back to the original variables:

2P
q(t) =4/ ——sinQ
=4/ 772152 sin(wt + B)

as expected.

8.2 Poisson Brackets and canonical transformations

Consider time-invariant canonical transformations to new coordinates Q;(q;, p;), Pi(q:, p;), which preserve
the Hamiltonian, H. By definition, Hamilton’s canonical equations are satisfied:

_ 0H OH 0g; N OH 0p;
N 8qj 8PZ apj 8Pi

. OH H 0g; H Op;
0Q; —~ \ 0g; 9Q;  9p; 0Q;

Consider the time derivative of the Q; and P;:

0Q; 0H 0Q; 8H)

- 0Qi o
Ql_Z(W% ) ;(3% op;  Op; O

J

oP; OH 6PZ- oP; OH 9P, 0H
P = —p; | = = L= 8.12
Z ( 94; p; " O, p]) XJ: ( Oq; Op;  Op; 3%—) 812)

By comparing terms, we can get the “Direct Conditions” for the transformation to be canonical:

Op; _ 0Q;
OP; 0
9¢; _ 0Q:
a_Pi 817]
qu _ (9P
0Q;  Ip;
Op; __OR
0Q;  9q;
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8. Canonical Transformations

Here, we obtained these relations by assuming that the transformation is canonical (that is, that we
could get the time derivative of Q and P from the Hamiltonian). It is also possible to show that the Direct
Conditions also hold if the transformations are time-dependent.

Now, consider the Poisson Brackets of the ¢; and p; evaluated in the coordinates @, and P;, where we
use the Direct conditions to simplify:

Wlier=2.\aQ, op, 2P, 0Q; — \ 0Qx Op;  OP; Op;

_ g‘_z] —0
{pipjtar ZXk: (aag; gﬁ B g;; gg]k) Zk: (ggk %Cj]k g}li; %Z)
zg_fq’; —0
wndar =3 (St D 00 o (a0, On o0
_ gfjj Y (8.14)

Thus it is clear that the Poisson Brackets between the coordinates is independent of the coordinate
system. From the exact same algebra, it follows that:

{Qi, Pj} = di

which are equivalent to the Direct Conditions for checking that a transformation is canonical.

EXAMPLE 8-4

Show that the transformation Q = p, P = —q is canonical

We can test this by checking the Poisson Brackets between @ and P:

_9Q09Q 9Q9Q _
Q@)= 5i o -3
OP OP  OP OP

{P, P} = - Bq 8p a_pa_q:
0Q 0P 0Q OP
o.pp_220P_0Q0P

dqg Op Op Oq

thus the transformation is canonical. Note that checking the first two is un-necessary, since they are
identically zero.
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Now, consider two functions in the old coordinates, U(q;, p;) and V(q;, p;), with Poisson Bracket:

"\ (9U 9V 9U oV
{U, V= Z: (3_%8_1% - B_pic’)_qi> (8.16)

Consider the same Poisson Bracket, expressed in terms of the new coordinates, Q;, P;, where the
functions are expressed as U(Q;, P;) and V(Q;, P)):

n oUu oV oUu oV
{U,V}opr —; (3@2. 9P, 0P, 0Q; >

_Z”: Z ou (9qj oU Op; Z ov 8qj oV Op;
N 7 8(]] an 8pj (9Q1 8(]] (9P apj 8PZ
2 ou 8q] OU Op; 2 ov 8q] oV 0Op;
(9(]] (9P 8p]~ 6PZ (9(]] (9@Z (9pj 8Ql

_Z 8U8V{ bt 2LV (s
aq] aq q95,955Q,P 8 8 q5,PjsQ,P

8U 8V ou 8V
+ {pjvp]}Q,P+ ap] aqj {pj’q]}va

:Z[OU BV ou 8V]

dq; Op; Op; Og;
={U,V}ep (8.17)

We thus find that the Poisson Bracket of two quantities is preserved in a canonical transformation.
Poisson Brackets are canonical invariants.

8.3 Infinitesimal canonical transformations

In an infinitesimal canonical transformation, we have:

Qi = qi + g (8.18)
P; = pi + dp; (8.19)

where the é¢; and ép; are small changes in the variables that are consistent with a canonical
transformation (rather than an arbitrary virtual displacement). This transformation can be related to the
identity transformation by:

F= Z%’Pi +€G(qi, Pi) (8.20)

where G is some arbitrary function and e is small. The transformation for a canonical transformation of
the second type are:
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_OF_ ., 9G
Pi a% ‘ ¢ 8(11'
oOF oG
- — . 8.21
Qz 6P1 q; T € 8PZ ( )
We can thus identify:
oG
0g; =€ op;
oG
op; = — .22
J4 ‘%0 (8.22)
The first term can be written as:
6q; =€ oG oG _ oG (8.23)

oP, ¢ O(pi + opi) Op;

to first order in e. That is, for a small value of ¢, the derivative with respect to P; is almost the same as
with respect to p;. From the properties of Poisson Brackets, this can also be written as:

0g; = € 06 = e{qi, G}

Op;
5pi = —¢€ gG = e{pi, G} (824)
if G is taken to be the Hamiltonian, then we have:
dg;
= - HY =

dqi = e{qi, H} = ¢ o
dp;

dpi =e{qi, H} =€ CZ (8.25)

and the displacement, ed‘{d—(t”) are in the direction of time. That is, the Hamiltonian is the generator of the
transformation that takes the variable ¢; and p; to variables Q; and P; an infinitesimal time later.

8.4 Hamilton-Jacobi Equation

Consider the case of a canonical transformation of the second type
F = Fy(qi, Pi,t) — > QiP;

dF aFQ . 8F2 . . h 6F2
2 i 4L 22D _0.P. — P.O: _= 8.26
dt Z ( aq'L q; + 8P1 i Qz i 1Qz> + ot ( )
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Substituting into Equation 8.4:

i H=Y QR K+ Y (i gt QP Q)+

Sl 3)e X (o) ok

1

And we obtain the transformation equations:

R
e atﬁ
_ OF,
Qi b,
OF,
K=H+ — 2
+ BN (8.28)

As a notational convention, we will use S(q;, P;, t) instead of F, (as will see that it is equal to the action).
We can also take S(q;, P;, t) as the generator of a canonical transformation with the above equations,
since this will guarantee that the canonical equations are satisfied. In fact, we can choose any form that
we wish for S, since the above equations guarantee that the canonical equations are satisfied. Let's
then choose the particular case that gives K = 0. This is a nice choice, since K will then be independent
of all the variables, and all Q; and P; are cyclic:

Pi=0 (8.29)

We have thus changed the problem of dynamics to one of finding a transformation that gives all cyclic
coordinates. Note that this is not necessarily more straightforward mathematically (in fact, it is usually
much harder).

Imposing that K = 0 gives us:

0
H(QZaplat)_’_E =0
oS oS
H(Qi,a—q, t) + i 0 (8.30)

which is a partial differential equation for S and is called the “Hamilton-Jacobi equation”. The function S

is called “Hamilton’s principal function”. In the transformed coordinates, the solutions are trivial
constants:
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Pz' =
oS
Qi=Bi= 5o (8.31)

Is is clear that by combining this with the transformation equations, the problem is solved if all of the «;
and g; are known. Typically, one does not need to refer to P, and Q; in the Hamilton-Jacobi formalism,

since these are constants of motion. To highlight this, they are usually called «; and 3;:

S = S(qi, i, t)
Hg; —8 S(qi, @i, t) t)—i——aS( o, t) =0
qis 94: iy iy 1), ot qi, O, 1) =
a; = const.
oS
R .32
Bi= (5:32)

Connection to the Lagrangian and action
Noting that S depends on the ¢; and the constants «;, we can ask how S changes with time along the

path of the system (the path where the P; are constant and equal to «;):

S = S(Qi;ai,t)
ds 0s s
PRI o Pl 8.33
7 =2t (8.:33)

Using the transformation equations:

88
Pz—aqi
k=H+2 g

ot
das .
T :ZPiQi*H=L

S = /Ldt + const (8.34)

It is thus clear that S is equal to the action within an additive constant.

If the Hamiltonian does not depend on time, then H is a constant of the motion, call it E. If this is the
case, one can assume a form for S where the time variable is separated out:
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oS oS

H(qi’a_q,-’ )+§_0
S(qi, i, t) = W(qi, o) — Et
ow

Where W is called “Hamilton’s characteristic function”.
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EXAMPLE 8-5

Use the Hamilton-Jacobi formalism to solve the simple harmonic oscillator problem

The Hamiltonian is given by:

We can write this in terms of Hamilton’s principal function to get the Hamilton-Jacobi equation:

oS S

H(qg, —,t — =0
(q,8q7)+3t
L(@)Q_‘_E 2_|_6_S_0
2m \ Oq 2q ot

Since the Hamiltonian does not depend on time, we can try a solution using separation of variables:
S(qa «, t) = W(q7 O!) —ot

which we substitute back into the Hamilton Jacobi equation:

Since the left side only depends on ¢ the partial derivatives can be made into total derivatives. It is also
clear that the constant « is equal to energy, since it is equal to the Hamiltonian.

1 dW)2 ko,
2m(dq Tt =a

W = / vV 2ma — m2w?q?dg
S=—at+ / vV 2ma — m2w?q?dq

We also know that we have a second constant of motion, 3:

38

" da

2m
=—t+ / dg
2+/2ma — m2w?2q?

_ o 1. mw?
- wo 7V 7q

B
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Which we can invert to get ¢:

alt) =\ oy sin (w(5+ 1)

Similarly, the momentum is given by:

p= % = (,% (—at + / vV 2ma — m2w2q2dq)

q
= V2ma — m??@?
=/ 2ma\/1 —sin? (w(B + 1))

= V2macos (w(B + 1))

8.5 Action-angle variables

Action-angle variables are an extension to the Hamilton-Jacobi method, when the Hamiltonian does not
depend on time. This formalism will allow us to determine certain fundamental frequencies of the
system without explicitly solving the equations of motion. This method also allows one to transition from
classical to quantum mechanics. Recall that in the case where the Hamiltonian does not depend on
time, we can use Hamilton’s Characteristic function, W in lieu of S:

S(qi, i t) = W(gi, ;) — Et

ow
pi = X
ow
H(q;, T) =F (8.36)

We will consider the case where W is “separable” (at least in some of the coordinates):
W(qla <y qn, ai) = Wl(q17 ai) + -+ Wn(Qna ai) (837)

that is, where the motion in each separable coordinate can be treated as independent from the others
coordinates. The conjugate momentum for the separable coordinates are given by:

OWi(gi, a1, ...y )
pi= 0
qi

Furthermore, we will consider the case of “periodic’ motion. Two such cases are considered. First,
“vibrations” where the coordinates and their momenta, p;, ¢;, will, after a certain period of time, return to
their original values. This is the case, for example, for a simple harmonic oscillator. Second, “rotations”
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where the momentum, p;, is periodic as a function of its generalized coordinate, ¢;. This is the case, for
example, for a pendulum that has enough energy to “go over the top” (the angular position of the
pendulum increases indefinitely with time and the momentum is periodic). The two cases are illustrated
in phase space in Figure 8.1.

v
v

Figure 8.1 Phase space diagram of a vibration (left) and a rotation
(right), both examples of periodic motion.

We start by introducing the “action-variables”, J;, obtained by integration over 1 period of the
generalized coordinate:

J; = jépidqi (8.39)

There is one action variable per separable coordinate. Given the relations for the conjugate momenta
for separable variables, we have:

Ji= %pid%'

_ f aWZ(qla Qaq, ... 7an)

dg;
0qi e

and the J; thus only depend on the «, which are constants of the motion. The J; are thus constants of
the motion as well. We assume that the equations relating the J; and «; are invertible:

Ji = J,—(al, ey Ozn)
o; = O{Z‘(Jl,...,Jn) (841)

We can thus re-write Hamilton’s characteristic function, W, and the Hamiltonian in terms of the J
instead of the «o:
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W(gi, i) = Wiqs, Ji)

ow ow

8o¢i ) - H(Qi’ (9JZ )

ow

S(qi,a—) — W(qi,Ji)—Et: W(qi,Ji)th (842)
o

H(Qi,

In effect, we have chosen a new canonical transformation where J; are the momenta, P;. In terms of the
generating function S, we have:

08
Di = %
oS
= 8.43
Q=37 (8.43)
where S still satisfies the Hamilton-Jacobi equation. The new canonical momenta, J;, are thus still
constants of motion, and we have:
P, = J; = const.
Q; = p; = const. (8.44)
We introduce the “angle variables”, w;:
OW (g1, s Gny 1y v s JIn)
i = 4
w a7, (8.45)
and consider the constants g; in terms of the angle variables:
oS
Bi a7,
=2 (Wi, g~ )
an qi, -
OH
=w; — — A4
w 97 t (8.46)
We write this as:

where we have introduced the “frequency”, v; (we call it frequency only because of its units for the
moment):
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v, = (8.48)

Now, assume that the system has a period of T; for the ith degree of freedom (recall that we imposed
that the system was periodic). In the amount of time T;, the angle variable will have changed by an
amount:

Aw; = w;(t =T;) —wi(t = 0) = vT; (8.49)

We can also calculate the amount that w; changes as the system goes through one period:

Aw; = f dw;

fri
%z&?
aJZ 552 3g; "
= a7 fgzj:pjd'”

= pjdg;
oJ; r
0
~ B, Z‘]j
J
1 (8.50)

where we have used the definition of the angle variables, the fact that the conjugate momenta can be
obtained from W, and the definition of the action variables. Equating the two expressions for Aw;, it is
clear that v; is indeed the frequency with which the system is periodic in the ith degree of freedom:

1
Although the derivation was not particularly intuitive, we have in fact derived a rather elegant result.
Namely that for a periodic system, one can re-write the Hamiltonian in terms of the action variable and
the derivative of the Hamiltonian with respect to that action variable is the frequency of the motion in the
associated coordinate.
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EXAMPLE 8-6

Determine the frequencies of a two-dimensional simple harmonic oscillator with different spring
constants in the two dimensions

The Hamiltonian for this system is written as:

1 1 1
H=—(pi+p3) + =k14i + sk2g3
om 2 2

and since it does not depend explicitly on time, is a constant of the motion, which we will call E. The
Hamilton-Jacobi equation is given by:

1 /oWN\2 1 fow\? 1 1
— (== — (== ki + Zko? = F
2m(6q1) +2m<6q2) t gt g

Here, the variables ¢; and ¢, can be separated, and the Hamilton Jacobi equation written as two
independent equations:

W =Wi(q1) + Wa(q2)

i(dwl)g 1 (dWQ

2
() Lt et 2
2m \ dq; dqo 2 LT oghe2

2m

Since the total is a constant, the terms depending on only one of the ¢ must be a constant, so we can
write:

1 Wi\ 2 .

2m( dan ) tgha =
1 /dWy\?

- —kog? =
Qm( qu ) + 242 a2

where «; and «, are constants. Solving for the differentials, we can write:

1
Pi= o = 2m(a; — 5’“2‘%‘2)

Consider expressing ¢; using a new variable, 6;, given by:

20
q; = L sin 6;
i
2 o
~dg; = koz L cos 6;d0;

K3
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This gives:

1 20

= v/ 2ma; cos? 6;

We are now set to evaluate the action variables:

Ji = fpidqz'
20&2‘
=?§\/2maicos0%“ - cos 0;d0;
m 2
=2 —/ cos? 0;dB;
\/ ki /,

m

— o |

T »

This is trivally inverted to get « in terms of J:

We can now obtain the Hamiltonian in terms of the action variables:
H = o) + oo

1 k1 ko
= — —J1+1/—J
2 m m

The fundamental frequencies for the two degrees of freedom are thus:

Vl:a_H:L\/E
0J1 2 V. m

OH 1\/172
=57 " 2wV m

as expected.

Connection to Quantum Mechanics

The Hamiltonian description of classical mechanics is important as it is connected with Quantum
Mechanics. In this section, we look at a few similarities between the two formalisms and how they are

connected.
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8. Canonical Transformations

Recall a few key points about Quantum Mechanics:

« In Quantum Mechanics, the state of a system is described by a wave function: | >
« Observables are obtained by operating on the wave function: X|y >= x|y >
« Operators do not, in general, commute: XYy ># Y X[y >

« In the Heisenberg representation, the state vector (wave function) is constant in time and the
operators change with time

» In the time dependent Schrodinger representation, the operators are constant in time and the
wave-function changes with time

Poisson brackets and commutators

You may have noticed a similarity between the use of Poisson Brackets in Classical Mechanics and
Commutator relations in Quantum Mechanics. In fact, the connection between Classical and Quantum
Mechanics can be made by the prescription that the Poisson Brackets be replaced with commutators:

{U,V} = —[0,V] (8.52)

1
7l
where h is Planck’s constant divided by 2z. Now, consider the evolution of a system in classical

mechanics; in particular, recall how the time-variation of some quantity, F(q;, p;,t), iS given by its
Poisson Bracket with the Hamiltonian:

dF OF

Now consider the prescription from equation 8.52 to go to Quantum Mechanics:

A

dF

[F', H] + oF (8.54)

1
ih ot

This gives precisely the time evolution of a quantum mechanical operator in the Heisenberg
formulation. This “Canonical Prescription” is the most general for going from Classical to Quantum
Mechanics.

The Hamilton-Jacobi equation and the Schrodinger equation

Consider the time-dependent Schrédinger equation:
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L
H(thl)t)w - Zh at
h O
- 8.55
Pi= o0 (8.55)
and consider a solution of the form:
W= AeTS@it)
Lhov 908
T i 0q Ogi
oY oS
Substituting into the Schrédinger equation:
oS oS
L2 PN by = 8.57
(@i 50+ 57 ) =0 (5.57)
Since ¢ cannot vanish, we obtain the Hamilton-Jacobi equation:
oS oS
H(q;, 8—%7t) t5 =0 (8.58)

There is thus a connection between the Hamilton-Jacobi equation and the Schrédinger equation.
Quantum and classical mechanics meet in the limit where » — 0. The function S is the phase of the
wave-function. In the case where we separated out the energy term from S, we are equivalently
searching for stationary states in the quantum mechanics formulation.

Sommerfeld and Wilson prescription

The earliest prescription for going from Classical to Quantum Mechanics is due to Sommerfeld and
Wilson who postulated that requiring that the action variables be quantized is a sufficient condition to
obtain a quantum mechanical description:

Ji = %I)id%‘ =nh (8.59)

where n is an integer and h is Planck’s constant. Consider for example the simple harmonic oscillator,
where we have explicitly calculated the action variable in Example 8-6:

J = 20y % — nh (8.60)
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where we can identify o with the energy. Writing this in terms of the energy, we have:

a=FE= h ﬁ:nhw (8.61)

= nNn—
2tV m

which is the correct quantization for a simple harmonic oscillator (apart for the ground state).

Consider a particle in a central force field, described in polar coordinates, where we have seen that the
momentum p, is conserved and equal to the z-component of angular momentum, L.. The action
variable is easily determined:

27
Jy = ?{ Ppde = / L.d¢ = 2L, (8.62)
)

Applying the Sommerfeld-Wilson quantization prescription, we find that:
L. =nh (8.63)
which is the correct quantization for the angular momentum along a specific direction. One should

however note that in Classical Mechanics, the total momentum is also equal to L, and one could be
wrongly tempted to conclude that the total angular momentum is quantized in units of A.

Finally, consider the fact that the energy can be written in terms of the quantized action variables:
E=H(Jy,...,J,) = H(nih, ... ,n,h) (8.64)
And consider the change in energy when one of the action variables changes by one unit:
Ji— Ji+h (8.65)
The change in energy of the system is:
AE=H(J1, ..., di+h, oy Jp) — H(J1y ooy Jiy ooy J) (8.66)
If we write the first term as a Taylor series (since A is small):

0H
H(Ji,....,Ji+h,....Jn) =H(J1,...,Ji,...,Jn) + wh (8.67)
%

hence:
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OH

AFE =
0J;

h = vh (8.68)

where v; is the frequency of the corresponding degree of freedom. It should be clear that this is exactly
equivalent to the prescription for the Bohr atom.

It should be noted that the Sommerfeld-Wilson prescription is part of the "old quantum mechanics" and
was derived in an ad-hoc fashion before a more self-consistent formulation was obtained by
Schrédinger, Heisenberg, Dirac and others.

8.6 Problems

Problem 8-1: Invariance of Poisson Brackets

Show that the Poisson Bracket of two functions, U, V, is invariant even under time-dependent
canonical transformations, Q;(g:,pi,t), Pi(qi,pi,t):

U,V ={U,V}qpr

Problem 8-2: Canonical prescription and angular momentum

Use the canonical prescription for quantization to show that the angular momentum in the z-
direction is quantized.
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Problem 8-3: Canonical transformation types

Show that the transformation equations for type 3 and type 4 canonical transformations are given
by the following relations, respectively:

F = F3(pi, Qi t) + Y _ pidi

__95%
q; = p;
OF;3

and:

F =Fi(pi, P,,t) + ) _pigi — ) QiPi

70
q; = p;
OF,
Qi= P,

Problem 8-4: Identifying canonical transformations

Determine and show which of the following transformations are canonical:

a):
1 5 9
Q=3 +p)
Y
P=—ta (p)
b):
Q = V/2¢¢’ cos(p)
P = /2ge 'sin(p)
c):
_ sin(p)
Q=m=%
P = gcot(p)
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Problem 8-5: Canonical transformation of a Hamiltonian

a) Show that the following transformation is canonical:

1
Q= 5(112 +p?)

P = —1 -1 2
an~ ()
b) If the Hamiltonian, H(q,p), is given by:

H = =(¢*+p%)

N | =

Write an expression of the new Hamiltonian, K(Q, P), and write the equations of motion for the new
canonical variables (Q, P).

c) Show that the transformed Hamiltonian, K(Q, P), is a constant of the motion

d) Write an expression for the Lagrangian of this system in terms of ¢ and ¢

e) Write out the equation of motion for g, and give an example of a physical system that is
described by this Lagrangian/Hamiltonian
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