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5. Conservations laws and symmetries

We saw in the previous chapter that cyclic coordinates lead to their conjugate momenta being
constants of motion. We also saw that when the Lagrangian does not depend explicitly on time, the
total energy of the system is conserved (or more precisely, the Jacobi integral is conserved). These
conservation laws can be put in a more general form that states that for each symmetry in the action,
there is a corresponding conserved quantity. This is called Noether’s theorem.

5.1 Conserved generalized momenta

Given a Lagrangian, L, the generalized momenta are defined as:

P = 5.1
Pi= 5 (5.1)
The Lagrange equations of motion are thus:
4oLy oL _,
dt \ 0g; dq;
oL
o Py = 5.2
bi = 5o (5:2)

Thus, if the Lagrangian does not depend explicitly on ¢;, the generalized momentum p; is a constant
(i.e. it does not change with time). The interesting point to note is that the conserved generalized
momenta depend on the choice of generalized coordinates.
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EXAMPLE 5-1

Compare the conserved quantities for a particle moving in a potential that depends on the
distance from the origin for cartesian and spherical coordinates

The Lagrangian in cartesian coordinates is given by:
1 o) 2 2
L= §m(m +Y+ 2 )—V(\/&C?—i—y?—i—z?)

and does not appear to have any cyclic coordinates. We might be led to think that there is no
conserved quantity. In spherical coordinates, the Lagrangian is given by:

L= %m(i"z + 720% + r2sin’ 09°) — V()

where the variable ¢ is cyclic. The corresponding conserved quantity is:

oL
a9

= mr? sin? 0¢

Dy

The question then arises of how to determine if there are any conserved quantities or an optimal choice
of generalized coordinates that uncover those conserved quantities. In this chapter, we will focus on
uncovering the conserved quantities. In a later chapter, we will discuss “Canonical Transformations”,
which is the method of discovering a set of generalized coordinates where all generalized momenta are
conserved (at the expense that the coordinate transformations are not straightforward).

5.2 Continuous Transformations

We start by considering “continuous transformations” of coordinates. Transformations of coordinates
are continuous if they depend on a parameter, ¢ that can be varied continuously:

’ ’ . .
q; = q; (q17 cyqny 4y ey qrwt? 6)
t’ :t/(q17"'7qn7Q17"')q.7l7t?6) (53)

where we have included the possibility that time can also be transformed. Since e can be varied
continuously, the transformations can be built up as the sum of infinitesimal transformations. It is
intended that when e = 0 then ¢; = ¢;. For an infinitesimal transformation, we can introduce functions f
and g and write:
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4 =qi+0¢ = qi + fi(q1, - s qns Q1, - » Gny t)0€

t'=t+dt=t+g(q, -, qn, 41, qn, t)J€
6ai = q; — qi = fi(qQ, s Qns @1, e, G, t) €

St=1"—t=g(q, ., Qns 1, - » Gy t)0€ (5.4)

EXAMPLE 5-2

Determine the infinitesimal form of a continuous transformation corresponding to a translation
along the x-axis of a distance ¢

Using cartesian coordinates as the generalized coordinates, the transformation equations are:

~

~

~ N 8
Il
S+ N 8

The infinitesimal version is thus:

=1z + ¢

~

- N < 8
Il
NS

~
o

and we have f; = f, = 1, and all the other f; and g are equal to zero.
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EXAMPLE 5-3

Determine the infinitesimal form of a continuous transformation corresponding to an infinitesimal
rotation about the z-axis by angle e.
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Figure 5.1 Infinitesimal rotation of the axes by an angle ¢ around
the z-axis

In cartesian coordinates, we have:

2/ = T cose— ysine

’ .
Yy = xslne+ Yycose

For the infinitesimal version, ée is small, so we have:

cos 0e ~ 1
sin de ~ de
~x’ =1z —yde
~y =y + xe
Thus we have, with ¢; = z and ¢, = ¥:
fi=—y
fo=z
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and g = 0.

5.3 Noether’s theorem

Noether’s theorem states that any continuous transformation that does not change the action is
associated with a conserved quantity (we call the quantity a “charge”, Q). We say that the action is
invariant under such a continuous transformation, and we mean that:

t
/
ta

ty
5= / Llgs, s, £)dt = / gl dl, t)dt (5.5)
ta

where on the right hand side, since ¢ is just a dummy integration variable we left it as ¢ instead of ¢/
(note however that we did need to change the limits of the integral to be in the transformed time). As a
notation, we imply that L(q;, ¢;,t) depends on all the g;.

Because the continuous transformations are continuous we can consider the case of the infinitesimal
version of a given transformation. If the action is invariant under the infinitesimal transformation, it will
also be invariant under a series of infinitesimal transformations that lead to a total transformation.
Requiring invariance under the infinitesimal transformation:

ty ty+0t, , ,
t, to+0t,
ty+6ts

iy
cos= [ nadaldi+ oal0ae— [ a0 (5.6)
tq

totdta

where the 6t,4) = g(ta(t))de in the limits of the integral, can in principle depend on ¢ (through g) and are
thus different at the two end points. If the action is invariant under the transformation, then 65 = 0.

Under the condition that 45 = 0 the following quantity Q is conserved (does not vary with time):
Q= Zpi&h + (Zpiqi — L) ot
i=1 i=1
=> pifi+ (Zpi%‘ - L) g
i=1 =1

where we have (re-)introduced dq; = f;de and §t = gde. Note that there are two terms, one is associated
with invariance in time, g, and one is associated with invariance in space, f. You may recognize the one
related to time as the Jacobi integral.
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Note that if a symmetry preserves the Lagrangian, the action will also be preserved. It is often more
straightforward to verify if the Lagrangian is invariant under a transformation. It is also more
straightforward to only consider variations in the position coordinates.

Consider the variation of the Lagrangian with respect to the coordinate transformation:

ai = qi + filqi, ., qn)de
5%‘ = 56fi(qla 7qn>

"ooL oL
0L = Z; 8—%(5% + 8_(12'5% (58)

Recall the L must still satisfy Lagrange’s equations, so we have:

0L
84
0L
B 0qi

Di

Di (5.9)

which we can substitute back into the variation of the Lagrangian:

6L =) pidg; + pibi;

=1
d n
== Di0¢;
& 2

d n
= &EZpiﬁ(ql,...,qn) (5.10)
i=1
which must be true for any arbitrary €. Thus, if the variation of the Lagrangian is zero then the quantity:
Q=> pifilar, ) (5.11)
i=1

is conserved, which is one of the quantities we had before. In principle, the variation of L can be equal
to zero within a total time derivative, since adding a total time derivative to the Lagrangian does not
change the equations of motion.

Note that Noether’s theorem only applies to continuous transformations that leave the action or the
Lagrangian unchanged. For example, a transformation that mirrors the coordinate system may
preserve the Lagrangian, but it is not a continuous transformation, so does not have an associated
conserved quantity. There may be other continuous symmetries that are not straightforward coordinate
transforms (such as those that we considered in this proof) that may lead to less obvious conserved
quantities.
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5.4 Translation symmetry

We can find the conserved quantities if the Lagrangian is invariant to translation. For a translation, the
transformation equations are:

q; = qi + 0¢f; (5.12)

where the function f; is independent of the coordinates. Consider a translation in the ¢; direction, where
f1 =1and all other f; = 0. Since time is not involved in the transformation, we also set g = 0, or consider
only the invariance of the Lagrangian. If the Lagrangian is invariant under translations in the ¢,
direction, then the quantity:

Q=Y pifi(qr, - q) =p1 (5.13)
i=1

is conserved. That is, we recover the observation that was made about cyclic coordinates: if a
coordinate does not appear explicitly in the Lagrangian (thus the Lagrangian is invariant when that
coordinate is transformed), the conjugate momentum for that coordinate is conserved.

More generally, for each direction in space that the Lagrangian is symmetric, momentum in that
direction is a conserved quantity. In cartesian coordinates, this is the principle of conservation of
momentum.

5.5 Rotational symmetry

Consider a Lagrangian that is invariant under a rotation about the z-axis. We saw in example 5-3 that
for a rotation about the z-axis in cartesian coordinates, we have:

f2 =T (515)
f3=0 (5.16)
g=0 (5.17)
The conserved quantity is thus:
Q=) _pifi=—py+pz (5.18)
i=1

which is the z component of angular momentum:

L=7xp (5.19)
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In general, the angular momentum in a direction is conserved if the Lagrangian is invariant to rotations
about an axis in that direction.

5.6 Time symmetry

In the case of a time symmetry, we have f; =0and g = 1:
t'=t+ de (5.20)

This gives the conserved quantity:

Q= ipﬂi —L (5.21)
We have already seen that when the Lagrangian does not explicitly depend on time, the quantity:

h = épiqi —L (5.22)

is conserved. Of course, if the Lagrangian does not depend on time, then the action will be invariant to
a time translation.

5.7 Problems

Problem 5-1: Spherical pendulum

Write the Lagrangian for a spherical pendulum (a bob of mass m attached to a mass-less rigid rod
of length ) using spherical coordinates and identify all conserved quantities. A spherical pendulum
is the generalized case of the simple pendulum when the mass is not constrained to swing in a
plane.
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Problem 5-2: Two masses on a spring

Two masses, m; and m,, are connected by a spring of rest length ; and spring constant . The two
masses are constrained to move in one dimension, along the x-axis, on a friction-less surface.

m;

m; k.l

A 4

X

Figure 5.2 Two blocks connected by a spring slide on a friction-
less surface. (Problem 5-2)

a) Give the Lagrangian for the system and write the equations of motion for the two masses
b) Show that the total linear momentum in the x-direction, P,, is conserved (P, = miv; + muvs)
c) List all conserved quantities for the system.

Problem 5-3: Arbitrary potential

Calculate the conserved quantities for the Lagrangian:

1
L=—myg}

1 .
5 + =mad; — Viag: — bga)

2

where a and b are constants, and V() is some unknown function of the linear combination aq; — bq..
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Problem 5-4: Spring pendulum with two masses

The pendulum in figure 5-4 is constructed with two masses, m; and m,, a spring of constant £ and
rest length d. Mass m. is fixed at the end of a mass-less rigid rod of length I, while m; can slide
without friction along the rod and is connected to the spring.

Figure 5.3 A pendulum with two masses, one of which is
connected to the pivot point by a spring (Problem 5-4).

a) Give the Lagrangian for the system and write the equations of motion for the two masses
b) List all conserved quantities for the system.
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